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Introduction 


Some Historical Background 


This book deals with the cohomology of groups, particularly finite ones. Historically, 
the subject has been one of significant interaction between algebra and topology and 
has directly led to the creation of such important areas of mathematics as homo- 
logical algebra and algebraic K-theory. It arose primarily in the 1920’s and 1930’s 
independently in number theory and topology. In topology the main focus was on 
the work of H. Hopf, but B. Eckmann, S. Eilenberg, and S. MacLane (among others) 
made significant contributions. The main thrust of the early work here was to try to 
understand the meanings of the low dimensional homology groups of a space X. For 
example, if the universal cover of X was three connected, it was known that H2(X; A) 
depends only on the fundamental group of X. Group cohomology initially appeared 
to explain this dependence. 

In number theory, group cohomology arose as a natural device for describing the 
main theorems of class field theory and, in particular, for describing and analyzing 
the Brauer group of a field. It also arose naturally in the study of group extensions, 
N «aE->G, where H3(G;C ) carries the obstruction to the existence of any extension 
at all, H? (G; C) counts the number of distinct extensions. Here C is the center of N. 

In these original algebraic applications the emphasis was on cohomology with 
twisted coefficients, i. e., where the group acts non-trivially on the coefficient group. 
For example, the action in H*(G; C) is that induced from the action of E on N by 
conjugation. On the other hand, in topology the emphasis was almost exclusively 
on the situation where the action is trivial. These basic applications are discussed in 
Chap. I which is, to a large degree, a historical introduction to the subject, concentrat- 
ing on the extension problem for groups and the description of the Brauer group in 
terms of group cohomology. In particular it develops the extension theory for groups 
and central simple algebras to motivate the definition of group cohomology. 

Finite groups and their cohomology also arise in myriad other contexts in topology 
and algebra. One of the classic successes in the area was the proof (due to P. Smith) 
that any finite group which acts freely on a sphere must be periodic (equivalently, 
have Krull dimension one, i.e., have all its abelian subgroups cyclic). Such groups 
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have been classified. They are discussed in (4.6). The simplest of them is (Z/2) and 
its classifying space, the infinite real projective space RP®, was the main tool used 
by J.F. Adams in solving the problem of vector fields on spheres. Likewise, Quillen 
used the structure of the cohomology of the finite groups of Lie type (Chap. VII) 
to prove the Adams conjecture identifying the im(J) groups as direct summands of 
the stable homotopy groups of spheres. More recently, with the proof by G. Carlsson 
of the Segal conjecture, it is evident that the dominant influence on the structure of 
stable homotopy theory is contained in the structure of the finite symmetric groups. 

From a more algebraic point of view the cohomology ring H*(G; K) of a finite 
group with coefficients in a finite field is connected via work of D. Quillen, J. Alperin, 
L. Evens, J. Carlson, and D. Benson to the structure of the modular representations 
of G. This connection and its ramifications have provided a vast increase in interest in 
the subject among algebraists. The theoretical underpinnings here have been discussed 
at length in the excellent books of D. Benson, [Be], and L. Evens, [Ev2], so we do 
not repeat them here. What we do is to supply the techniques and examples needed to 
flesh out the theory. For example see Chap. VIII where we discuss the cohomology 
of some of the sporadic groups, notably the Mathieu groups M11, M12, M22 and the 
group O'N, and Chap. VII where we discuss the finite Chevalley groups. 

In topology the main source of examples and test spaces are classifying spaces 
of groups, various natural subspaces, and maps induced by homomorphisms of the 
groups. This is hardly suprising since the Kan—Thurston theorem and Quillen’s plus 
construction (both discussed in Chap. IX) show that any simply connected space can 
be constructed from the classifying spaces of groups in very simple ways. For example 
the plus construction on the classifying space of the infinite symmetric group, So, 
is identified with the space lim, 2” S”, the infinite loop space of the infinite sphere. 
Also, the groups of Lie type over finite fields lead to models for Bo, By, Bsp, etc. 

Related to this, and a major motivation for the study of group cohomology in 
algebraic topology was Steenrod’s construction of cohomology operations in arbitrary 
topological spaces using the cohomology of the symmetric groups. (This construction 
is reviewed in (4.7) and the cohomology of the symmetric groups is discussed in 
Chap. VI.) 

Another reason for the significance of group cohomology stems from its direct 
relationship with both group actions and homotopy theory. Methods developed by 
P. Smith to study finite group actions uncovered substantial cohomological restrictions 
in transformation groups (Chap. V) which led A. Borel to develop a systematic method 
for analyzing group actions, 


Objectives 


Our main purposes in writing this book were to collect and make available the theory 
and its major applications, and provide the backround and techniques necessary for 
serious calculations. Even today we still hear it said by otherwise knowledgeable 
mathematicians that group cohomology is a theory without examples (and even if 
there are any, they are too complex to understand). With Chaps. VI, VII, VIII, and X 
we hope we are able to lay this view to rest. There we discuss the cohomology rings 
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of the symmetric and alternating group, most of the finite Chevalley groups and some 
of the sporadic groups. Additionally we show how (Chap. X) the theory can be used 
effectively, even with twisted coefficients, to determine those division algebras which 
occur in the rational representation rings of finite groups. 

The role of classical modular invariant theory is emphasized throughout as a major 
means of explaining the cohomology classes which occur, and hints are given as to 
the role in topology of many of the cohomology groups and classes. Space and time 
prevented us from going into this further, but it should be possible for the interested 
reader to understand the genesis of most of the cohomology classes for the groups 
above. 

We have tried to lay out the subject to enable us to get to the foundational ideas 
and techniques as quickly as possible. After Chap. I which, as we have indicated, 
is primarily a historical introduction to the subject, we turn to its modern develop- 
ment. The basic theory is contained in Chap. II, III, and IV, where we develop the 
three building blocks of the subject: classifying spaces, invariant theory, and spectral 
sequences. We have tried throughout, and particularly in these chapters, to provide 
useful but accessible examples to help clarify the material. 

After these core chapters we deal with the areas of interaction previously de- 
scribed, keeping track of their relationship to the cohomology of finite groups. We 
describe applications to group actions in Chap. V. We also analyze the symmetric 
groups (Chap. VI) and the general linear groups over a finite field (Chap. VII) in 
some detail, as they are key groups for stable homotopy theory and algebraic K- 
theory respectively. Chap. VIII is devoted to the sporadic simple groups, where we 
describe recent work by the authors aimed at trying to understand the role of some 
of these groups in topology. In Chap. IX we provide a description of Quillen’s plus 
construction with applications, as well as a proof of the Kan—Thurston Theorem, 
which states that the cohomology of any topological space is the cohomology of 
a group. Finally in Chap. X we use cohomological methods to present a solution to 
the Schur subgroup problem, which classifies all the division algebras that can occur 
in the rational group rings of finite groups. 


Prerequisites 


The book has come about from a series of seminars and occasional courses by the 
second author over a large number of years at Stanford, Aarhus Universitet, and 
the University of Minnesota, and above all from a two year continuing seminar at 
Stanford that the authors ran jointly. The first author has also used parts of the book 
for a second year graduate course at the University of Wisconsin. Overall, the book 
only assumes that the reader has the backround of a beginning second year graduate 
student, that is, a one year graduate course in algebra and at least a half year of 
algebraic topology. This is certainly all that is needed for Chap. I. Chapter II requires 
more topology however. Familiarity with the first half of the classic text of Milnor and 
Stasheff, [MS], should be more than sufficient. From Chap. III on the book is largely 
self contained, though at a few points (4.7) and (6.1), some familiarity with the book 
of Steenrod and Epstein, [SE], is useful, and in Chap. X where we discuss the interplay 
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between group cohomology and classical representation theory useful texts would be 
Serre’s book on local fields, [Se4], and Pierce’s book on Associative algebras, [P]. For 
supplementary material on homological algebra we recommend the text by Cartan 
and Eilenberg [CE], which has an excellent chapter on Tate cohomology. Likewise 
the text by K. Brown [Brown] is a nice introduction to group cohomology and given 
its emphasis on infinite groups we recommend it as a complement to our text. We 
would like to thank the students at Stanford for their remarks, as well as Su Han Chan 
for pointing out several typos in an early draft. 


Notation 


The only peculiarity of notation is with regard to coefficients. As abelian groups and 
even as rings Z/p and F, are the same, though the second notation emphasizes that 
this ring is the finite field with p-elements. At times throughout the text the reader 
will see cohomology with coefficients H*(G; Z/p) or H*(G; Fp). When Z/p are 
the coefficients, we regard Z/ p as an additive abelian group, possibly acted on by G. 
This occurs when, for example, we are studying group extensions. When F, occurs 
we mean to emphasize the ring structure of the coefficients. Typically, when this 
occurs the action is trivial and we are interested in the ring structure of the resulting 
cohomology groups. 


Closing Remarks 


Currently the cohomology of groups is a fertile common ground for exchange of 
ideas between areas such as homotopy theory, modular representation theory, group 
actions, number theory, etc. We hope that this text will provide a solid background for 
any person interested in probing deeper into a subject which has been so influential 
in the development of contemporary algebra and topology. 
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About the Second Edition 


In the second edition a number of corrections were made. In addition we modified 
Chap. VIII so that it now includes mod 2 cohomology calculations for several addi- 
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tional sporadic simple groups. The exposition in Chap. III (on invariant theory) was 
also expanded somewhat. 

We are grateful to all of those who sent us remarks and corrections for the first 
edition. 
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Group Extensions, Simple Algebras and Cohomology 


1.0 Introduction 


In this chapter we will study the structure of extensions of groups and the structure 
of central simple algebras over a field F. The theory of group extensions, 


N«aE—>G, 


their existence and classification, will be reduced to two questions about low dimen- 
sional cohomology groups. Specifically, we will associate to G and the center C of N, 
abelian groups H3(G; C) and H3(G ; C), depending only on G, C, and the action 
¢ of G on C. The second group will contain an element, unambiguously defined 
for each triple (N, G, t: G —> Out(N)) so that t induces ¢ on restriction to C, 
and a necessary and sufficient condition for the existence of an extension with the 
data (N, G, t) will be that that element be zero. Then, once it is known that some 
extension exists, the elements in the first group will count the number of distinct 
extensions which are possible up to an appropriate notion of isomorphism. These 
results are due to S. Eilenberg and S. MacLane, and first appeared in a paper in the 
Annals of Mathematics in 1947, [EM]. 

Our exposition of these results begins in §1 with a preliminary discussion of 
extensions. We associate to the extension a homomorphism G—>Out(N), and begin 
to study the question of when an extension exists with a given homomorphism, 
and if so, how many. Then, the next two sections give important examples of how 
such extensions occur. In §2 we study extensions arising from the unit quaternions, 
thought of as a non-trivial extension by (Z/2) of the special orthogonal group SO(3). 
Specializing to finite groups this leads to the binary icosahedral, tetrahedral, and 
octahedral groups. In §3 we consider the extensions by (Z) of the fundamental 
groups of 2-dimensional surfaces, particularly the torus. We see that they correspond 
to bundles over the surfaces with the circle S' as fiber. 

Then we turn to the general situation. We first study a special case, the pull-back 
construction. With this example in hand we go on to the general case. Then, in §7, we 
use certain explicit extensions associated to free groups to show that every element 
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in H3 (G; C) actually occurs as an obstruction to the existence of an extension for 
some N with center C. 

After this, §8 is devoted to the discussion of how similar cohomological techniques 
enter into, and indeed, completely determine, the structure of finite dimensional 
division algebras with center a given field F. Here, we first review the standard 
theory of simple algebras, the Wedderburn and Noether-Skolem theorems, and then 
construct factor sets associated to maximal subfields of the algebras. These are 
then connected to the cohomology groups Hi(G ; C) which arise naturally in the 
classification of group extensions. Finally we describe the Brauer group in terms of 
these H}’s. 

This chapter is written so that it can be read with a minimum of backround, 
a first year graduate course in algebra and a half year course in topology should 
be sufficient. It is mainly historical in nature, introducing the concepts and main 
properties of these low dimensional cohomology groups in very much the manner 
they originally appeared. In Chap. II we begin again with a modern approach to their 
definition through “resolutions” and “classifying spaces”. 


I.1 Group Extensions 


Let N < E be a normal subgroup, then there is a group G = E/N and a sequence 
N a E— E/N = G. An important question in group theory is how many distinct E 
are there having N as a normal subgroup with G as the quotient E/N. 

As an example, consider the case where both N and G are simple groups (that is 
they have no non-trivial normal subgroups). Group theorists working very hard over 
the last 100 or so years have been able to classify all finite simple groups. Then any 
non-simple group E must have a normal subgroup N and a quotient group G which 
is simple. Similiarly X is either itself simple or has a simple quotient, and in order 
to understand all finite groups from our knowledge of simple groups we should first 
understand how to proceed when N, G are simple. 

The most elementary simple groups are the cyclic groups of prime order Z/ p. 
So as a beginning we might ask to understand all finite groups E having a normal 
subgroup N = Z/p and having quotient group Z/q with p and q primes, not 
necessarily distinct. To be explicit, the extension has the form 


N = Z/p a E— E/N = Zq. 


We proceed as follows. First, since N < E, then given g € E the map t,: NN, 
defined on points by t(n) = gng' is an automorphism of N. Moreover, Tea (n) = 
ghn(gh)~! = ghnh—'g-' = t,(Th(n)) or equivalently Tgh = t,t, in Aut(N). Thus 
the map @: E— Aut(N) defined by the rule g +> Tg is a homomorphism. ¢ restricted 
to N takes the elements of N into inner automorphisms of N, since t,(m) = nmn“', 
for all m € N, is just the inner automorphism conjugation by n for n € N. Of course, 
for g ¢ N there is no reason that t, should be inner. Indeed, in our example, 
Z/p < EZ/q, the inner automorphism group Inn(Z/p) = 1, so any non-trivial 
automorphism is outer. 
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Lemma 1.1. Let f: E— H be a homomorphism and suppose there are normal sub- 
groups N < E and W < H so that f(N) C W, then f induces a well defined 
homomorphism f: E/N— H/W. 


Proof. Define f(g} = x f(g) where x: H— H/W is the projection. Then if g’ also 
represents {g} we have g’ = gn and 7 f(gn) = m( f(g) f(n)) = m f(g) since f(n) € W. 
o 


Thus since Inn(N) is a normal subgroup of Aut(N) we have a well defined 
homomorphism 


@: EJN—>Ouwt(N) = Aut(N)/Inn(N) . 


Example 1.2. The simplest extension is the Cartesian product E = N x G with group 
structure (n, g)(n’, g’) = (nn’, gg’). Hered: G—Out(N) is the trivial map ¢(g) = 1 
all g € G. 


Theorem 1.3. Let 1: G—Aut(N) be a homomorphism, then there is a group E 
with N as a normal subgroup and E/N = G. Moreover, the associated map, 
$: G—>Out(N), is just nà; where n: Aut(N)—Out(N) is the projection. 


Proof. On the Cartesian product N x G define a new multiplication by the rule 
(n, 8)(n',8g') = (nà(8)(n’), gg’) . 


It is direct to show that this multiplication gives the product the structure of a group 
with N as a normal subgroup and G as the quotient by N. However, to give the reader 
experience with such formal arguments we give the details of the verification now. 

The definition shows that (1, 1)(n’, g’) = (A(1)(”’), g’) and this, in turn is (n’, g’) 
since A(1) = id. Likewise, (n, g)(1,1) = (nA(g)(1), g) = (n, g) since A(g) is 
a homomorphism N—N. Hence (1, 1) is a unit. Also, 


(ACD ACTIA’), 1) 
(nà(1)(n™'), 1) 
(1, 1) 


(n, DACT’), g7’) 


Il 


while 

(A(g y(n DACT (n), 1) 
A(n n), 1) 
(A(g~')(1), 1) 

= k 


Thus (A(g7!)(n7!), g7!) is a 2-sided inverse to (n, g). 


ATIT), g7) (n, 8) 
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We now show that the product is associative. 


(n, g)((n', g’)(n", g") 


(n, g)(n'A(g')(n"), gg”) 
(nd(g)(n'A(g')(n")), gigg") 
(n(A(g)(n')A(g)A(g')(n")), ggg") 
(nA(g)(n')A(gg’)(n"), g(g'g")) 
(nd(g)(n’), gg')(n”, g”) 

((n, 8)(n', g'))(n", g”). 


II 


Hence N x G with the new multiplication is a group. 

It remains to evaluate the map ĝ: G—>Out(N). We have G <> N x G as the set 
of pairs (1, g). Associated to g € G we obtain (1, g)(n, 1)(1, g7!) = (8)(n), 1). 
Thus the map ¢: E—Aut(N) restricted to G is our original map (A). oO 


Examples 1.4. Aut(Z/nm) = Aut(Z/n) x Aut(Z/m) when n and m are relatively 
prime. Also, Aut(Z/2’) = Z/2 x Z/2'~ forr > 3 with generators, multiplication by 
—1 giving the element of order two, and multiplication by 5 or —3 giving the element 
of order 2’~*. (Note that (1 + 4k)? = 1 + 8k(1 + 2k), so (1 + 4)? = | mod (2’) 
while (1 +4)” # 1 mod (2’).) 

In general, if p is prime, then Aut(Z/ p”) is given by multiplication by the elements 
of Z/p" which are not divisible by p, and there are p’~!(p — 1) of them, which is 
thus the order of Aut(Z/p"). If p is odd then 1 + p has order p’~!, and hence 
generates the p-Sylow subgroup. The projection Aut(Z/p")—Aut(Z/p) induced 
from the surjection Z/p’ —Z/p is onto, but Z/p = F, is a field so its multiplicative 
group, being finite, consists of roots of unity, and hence is cyclic and isomorphic to 
Z/(p — 1). From this Aut(Z/p") = Z/(p — 1) x Z/p’~' for p an odd prime. 

As a particular example, Aut(Z/7) = Z/6 with generator, multiplication by 3. 
Explicitly, the automorphism is given by n +> 3n mod 7, so its square isn œ> 9n = 
2n which has order 3. Hence there is a homomorphism Z/3—> Aut(Z/7) sending the 
generator T to multiplication by 2. Consequently (1.3) gives a group extension 


Z/7 «E—>Z/3 
with @: Z/3—> Aut(Z/7) = Out(Z/7) generated by #(1) = x2. 
1 
Similarly Z/2 — Aut(Z/n) is just the map i where u(a) = a! all 
u 


a € Z/n. (Written additively this is just a—> — æ so it is multiplication by —1.) 

Then the associated extension Z/(n)—> E—>+Z/2 given by the construction in the 
theorem is the dihedral group of order 2n, which we generally write Dzn. 

More generally, the types of groups arising above, extensions of cyclic groups, 
Z/n, by abelian groups, A, where the multiplication is twisted by a homomorphism 
g: A —Aut(Z/n) are called metabelian groups and play a key role in the study of 
periodic groups in (IV.6) and of important subgroups of the Brauer groups discussed 
in Chap. X and I.8. 
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Definition 1.5. Given a triple (N, G, à) where N and G are groups and à: G—> 
Aut(N) is a homomorphism, then the group N x G with multiplication 


(n, g)(n’, 8') > (nd(g)[n’], gg’) 


constructed in the proof of (1.3) is called the semi-direct product of N and G twisted 
by À, and is written N x, G. 


Let us take a slightly different point of view now. We have 


Definition 1.6. Let N < E with quotient group E/N = G. A section v: G—>E is 
a map v: G—> E, which selects, for each g € G, an element vu(g) € m~! (g). 


A section v: G— E gives us a way of writing E as a product, E = Nu(G). That 
is to say, every element in E has a unique expression nv(g). 

In particular, suppose N is abelian and t: G—>Out(N) = Aut(N) is known. 
Then we have v(g)n = v(g)nv(g)~!v(g) = 1(g)(n)v(g). This implies that in the 
multiplication table for E we know how to multiply all elements of N with elements 
in E. What we do not quite know are the products 


v(gi)u(g2) = n(81, 82, v)U(g1 82) - 
Indeed, this last formula shows that our uncertainty corresponds to a map 
Ay: G x G—>N 


Exactly what the conditions on this map might be is not clear at this point but will 
be discussed later. It measures the degree to which t fails to determine the extension 
E completely. 

We remark at this point that the semi-direct product is the group which results 
when it is assumed that it is possible to pick a section v so that A,(g1, g2) = 1 for 
all g1, g2 € G. An extension is called split when there exists a section à, which is 
a homomorphism, and any split extension is isomorphic to the semi-direct product. 


Example 1.7. Consider the set of distinct extensions of the form (Z/4, Z/2, t) where 
Tt: Z/2—Aut(Z/4) = Z/2 is the non-trivial map, i.e. (T) = x(—1), t(1) = id. 
Given an extension of this form, 


Z/4 <4 E—Z/2, 


consider a lift v: Z/2— E. There are 2 cosets of N in E. Pick v so that v(1) = le 
and v(T) is some element in the other coset. We have v(T)? € N; and 


u(T)[v(T)?] = v(T)(T)*u(T)-! = uT’. 
Hence v(T)? is fixed under x(—1). Moreover, given any other choice for v(T), 


v'(T) = v(T)e we have v'(T)* = u(T) e'e = v(T)’, so this class is independent 
of the choice of lifting. Writing the elements of Z/4 as (1, e, e*, e°) only 1 and e? are 
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fixed under x(—1) so these are the only choices for v(T)*. If u(T)? = 1, then we 
get the dihedral group Dg, 


Dg = {a,b|a*=b* = 1, bab=a’}. 
But if v(T)? = e*, we obtain the quaternion group Qs, 
Os = {a,b |a =1, b* =a’, bab! =a°}, 


which is not isomorphic to Dg. 


I.2 Extensions Associated to the Quaternions 


In this section we introduce the quaternions. Then we show that the unit quaternions 
can be regarded as an extension of the special orthogonal group SO(3), indeed, the 
group N = Z/2 in this case. We then restrict to certain subgroups of SO(3), obtaining 
extensions like the binary tetrahedral group as an extension of the alternating group on 
4 letters 4 by (Z/2), and the generalized quaternion groups of order 4n as extensions 
by (Z/2) of the dihedral groups Dn. These results are classical, and a modern but 
different exposition of them can be found in [Wo], §3.5. 

We write R for the real numbers, C for the complexes, and represent the quater- 
nions aa H = C @C, i.e., pairs of complex numbers zı + z2j, with R-linear 
multiplication given by the formula 


(zi + 22) + (z3 + 24f) = (2123 — z274) + (2124 + 2273) j (2.1) 


(Here if z = a + bi then Z = a — bi is the usual conjugation.) The following theorem 
describes the basic properties of the quaternions. 


Theorem 2.2. 


1. The multiplication in (2.1) is associative. 

2. The multiplication in (2.1) has a two sided identity, 1 = (1 + 0j). 

3. There is a conjugation operation w: H—>H defined by w(z; + 22) = Z1 — z2j 
and (zı + z2f)w(zi + z2j) = w(zi + z2J)(z1 + z2) = 2121 + z272 > 0, and 
(Zz) + 22j)(z1 + Z2j) = 0 if and only if both zı and zz are 0. Moreover, for any 
a c H, aa(q) is contained in the center of H which is just R. 

4. wap) = w(f)w(a). 

Proof. Again, as in (1.3), the proof consists of a sequence of formal expansions. We 

write down the details for (2.2(1)) as an example. 

(z1 + 22f) - ((23 + z4J) + (zs + 26/)) = (21 + 22J) + (Z3%5 — z426 
+(z326 + 242s) j) 
= 212325 — 212426 
—2223%6 — 227425 
+[z2(Z3Z5 — 2426) 
+21 (2326 + 2425) ]j 
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Similarly 


((z1 + 22J) + (z3 + z4J)) > (25 + 26 J) = (2123 — 2224 
+(2124 + 2223) J) + (zs + 26/) 
= (2123 — 2224) Z5 
—(z124 + 2223)Z6 
+(Z1Z3Z6 — 227426 
+(z124 + 2223)Z5) J 


and comparing coefficients these expressions are the same. O 


Corollary 2.3. H — {0} is a multiplicative group under the quaternion multiplication, 
(2.1). 


(The inverse is given by a~' = w(a)/aw(a).) 

It is a special kind of group, though, one in which the multiplication is continuous 
with respect to the usual topology on R and the Cartesian product topology on H. 
Definition 2.4. The map Norm: H—R,,, which maps H into the non-negative reals, 
is defined as Norm(a) = w(a)a. 

Corollary 2.5. Norm is a homomorphism onto the multiplicative group of positive 
reals, 


Norm: H — {0} R4 . 


Proof. 


Norm(af) = aBw(ap) = aBw(B)w(a) 
aNorm(f)w(a) = Norm(S)aw(a) 


Norm(8)Norm(a@) = Norm(a@)Norm(f). 


Norm™!{+1} = S? c H — {0}, the subgroup of unit quaternions, which is thus 
the kernel of Norm. 

We may embed R;—H — {0} by setting A(r) = r1. Then the composition 
is the map A? which is an isomorphism R,—>R,. Also, the image, im(A) C 
centerH — {0}, and we have a map 


t: R} x S—H — {0} 


defined by t(r, æ) = A(r) - æ. Thus we obtain the following structure theorem which 
describes the multiplicative group H — {0}. 


Theorem 2.6. t is an isomorphism. 
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Proof. First note that t is a homomorphism 


T(r rz, &1@2) 
A(r1)A(r2)(@1a2) 
A(ry)ayA(r2)e2 


T(r}, @)T(r2, 2). 


T((r1, œ1)(r2, œ2)) 


Now note that t(r, 1) and z(1, œ) are both injections, hence the kernel of t is de- 
termined by the intersection t(r, 1) N t(1, œ) which is just the single element {1}! 
Finally, suppose 6 € HI — {0}, then, setting v = Norm(£), we have A(v)~'B € $. 
Hence B = A(v)(A(v)~'f). o 


The Group of Unit Quaternions and SO(3) 


We now study the group S? of unit quaternions. We will construct a surjective 
homomorphism S?—>SO(3) with kernel Z/2, a basic non-split extension which allows 
us to construct many other non-trivial extensions by specializing to subgroups. 
Note that $? can be characterized as those œ € HI — {0} for which w(a) = a~!~ 
Let W? c H be the (—1)-eigenspace of w, the “pure imaginary” subspace of 
vectors ri + z2j with r real. Thus, for 8 € W, y € S? we have 


w(yBy') = w(y~')w(A)w(y) = -Py = -ypy 


and it follows that yBy~! € W if B € W. 
Also note that 


vy (rB + spy = ry—'By + sy" By 


so the conjugation action of $? on W is a map ¢: S?—>GL3(R), where GL3(R) is the 
group of R-linear isomorphisms of W. But also, Norm(y~! By) = Norm(£), and, for 
B € W so £ has the form 


e 
| 


= ri +sj + tij 
v;i + vjj + vijij, 


we see that Norm(v) = r?+s? +t. Thus, the linear transformation of W is length pre- 
serving in the usual metric on W, and consequently image(ġ) C O(3), the subgroup 
of orthogonal transformations. 


Lemma 2.7. ¢: S?->+O(3) is a homomorphism with kernel Z/2 = {+1} C s. 
Moreover, the image of is exactly the component of 1, SO(3) C O(3). 


Proof. Conjugation by af is conjugation first by œ and then by £. This shows that ¢ 
is a homomorphism. 
We now determine the kernel of ġ. Consider a non-zero m € W, w(m) = —m so 


2 = —Norm(m). Also, suppose vm, i.e., (v, m) = vim; + vjmj + vijmij = 0, 


m 
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then vm € W since the coefficient of 1 in vm is — (v, m), and 
—um = w(vm) = w(m)w(v) = mB. 
But the converse is also true. We have 


Proposition 2.8. Let m,v € W be non-zero, then (m, v) = 0 if and only if mv = 


—um. 
Proof of 2.8. It suffices to show w(mv) = —mv. But w(mv) = w(v)w(m) = vm = 
—mv. O 


Corollary 2.9. If m, v e W are non-zero and orthogonal, then m, v, mv form a mu- 
tually orthogonal basis for W. 


2 2 


Proof of 2.9. mmv = m?v, mvm = —m?v, som Lmv. Also v(mv) = (vm)v = -mv 
so uLmv. Moreover since Norm(mv) = Norm(m)Norm(v) Æ 0 it follows that 
mv#0. o 


Now, consider an element y = A +m e $? with m € W, A real. Then y~! = 
A — m, and we have 
(A +m)m(A —m) = (Am — Norm(m))(A — m) 
(A? + Norm(m))m 


= m. 


Moreover, if zm, then 
(A+m)z(A—m) = (Az—zm)(A—m) = z(A? +m?) —2zmA. 


Now, noting that A? — m? = 1 implies we can write A = cos(6), Norm(m)!/2 = 
sin(6), so the previous proposition shows that we are dealing with a rotation through 
an angle 20 in the plane perpendicular to m. 

If A +m e Kernel, then m must be zero or A? + m? = 1. However, since, by 
assumption A? — m? = 1, this implies again that m? = 0, som = 0, A = +1 and 
Kernel(¢) = Z/2. 

To show the third statement of (2.7) consider œ € O(3) with det(a) = 1. Then 
its characteristic polynomial det(x] — œ) = x? — tr (a)x* + ax — 1 has a real 
root A, and A is not 0 (cubics with real coefficients always have real roots). Hence, 
there is a non-zero vector v € R? so that a(v) = Av, and, since a preserves length, 
à = +1. v gives a splitting R? = (v) LR’, and since a preserves angle, a(R?) = R?. 
Moreover « restricted to R? is also length preserving, hence, æ is either a reflection 
or a rotation. But det(a) = 1 = Adet(a) on R?. Hence, if A = 1, then « restricted to 
R? is a rotation, and we have already seen that all such œ are in the image. 

It remains to check the case A = —1. Here a on R? is a reflection, and so has an 
eigenvector uv’ with eigenvalue +1. We now choose v’ instead of v and use the above 
argument. O 
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Summarizing, we have shown that there is an extension 
Z/2 < 5 S003) . 


We claim this extension is not a semi-direct product Z/2 x, SO(3). Indeed, if it 
were, since Aut(Z/2) = 1, it would, of necessity, be a product. In particular, if we 


take the matrix 
-1 0 0 
& = 0 1 0f € SOG) 
0 0-li 


we have a* = ld, so one of the two elements in 2~!(a) would also satisfy this 
relation. However, 77! (œ) = +j and (+j)? = —1, so the splitting is not possible! 
The Generalized Quaternion Groups and Binary Tetrahedral Group 

We now consider some special subgroups of SO(3). 


Lemma 2.11. Let NaG->G/N be given with N finite. Let V C G/N bea subgroup, 
then there is an extension 


Nan'(V)—>V. 
In particular, if V is finite, then so is n~! (V) C G. Indeed, \x~'(V)| = |N||V]. 
(This is clear.) 


Example 2.12. Z/2 x Z/2 C SO(3) as the subgroup generated by 


1 0 0 -1 0 0 
a= {0-1 0j and = 0 1 OF. 
0 0-1 0 0-1 


We thus have an extension G = n~! (Z/2 x Z/2), 
Z/2an7'(Z/2 x Z/2)—+Z/2 x Z/2. 


|G| = 8 and, since i—a, j— ß, the elements in G are +1, +i, +j, +ij. The squares 
of each of the last 6 elements are —1, and this G is just the quaternion group Qg 
discussed briefly in 1.7. 


Example 2.13. Let 


1 0 0 -1 0 0 
a = | Ocos(@) —sin(@)}, B = 0 1 Q 
0 sin(@) cos(@) 0 0-1 


with 0 = 2z/k, for some integer k. Then the subgroup H(k) generated by a, f in 
SO(3) has order 2k. In fact it is the dihedral group, as we can easily check that 
pap! = a-!, ak = 1, and £? = 1. Then the extension group 2~!(H(k)) C S? has 
order 4k. It is called the generalized quaternion group of order 4k, and is written Q4,. 
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Example 2.14. Let o? be the regular tetrahedron with center at the origin. Let 73 be 
the subgroup of SO(3) consisting of rigid motions which take ø? to itself. For each 
vertex there are 3 rotations (including the identity) fixing that vertex. Moreover, if 
a € T; fixes vı, then it must be one of those 3 rotations. 

Also, the only rigid motion fixing 2 or more vertices must be the identity. Thus 
the homomorphism 


$: T3 >, , 


taking æ to the permutation on the 4 vertices which it generates must be an injection. 
We claim that im(@) is the subgroup of S4 of order 12 consisting of exactly the even 
permutations. 

Denote the four vertices of o°? by the symbols 1, 2, 3, 4. Note that by our remarks 
every permutation of the form (i, j, k) of 3 of the 4 vertices (fixing the fourth) is in 
the image of ġ. There are 8 of these. Then note that the product (i, j, k)(i, j, D = 
(i, D(j, k), and there are 3 new elements obtained in this way. Finally, there is the 
identity element, making 12 in all. The remaining elements in the group fix no vertices 
or fix 2 vertices. But if one of the remaining elements fixing no vertices is in the 
image of ¢, then an element fixing 2 vertices is in the image, and this is impossible. 

Thus, we have identified 73 as the subgroup of even permutations, the alternating 
group 4 C S4. 

Now, the inverse image 2~!(T73) is called the binary tetrahedral group, and has 
order 24. S4 also has order 24, but we will see later that the two groups are distinct. 


Remark 2.15. There are two other groups which may be obtained in this way, the bi- 
nary octahedral group (from the rigid motions of the cube) and the binary icosahedral 
group (from the rigid motions of the icosahedron). See (4.6) for a more complete 
discussion of these groups. 


1.3 Central Extensions and S! Bundles on the Torus T? 


In this section we give another class of examples of extensions which occur quite 
naturally in algebraic geometry and topology. They are connected with complex line 
bundles over Riemann surfaces since each line bundle is uniquely associated with 
a circle bundle over the surface, and these circle bundles all arise in the manner 
described here. As it is most direct we concentrate on the case where the surface is 
a torus. 

We consider the subgroup of GL3(R) consisting of the upper triangular matrices, 


li @ <b 
UT3(R) = 0 1 c}jabc, ER}. 
0 0 1 
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UT3(R) has the form of an extension 


R<UT(R)N— ROR, 
where the normal subgroup is the set of matrices 


1 0 b 
N = 0 1 O} |] bER}. 
0 0 1 


Let Ga, n a positive integer, be the subgroup of UT3(R) generated by the three 
matrices 


Lb” =i 29 1 0 0 r 9 1 
AS To £0), Bo= to 1 2), “eS pO 1 of 
0 0 1 OE "I 0 0 1 


Then G, is given as a (non-split) central extension 


ZaG,—Z@Z 


where the defining relations are ABA~' B-! = C", AC = CA, BC = CB. 

Note that since G, is a subgroup of U73(R) it acts freely on UT} (R) with quotient 
a compact three dimensional manifold M°. Factoring out by the image of N we get 
R?/Z? = T?, the two dimensional torus, and the associated projection 7: M?—>T? 
is a fibering with fiber the circle S'. 

We now show that these fiberings are topologically distinct. 


Lemma 3.1. The first integral homology group of the quotient UT3(R)/G n, the group 
H,(UT3(R)/G,; Z), is isomorphic to Z/n ® Z?. Consequently, the quotients for 
different n are topologically distinct. 


Proof. Recall that H,(X; Z) = 2,(X)/[71(X), 2;(X)] where [G, G] denotes the 
commutator subgroup of G. We now determine 2,(U73(R)/G,). 


Proposition 3.2. mı (UT3(R)/G,) = Gn. 


Proof of 3.2. UT3(R) is contractible, with a contraction being given by 


he 1 ta tb 
H: ft, {O 1 c re 10 1 ted. 
De Oanl O ga 
Consequently zı (UT3(R)) = 0 and UT3(R) is the universal cover of 


UT3(R)/Gr 


which thus has 7x; equal to the group of covering transformations, and this is Ga. O 
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It remains to determine G,/[G,, Gn]. We write the defining relations for G,, 
additively. A+ B — A — B = nC, A + C = C + A, B + C = C + B, so we see that 
the commutator quotient is presented as 


Gn/[Gn, Gn] = {A, B,C | nC =0} = Z/n@Z 
as required. O 


Remark 3.3. Using the results of Chap. II we will be able to show that these groups Gn 
are the only non-trivial central extensions of Z? by Z. 


Remark 3.4. The fundamental group of the general Riemann surface M? of genus g 
has a presentation 


mı (M?) a {aı, bi, a2, bz, see s ag, bg | [ai, b;)[a2, bo] -- - [ag, bg] = 1} 
8 


where [a, b] = aba™! b~! is the commutator. For each integern € Z4 there is a central 
extension Z < G, (8)— Tı (M?) where the extension data is [a;, b;][a2, b2]--- 
[ag, bg] = e” and e generates the central Z. As in the case of the torus, these are all 
the central extensions of 7; (M?) by Z. Again, they are all topologically distinct. 


I.4 The Pull-back Construction and Extensions 


In our previous discussion of group extensions we considered triples (N, G, ¢: ) 
where ¢ is a homomorphism ¢: G—Aut(N)). Using this data we constructed the 
semi-direct product N xg G as an example of a group extension N < N x4 GG. 
However, the more general situation Na E— G gives rise to a map ġ: G —> Out(N), 
notinto Aut(/), and the next three sections discuss this more general situation. It turns 
out that the critical consideration for defining an extension from a map G—>Out(N) 
is the structure of the center C(N). When C(N) = {1} there is no difficulty, and that 
is the situation we discuss in this section. Then in §5 we begin the analysis for the 
case C(N) # {1}. Here there are two questions, existence, discussed in §5, and the 
number of distinct extensions which we analyze in §6. 
The key construction we need in this section is given as follows. 


Definition 4.1. Let Gi, G2, G3 be groups, fi: Gi—>G3, f2: G2—->Gs3 homomor- 
phisms then the pull-back G, xg, G2 C G, x G2 is defined as the set of all pairs 
(81, 82) satisfying the condition f\(g\) = f2(g2) in Gs, {(81, 82) | fi(gi) = h82) 
€ G3}. 

The two coordinate projections p; : G; x G2— G; restrict to give maps p; : Gi XG, 
G2—> G; and the following diagram commutes 


G; XG3 G2 Ph, Gı 
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Lemma 4.2. 


a. Gi XG, G2 is a group and py, pz above are homomorphisms. 

b. Gi XG, G2 is the unique group satisfying the universal property that if L is a group 
and there are homomorphisms h;: L—>G;, i = 1,2 so that fihi = foh2, then 
there is a unique homomorphism 


hy x hy = e(hy, h2): L— G; XG, G2 
so that pi -e(h,, h2) = hj, i = 1, 2. 
Proof. (a) If (81, 82), (81, 8) € G1 XG; G2 then, since both fi, f2 are homomor- 
phisms it follows that (8181; 2225), (es, gz’) € Gi xc, G2. (a) follows. 
(b) hı and hz induce the homomorphism 4; x h2: L—> G; x G2 defined on elements 
by hı xh2(D = (hı (D, h2(D). Since fihi = fzh2 we have im(h; x h2) C G xg, G2. 


Then e(h;, h2) is hı x h2 regarded as a homomorphism to G; xg, G2. It is clearly 
unique. O 


Example 4.3. If Gi = {1} then Gi xg, G2 = Ker( f2). 
Example 4.4. Let G; = Z/4, G3 = {1, T} = Z/2, and 
2 = Dg = {a,b|a* =b* = 1, aba! =b"'}. 


Let fı be the projection and define fz by setting f2(a) = T, fo(b) = 1, where T 
generates G3. The generators of G; xg, G2 are the pairs (1, b), (T, a) € Gi x G2, 
and we have relations (T, a)* = 1, (T, a)(1, b)(T?, a) = (1, b’). Consequently we 
have a presentation for the pull-back given as 


Gi xq; G2 = {a,b |a = b = 1, aba! =b"'}. 


In particular |G; xg, G2| = 16, and p2: Gi XG, G2—> G72 is onto, so we can think 
of Gi xg, G2 as an extension of Z/2 by G2. 


This second example illustrates the following principle: 


Theorem 4.5. Let fı: Gi—>G3 be surjective, with kernel N, then pz: Gi XG, 
G2—>G? is surjective with kernel N’ isomorphic to N. In other words we have 
an extension 


N' aG, xg, Gza—+G2 = (G1 xe, G2)/N’ 


where N’ = (N, 1). Moreover, if 6: G3—>Out(N) is associated to G, then the 
corresponding $' for Gy xg, G2—>G2 is $ f2: Gz—>Out(N). 


Proof. For g2 € G2, we can always find gı € G; so that fo(g2) = fi(gi) since fi is 
onto. Thus pz is onto. The kernel of pz is the set of pairs (n, 1) with fi (n) = 1 € G3. 
But this is precisely N. The remaining assertion follows when we observe that the 
action of (g1, 282) on (n, 1) is precisely the action of g), so 


#' p2(gi, 82) = filg) = bhe) - 
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Example 4.6. Let G; = Aut(G), G3 = Out(G) and x = fı: Aut(G)—>Out(G) is 
the usual projection with kernel Inn(G). Let f2: Gz—Out(G) be any homomor- 
phism, then we have an extension Inn(G) < Aut(G) xouyG) G2—>G2. Moreover, the 
twisting data is given as follows: 


Lemma 4.7. The usual surjection c: G—Inn(G) with kernel Z(G), the center of G, 
induces homomorphisms 


u: Aut(G)—> Aut(Inn(G)) 


jz: Out(G)—> Out(Inn(G)) 


so that the diagram 


Aut(G) —> Aut(Inn(G)) 


Out(G) “+ Out(Inn(G)) 
commutes, and in the extension for Aut(G) XouxG) G2, the twisting map 
ọ = pf: fo: Ga—Out(Inn(G)) . 
Proof. Any automorphism a: G— G must take the center of G to itself. Hence it 
induces a well defined automorphism â: Inn(G)—>Inn(G). Then y is defined by 
un(a) = &. If a(g) = kek"! fork € G, then &(g) = {k}{g}{k7!} for all {g} € Inn(G), 
so p takes Inn(G) into Inn(Inn(G)), hence Ê exists. Moreover, for A € Aut(G), 
{n} € Inn(G) we have A{n}A~! = {A(n)} so fi can be identified with the twisting 
map for the extension Inn(G) < Aut(G)—Out(G). oO 
This example shows that the existence of an extension G < E— G2 with given 


twisting data is made difficult only when G has a non-trivial center. In particular we 
have 


Theorem 4.8. If Z(G) = {1}, then given any triple (G, G2, ¢: Gza—>Out(G)) there 
is a unique extension G <4 E— G2 with twisting map 9. 

Proof. Since Inn(G) = G it follows that fi above is the identity map. Hence the 
extension G < Aut(G) Xow) G2—> G2 has ¢ as twisting data. But also, suppose 
there is a second such extension G < E' -> G2. Then we have a commutative diagram 


E' > Aut(G) 


po l 
Gz —*+ Out(G) 


and consequently a homomorphism e(p, A): E’—>Aut(G) Xou) G2. Note that À is 
the identity on G = Inn(G), and p is the composition p2e(p, A) implies p2e(p, A) is 
surjective onto G2. Thus e(p, A) is an isomorphism preserving G, G2 and ġ. O 
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Example 4.9. If G is a non-abelian simple group then given any homomorphism, ¢, 
from G2 to Out(G), @: Gz—Out(G), there is one and only one extension GaE— G2 
with twisting map ¢. 


Example 4.10. If G = S, for n Æ 6 then Aut(S,,) = Inn(S,) so Out(S,) = 1 and we 
have 


Corollary 4.11. If S, < G with quotient H and n # 6 then G = Sn x H. 


Remark 4.12. A group G with trivial center and Out(G) = {1} is called complete. 
We will show in the next sections that these are precisely the groups for which any 
extension with G as normal subgroup must be a product. 


In the next section we consider the problem of constructing extensions when N 
has a non-trivial center. 


1.5 The Obstruction to Extension when the Center is Non-Trivial 


We now assume N has a non-trivial center C, we assume given a homomorphism 
$: G—>Out(N) and wish to analyze the obstruction to constructing an extension 
N <a E-G with twisting map ¢. We will construct a map y: G x G x G>C 
depending on ¢ which vanishes if and only if an extension exists, (5.4). In turn 4 will 
be used to motivate the definition of the third cohomology group H? (G; C), (5.7). 

Choose a lifting L: G—Aut(N), i.e. any map so that 7- L = @. We can 
assume that L is normalized so that L(1) = 1. There is no reason to assume L is 
a homomorphism. Indeed, if it were possible to choose L so as to be a homomorphism 
then the semi-direct product N xz G would solve our problem. 

Hence, we construct a two variable map f: G x G— Aut(N), which measures 
the obstruction to finding an L which is a homomorphism. 


Definition 5.1. Let p: G—-Out(N) be a homomorphism and L: G—Aut(N) any 
lifting of $. Then the obstruction to L being a homomorphism is the two variable 
map, f: G x G—Aut(N) defined on elements by the formula 
flgi,g2) = LED LED L(g) . 
The map f has the following properties 


1. fd, 8) = f(g,1) = 1forallg €G, 
2. f(g1, 82) = 1 forall g1, go € G if and only if L is a homomorphism 
3. f(g1, 82) € Inn(N) for all g1, g2 € G. 


We see that (3) is true since ¢ is a homomorphism, and x -L = ¢ġ, so 


m(f(gi, g2)) = m(L(g2)~')a(L(g1)~!)a(L(g122)) 


PBZ DONER) 
= |, 


The following is less obvious. 
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Proposition 5.2. For any triple (g1, 82, 83) € G? we have the relation 


1 = (L(g3))7! fei, g2)L(g3) fleig2, 83) fle, 8283) | flg2,g3) | . 


Proof. Expanding out we have 


f(g, 82) = L(g2)~'L(gi)~'L(g182) 
f(gig2,g3) = L(g3)'L(gig2)'L (918283) 
fei, 8283)! = (L(e2gs)~'L(e1)"L(gi8283)) 
Kez gs)! = (LDL) Llega) 


and (5.2) follows by direct substitution. O 


Since im( f) C Inn(N) we can lift f to f’: G x G—>N. The indeterminacy of 
f' is C and it is here that C enters into the discussion. For convenience choose f’ so 
that if f(g1, g2) = 1 then f’(g1, 82) = 1 as well. Thus we have that the class 


(21, 82, 83) = 
L(g3)'Lf'(g1, 82) fF (8182 83)(F'(g1, 8283)) | (F'(g2, 83)) 


is contained in the center of N, C. 


Remark 5.3. Here we have introduced the notational convention that we use through- 
out the remainder of this chapter, a[h] = æha™!, but see the proof of (5.4) for more 
details. 

It follows that we have defined a map 


u: G x G xG—C 
depending on ¢, our choice of L lifting @ and our choice of f’ lifting f. 


Theorem 5.4. An extension N < E—>G with twisting map ġ: G—Out(N) exists if 
and only if it is possible to choose L, f' above so that p: G x G x G->C is the 
trivial map, (gi, 82, 83) = 1, for all triples (81, 82, 83) € G°. 


Proof. Suppose E exists, then we have the commutative diagram 
E —+ Aut(N) 
$ 
G — Out(N) 


Pick for g € G some l € p~'(g) and define L(g) = A{l,]. Then L(g)(n) = lgnl7t, 
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and 
F(g1, 82)(n) = ay Igy go Mtl en tei ten 


so we can choose f’(g1, 82) = i iad Pe g2- But the proposition showing the four fold 
product = | in Inn(N) is really a proposition about functions in 2 variables which 


can be expanded as 17-'I7'le,¢,. Hence 


I f (81s Bales f’ (8182, 83) F (81, 8283) (82.83) | = 1 


and we have shown the first part of the theorem. 

Let us now assume that there exist liftings L: G—~>Aut(N) and f’: Gx G—>N 
so that the above formula holds. A multiplication, w is defined on the Cartesian product 
G x N, by setting 


w((g,n), (g’,n')) = (8g', f(g, g) L(g) inn’) . 


We verify that œ defines a group structure on G x N. First, since f’(1,g) = 
f'(g, 1) = 1 and L(1) = 1, we have (1, 1)(g,n) = (g,n)(1, 1) = (g,n). Like- 
wise, setting 


m = L(g) f'(g7!. gn] 


we have (g~!, m)(g, n) = (1, 1). Thus it suffices to show the multiplication above is 
associative. We have 
(g, n)((g’, n')(g", n")) =$ (g, n)(g' g", l a (g’, a”) L(g")! [n']n”) 
= (88'8", fT (8, 8'g")L(9'g") nf e, g") Le” inn”) 
= (88'8", fo 8, 8'8") fT (8, g" )L(g") L(g’) [nL (g")'[n'In"") 
On the other hand 


((g, n)(g’, ng", n”) = (88g', F78, 8) Le) inng", n") = 
(88'8", FT 88, gL Y! ST 8, 8IL LEN nDL” nn”) 


and these two expressions are equal if and only if (g1, 82,83) = 1 for all 
(81,82,83) €G?. O 


The Dependence of u(g1, g2, g3) on f' and the Lifting L 


Note that any two liftings f’, f’ associated to the same L differ by elements in C. 
Precisely f’(g1, 92) f! (g1, 82) € C for each pair (g1, g2) € G?. Or equivalently, 
F’ (8&1, 82) = f' (81, 82)h(81, 82), where h: G x G—C is an arbitrary function only 
constrained by the requirement h(1, g) = h(g, 1) = 1. We have 
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Lemma 5.5. Let (L, f’), (L, f') be two liftings associated to the same ġ. Then there 
is a two variable map h: G x G—>C with h(1, g) = h(g, 1) = 1 so that 


A(81,82, 83) = 
10(81, 82 83)L(g3)'[h(g1, 82) h(g182, 83)h(81, 8283) ‘(h(g2, 83) | 
where p is associated to (L, f) and jt corresponds to (L, f Y, 


Next consider the effect of varying the lifting L(g), so that L(g) = L(g)(n(g)), 
where (n(g)) represents the inner automorphism on N induced by the element 
n(g) € N. Then we easily calculate 


F'(g1, 82) = NED (LEDINE E1 82882) - 
Now, expanding out /(g1, 82, 83) and doing some obvious cancelling we obtain 
Algi, 82,83) = L(gs)7'[L(g2)'(n(gi) IL (gs) L(g, 82)] 
f' (e182, 83) f7 81, g2gs)In(gi If’ (82 83) 
which can be rewritten as 
(81, 82 83)L(g3)'[L(g2) | (n(gi) DIS (82, 83) L(g2g3) ‘In(gi) If’ (82 83). 


But this just reduces to 4z(g1, 82, 83). Thus the total variation of 4(g1, 82, 83) arises 
from arbitrary functions h: G x G— C according to the formula in lemma (5.5). 


Remark 5.6. The set of maps C? = {w: G?— C} where C is an abelian group is 
itself an abelian group when we set 


(WV)(81, 82,83) = U(81, 82, 83) V(81, 82, 83) - 


Thus we have defined the obstruction as a well determined coset in C?/B? with 
B? C @ the set of maps f where 


f(gi, 82, 83) = L(gs)~"[h(gi, 82)] + h(gig2, 83) — h(gi, 8283) — A(g2, 83) - 


In (7.2) we will show that yz is not an arbitrary element in C3, but rather lies 
in a certain subgroup Z? C C? and thus the triple (N, G, $) gives a well defined 
coset 6(N, G, ¢) contained in the quotient Z? /B?. Moreover, this coset is zero if and 
only if (N, G, $) comes from an extension N < E—>G with ¢ as the twisting map. 
Anticipating (7.2) we make a definition. 


Definition 5.7. The quotient group Z? /B? is called the 3 cohomology group of G 
with coefficients in C and twisted by @. It is written H5 (Gs C): 


(Here ¢ is given by the action of G by ¢ after restricting to C.) 
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Remark 5.8. HG; C) is part of a very important family of invariants which we can 
associate to G, the cohomology groups of G with (twisted) coefficients C which, 
from Chap. II on form the main topic of this book. 


However, before we specify the group Z? exactly we turn to the question of how 
many distinct extensions we can construct if the class 0(N, G, ¢) = 


Remark 5.9. The constructions above and (7.1), (7.2), which show that Z? is defined 
only in terms of C and the action of G on C, shows that as we vary N over all groups 
with center C, (without varying the effect of restricting ¢ to its action on C) we 
will always obtain the same group H$ (G; C) as our obstruction set, but (7.7) shows 
that the obstructions 6(N, G, ġ) will run over all the elements in H3 (G; C) provided 
that G # Z/2. In particular when H3(G; C) # 0 and G Æ Z/2 there are triples 
(N, G, ¢) which correspond to no extension at all! The simplest cases where this 
happens are G = Z/3, C = Z/3, where, as we will see in Chap. II, H? (G; C) = Z/3 
and G = (Z/2)?, C = Z/2 where H3(G; C) = (Z/2)'. 


1.6 Counting the Number of Extensions 


In 6.2 we define a very natural notion of equivalence classes of extensions, which 
amounts to isomorphism of the extension groups together with the extension data. 
Then in 6.8 we identify the set of equivalence classes of extensions with the quotient 
of a certain naturally occuring abelian group by an appropriate subgroup. Finally, in 
6.11 we use this identification to define the second cohomology group H3(G; C). 

We suppose that (N, G, $) as well as L: G—Aut(N), f: G x G—WN are given 
with (g1, 82, 23) = 1 for all (g1, 82, 83) € G>. Then this gives an extension group 
which as a set is (G x N) but with a twisted multiplication u(L, f)((g, n), (g’,n')) = 
(88', F (8, 8L (g in]n’). 


Definition 6.1. We say that the pam (L, f) is equivalent to the pair (L', f’) if there 
is an isomorphism 


T: (G x N, u.p) —>(G x N, p,p) 
so that t(1 x N) is the identity and the induced map ĉ: G—>G is also the identity. 


Definition 6.2. Two extensions E, E' are equivalent if and only if there is an isomor- 
phism t: E — E’ so that the diagram 


Li 
BS Ee 


commutes. 
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Remark 6.3. If E is an extension, then E = G x N as aset, and choosing an element g 
in each coset we have (g, 1)(g’,1) = (gg’, f~" (e, g')). Moreover, we also have 

(8, n)(g’, n’) = (88', F (8, g’)(g''ng’)n') = (88', F7 (8, 8) L(g’) [n In’) 
and we see that the two definitions of equivalence above are actually the same. 

We now introduce a series of algebraic constructions designed to give computable 
invariants which distinguish extensions. At this stage they will appear somewhat ad 
hoc. However, after the bar construction is introduced in I1.3.4, they will appear in 
a natural context. 

Proposition 6.4. Any homomorphism t: (G x N, ue, f))>(G x N, ww’, fr) satis- 
fying the condition that t|y = id, and the quotient map t=: G—>G is also the identity 
must have the form t(g,n) = (g, k(g)n) where k(g) = c(g)n(g)~! with c(g) €C, 
L(g)(n(g)) = L’(g). 
Proof. Certainly (1, n)—>(1, n) and (g, 1)— (g, «(g)) for some x: G—>N. It fol- 
lows that (1,n)(g,1)— has image (1,n)(g,«(g)) which can be rewritten as 
(g, L’"'(g)[n]«(g)). But (1,n)(g,1) = (g, Ln) = (g, DA, L(g)" In) 
which maps to (g, «(g))(1, L(g)~'{n]) = (8, «(g)L(g)~!(n)). Comparing, we must 
have «(g)L(g)~'[n] = L'(g)~![n]k(g). o 
Lemma 6.5. Suppose that 

f'(g,.8') = neY LEN neS, gne , 
then, setting k(g) = n(g)~' we have an equivalence (G x N, WL. f) * (G x N, 
hqr’, f'y) where L'(8) = L(g)(n(g)). 


Proof. Itisformal to check that if we set t(g, 1) = (g, n(g)~'), then t((g, 1)(g', 1)) = 
t(gg’, 1) = t(g, 1)t(g’, 1). But this is all that is needed. O 


Consequently we can assume that L = L’ for our classification. 


Theorem 6.6. (G x N, p,p) ~ (G x N, Ww, ph) if and only if f'(g1, 82) can be 
written as a product f(g), 82)k(g1, 82) where k: G x G->C satisfies the property 
that there exists à: G—>C and k(g), 82) = L(g2)~'(A(g1))A(g182)!A(g2). 


Proof. Suppose t exists then 


t((g, 1)(g’, 1)) = teg, F (8,8g) 


(ga’, Kleg) f(g, g), 


while 


7(g, 1)t(g’, 1) = (g, (g))(g’, «(8')) 
= (ga', f(g, 8L eCe) lg). 
On the other hand, since L = L’ and x(g) € C for all g € G, so, comparing, we 
have f'(g,@’) = L(g’)~"[k(g)]x(9')k(gg’)! fg,.g’). Then, setting A(g) = r(e) 
gives the result in one direction. On the other hand if we define f’(g, 9’) by the above 
equation we easily check that the yz associated to f’is 1. o 
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Let C? be the set of all maps 
h:GxG—C. 
(As before C? is an abelian group). 
Definition 6.7. Let Z? (G, C) be the kernel of the homomorphism 8: C2 @?3, where 


5(h)(g1, 82,83) = L7'(gs)[h(gi, 82)1A(@1, 8283) 'h(gi82, 83)h(g2, 83) - 
We also denote by B*(G, C) the set of all 


A(gi, 82) = (g2)~'(«(gi))«(gig2) '«(g2) . 
With these definitions of Z? (G, C) and B2(G, C) we have 


Theorem 6.8. B?(G, C) C Z? (G, C) and the set of equivalence classes of extensions 
is isomorphic to Z? / B?. 


Proof. h € Z?(G, C) if and only if, setting f'(g1,g2) = f(g, g2)h(g1, 82) then 
the u associated to f’ is identically 1. But these f’ represent the set of possible 
extensions. Now, the previous theorem completes the proof. O 


Example 6.9. Consider the case N = Qg = {a,b | a = b? = (ab)*},G = Z/2. 
To begin the analysis of the extensions we need to note that Aut(Qg) = S4 where the 
inner automorphisms of Qg correspond to the Klein group, so Out(Qg) = S3. Here, 
the outer automorphism, t, which switches generators, t: a <> b, is represented by 
a transposition, while the automorphism, t, which is given on generators by t(a) = (b), 
t(b) = ab, represents an element of order 3. It follows that any extension data is 
conjugate to either (Qg, Z/2, 1) or (Qs, Z/2, t). There certainly exist extensions 
here, namely the Cartesian product in the first case and the semi-direct product in 
the second, E = Z/2 x Qg or E = Qg x, Z/2. To evaluate the number of other 
extensions we need only determine 


fit, ) € Z/2 = (b’,1) = CQ). 


Hence f(t, t) = 1 (giving the product or semi-direct product) or f(t, t) = b?. We 
check the associated jz. In general 


p(t! à t2, t8) = ft! , t f(t, E)! AAS, t) ft! ` t2463)! 


and if f(t, t) = b?, it is easily seen that u = 1. On the other hand, given h’(t) = bè, 
then h’(t, t) = h()h7!(1)h(t) = | and we see that Z? (G, C)/B?(G, C) = Z/2 with 
ft, t) = b? as representative for the non-trivial element. 

The second extension group in the case of the trivial twisting is given as the 
quotient 


Z/4 x Og 
Z/2 
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which is an example of a central product, a quotient obtained by identifying isomor- 
phic subgroups of the centers of two groups. In this case the generator of the Z/2 
maps to (2, b). This group has center Z/4 whereas Qg x Z/2 has center Z/2 x Z/2, 
and these groups are not only not isomorphic as extensions, they are not isomorphic. 


Remark. We will see in (11.3.8) that H?(Z/4; Z/4) = Z/4 where the action of Z/4 
on Z/4 is trivial. However, as isomorphism classes of groups there are only two 
extensions of the form Z/4 < E—>Z/4, (Z/4)* and Z/16. Indeed, the extension is 
determined by xt = y’ where x generates the quotient Z/4 and y the central Z/4, 
and for Z/16 the two distinct extension classes are x* = y and x* = y?. 


In the non-trivial case the extension is given as the quotient 


Qs x, Z/4 
Z/2 i 


the Z/2 generated by the element (b?, 2). This group is not isomorphic to any of the 
others. Indeed, we have 


(xa)* = (bba? = b* £0 


and so xa is of order 8. In fact, this group is just the quaternion group of order 16, since 
xxax? = xb, and xaxb = 1. Consequently, its center is Z/2, so it is not isomorphic 
to either of the two groups above. In the semi-direct product we have again that xa 
has order 8. But here, x is a non-central element of order 2, and one easily checks 
that Q16 has no elements of order 2 except for its center. 


Corollary 6.10. There are exactly 4 distinct groups H of order 16 which contain Qg 
as a subgroup. 


Proof. Qg must be normal in H so H is one of the extensions above. O 
Remark 6.11. As before, for given G, C and ¢ restricted to C, define 

H?(G, C) = Z°(G, C)/B*(G,C). 
This is called the second cohomology group of G with coefficients in C twisted by @. 
This group counts the number of distinct extensions of N by G with twisting ¢ (on C) 
if, indeed, there are any at all. 
Example 6.12. It is direct (but tedious at this stage) to calculate that 

H2(Z/2 x Z/2;Z/2) = (Z/2)>. 


Efficient techniques for finding groups of this type will be given in Chap. II, see 
especially (II.4.3). In terms of the elements in C? the generators for H2(Z/2 x 
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Z/2; Z/2) are given as 
(orl (T,T) + 1 
ef: (Tt, Tt) > 1 fen (Tt, Tt) > 1 
' (Tt, 1 T" (Tr, T) 1 
(T, Ta 1 (T, Tt) > 1 
(the remaining generators go to zero) (the remaining generators 
go to zero) 

(t,t) 1 

. (Trn) e | 

t (t, T1 

(Tr, Tt) > 1 


(the remaining generators go to zero). 


Here Qs is the extension group associated to the class br +b, +e f . The dihedral group 
D; is associated to each of the following three classes e f, e f +br,e f +b:.Z/4x Z/2 
is associated to each of the three classes bz, br, br + br, and Z/2 x Z/2 x Z/2 is 
associated to 0. 


I.7 The Relation Satisfied by u(g1, 82, g3) 


In this section we return to the remaining question, the obstruction to the existence 
of an extension N < E—G for a given map ¢: G—Out(N). The class x of (5.3) is 
shown to define a specific class in an abelian group H3(G; C) where ¢ is the action 
of G on C induced from the map ¢, and H3 only depends on G, C, and ø. This class 
is 0 if and only if an extension corresponding to ¢ exists. Then we show that for each 
element a € H3(G; C) there is an N with center C, and a map ¢: G—>Out(N) so 
¢ induces ø, so that the obstruction associated to ¢ is a. In other words, this group 
contains all the obstructions to the existence of an extension. 

Let C? be, as in (5.3), the set of all maps G x G x G->C, and C* be the set of 
all maps G x G x G x G->C. Define a coboundary map 5°: C? > C* by setting 


(& f)(g1, 82, 83, 84) 
= L(A) LSE, 82, 83) 1 f(e1, 82, 8384) 
F81, 8283, 84) f(g182; 83, ga)! S (82, 83, 84), 


and, as in (5.5), recall the similar map which defined the variation in jz, 67: C?— C?, 
given by the formula 


(8? f)(g1, 82: 83) = LEDINE, 92)) f(eig2, 83) fei, 8283)! F82, 83)" - 
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Remark. Generalizing this we let C” be the set of all maps G’—>C and define a map 


5(f (gi, sey 8n» 8n+1) = 


Lln) IFE +++ 8n)] (i F81- -er 8iBi+ ax) Frs s Bnti) 
1 


where e; = (—1)"*!~‘. We have 
Lemma 7.1. 5"+'5" = 0, foralln > 1. 
(This is a direct calculation.) 


Now, recall the element u(g1, g2, g3) € C? that we associated to the extension 
data (N, G, ¢) in (5.3), where the center of N is C, in (5.3). 
(81, 82,83) = LBN LRE, 82)] flgige, 83)( fle, 8283))” (Fez 83) - 
We have 


Theorem 7.2. Let j4(g1, 82, 83) € C3 be the obstruction class associated to the ho- 


momorphism @: G—>Out(N) then (8° 4)(81, 82, 83, 84) = 1 for all (81, 82, 83, 84) € 
G4, i. e., &© (u) = 0 when we write C additively. . 


Proof. Write 


5u(g1, 2, 83,84) ={L(gs)'[u(g1, 82, 83)1U(82, 83, 84)} 
{4(g1, 8283, 84) L(8182, 83, 84) H(I, 82, 8384) |} 


Then note that since 4(g1, g2, g3) € C, and f(x, y) € N which centralizes C, we 
have 
L(g3)~'[ f(gi,82)1 f(e1g2, 83)( fai, 8283))' (f(g2. g3)) = 
(Kez, 8 (LED FE, 82)) flgig2, 83)( (gi, 8283) |. 


i. e. we can cyclically permute the elements in the product without changing its value. 
Hence, we can write the product above as 
L(ga)~'[(81, 82, 83)] { C82, 8384) | f(gs, 84) 'L(ga)'L flea, 83)] f(g283. 84)} 
{ f(g2g3, 84)” LBA IFE, 8283)) flgig2g3, 84)( filer, 828384) } 
{((gig283. 84))'L(ga)'Lf(gig2, 83) '1f(g3, 84) (8182: 8384) } 


{A82 8384) F81, 828384)( f(gig2, 9384) 'L(g3g4)'Lf(gi, 82) 'I} 
(7.3) 


Similarly, we can pass elements of N over elements of C. So, for example, we can 
move the term f(g2, 2324) in the last bracket of (7.3) to follow L(g4)~'[u(g1, 82, 23). 
Using these shifts we cancel f(g2, 9324) and f(g, 828384). After this the three terms 
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f(gig2, 8384), f(gig2g3, 84) and f(g2g3, 24) pair directly with their inverses and so 
cancel. The result is 


L(g4)~'[u(g2, 83, 84) f(g3, g4) 'L(ga)'L flea, 83) fei. 8283) (8182, 83) |] 
f(g3, g4)L(g3g4)'[ fle, 82) ') 


At this point recall, from (5.1), that f(x, y) = L(Y)! L(x)! L(xy). When we replace 
f(g3, 84) in the expression above by this expansion we get 


L(ga)~'[w(g1, 82, 83) 1L (9384) '[L(g3)Lu(e1, 22, 83) 11] 


but since the action restricted to C is obtained via the lifting L, it follows that the 
second term is L(g4)~![j2(g1, 82, 23)~'], and the result follows. O 


Consequently, if we define Z3(G,C) = Ker(5°) c C? then im(82?) c Z3(G, C) 
and (21, 82, 83) € Z(G, C). Thus, the map pz gives a well defined coset 


{u} € Z(G, C)/(im(s*)) = H3(G; C) 


which is the zero element if and only if @ is associated with an extension. 

We now show that the entire group H3(G; C) is needed, that is, every ele- 
ment occurs as an obstruction to the existence of an extension for some N and 
o: G—Out(N). 


A Certain Universal Extension 


Given a group G then for any set of generators {g; | j € J} there is a surjective map, 
p, of the free group F(J) onto G, p: F(J)—>G, defined on points by (p(j) = 8j). 
Write N(J) for the kernel of p, then N(J) < F(J)—>G is an extension of N(J) 
by G. Moreover, such an extension is universal in the sense that if N a L—>G is 
any extension by G then there is a homomorphism ¢: F(J)— L so ¢ restricted to 
N(J) has image in N and ĝ: GG is the identity. That is, we have a commutative 
diagram 


NJ) <4 F(J) — G 


et ee 


N(J), being a subgroup of a free group is also free. 

We now study the particular universal extension obtained when J = G — {1} 
using the technique of §4. The surjection p: F(J)—>G is given by p([g]) = g where 
we denote the generator of the free group corresponding to the element g € J by 
[g]. Also, for any two elements, g, g’ in J, we define the class |g, g'| as the product 
[8'1] "g1 "[gg']. Clearly, |g, g'| € Ker(p). 
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Lemma 7.4. N(J) is the free group on generators |g, g'|, 2,8’ € J with action 
defined by the formula [g\~'(|g', 8") = |g”, alle’, 8”gllg'8g", gl. 


Proof. We have 


[eg] ig, giel = lgie" ig I Le’ 2” Me) 
= (i81 ig" ig" gD (e"l T igg" gI g" 81 igg" le) 


so the subgoup generated by the |g, g’| is normal in F(J), and the action is as specified. 
To verify that these elements span N(J), let M = (---|g, g’|--+) and consider the 
cosets U = M Uges [g]M. (These cosets are all distinct since M C N(J).) We claim 
U = F(J). Indeed, let [g,][g--1] +: [gi] E€ F(J) be any word. Then we have 


[8182 rl ligigi] [gi] = 
(Lei + 8 erigi «++ graD «++ gr erlig - «+ 2) 
-+-[g1g2])([gig2)'Lgallei]) 


and this belongs to M. Hence the original word belongs to the coset [g; - - - g, |M. 

It remains to show that the |g, g’| are free generators. To this end consider the 
space Y = \/,., S} which is defined as the union of a collection of disjoint circles 
obtained by identifying all their base-points to a single point *. Now take the (G) 
covering X— Y associated to the subgroup M. A maximal tree consists of all the 
arcs /; starting at * and covering the identification map IS} C Y. Then any other 
arc in X starts at the end-point of one such arc /,, and ends at the end point of another 
I,,, and is the lift of an I> Si, But this implies 232; = g2inG. O 


Corollary 7.5. The map l: G— Aut(M) defined by 


Kg), g" D = 18", alle’, g”glle’s”. gl 
induces an injection ¢: G—>Out(M) whenever G # Z/2. For this ġ, we have 
F(J) = Aut(M) Xow) G. 


Proof. Any automorphism a: F(J)—~ F(J) must certainly take the commutator 
subgroup to itself, hence it induces an automorphism 


F(J)/F(J)' — FJ) /FUY 


where F(J)’ is the commutator subgroup. But F(J)/F(J)’ is the free Abelian group 
in the set J, and any inner automorphism of F(J) clearly goes to the identity map on 
F(J)/F(JY. 

Now, note that (g)~!(|g, g~'|) = |g7!, gl, hence I(g) on F(J)/F(JY is not the 
identity unless, possibly, g = g~', or g? = 1. Now, suppose, if g? = 1, that there 
is anh € G so that 1, g, h, gh are all distinct. Then Ke~! (lh, al) = leg, gilhg, g|! 
and, again /(g) is not the identity on F(J)/F(JY. o 


Example 7.6. When G = Z/2 we have that J = {g} and F(J) = Z. In this case 
the extension is Z>Z—Z/2 and @ is the trivial map. 
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Each Element in H3(G; C) Represents an Obstruction 


Theorem 7.7. Assume G Æ Z/2. Given an action ĝ: G—Aut(C), and an element 
{a} € H3(G; C), there is a group N with center C, a homomorphism ¢: G—Out(N), 


inducing ¢ on restricting to C, and the obstruction to extension for @ is {a}. 


Proof. Let N' = F(J) where J = (G — {1})?, and define an action of G on N’ as 
before by the formula 


ttt 


deiig, g" D = Ig”, alle’. g”glle’e”, gi! . 


Since G Æ Z/2, the free group N’ is non-commutative and hence has trivial center. 
Extend this action to the product N = C x N’ by 


L(& ie, D1 = (g7 (0), 1) 
L(g)", le’, gD] = (alg, g", 8), CED, g") 


wherea € Z?(G, C) represents {a}. The fact that this is an action is exactly the fact 
that (8°(a)(g’, g", g, h) = 1, since this and the formula for (/(g))~' implies 


h! (a(g, g", g))a(g”, g, hjalg', g'g, hjalg'g", g, hy! = alg', 8", gh). 


Next, note that, as we have seen in our discussion of the universal extension we 
can choose f'(g,g') = f(g, g') contained in N’ = Inn(N) as |g, g'|. But from this 


(L(g3))"(F'(e1, 82)) f'8182, 8'81, 8283) F' 82, 83) 
= (a(g1, 82, 83), 1) 


and the obstruction class is indeed represented by {a}. O 


1.8 Associative Algebras and H3(G; C) 


In this section we review another major algebraic question connected to the groups 
H? (G; C) that we have introduced in (6.11), the classification of finite dimensional 
central simple F-algebras. This section culminates in the definition of the Brauer 
group, B(F), and its identification with limg H? (Gal(K/IF); K*) as K runs over all 
finite Galois extensions of F. The major focus of Chaps. II-IX will be the structure 
and some applications of the cohomology of finite groups. But in Chap. X we will 
combine the two subjects in our solution of the Schur subgroup problem, which 
classifies all the division algebras which can occur in the rational group rings of finite 
groups. 
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Basic Structure Theorems for Central Simple F-Algebras 


From now on, in this section, A will always denote a simple unitary algebra with 
center F where F is a field. We also assume A is finite dimensional as a F-vector 
space. The basic structure theory for such algebras A, is well known, see for example, 
[P], or [Hu, pp. 450-461]. First there is the fundamental Wedderburn theorem. 


Theorem 8.1. A, as above, is a matrix ring M,,(D), where D is a division ring with 
center F. Moreover, D and n are uniquely associated to A. 


Next, as regards subalgebras of A, the Noether-Skolem theorem gives a great 
deal of information. 


Theorem 8.2. Let B and C be subalgebras of A that contain the center F. Ifa: BC 
is an algebra isomorphism which is the identity when restricted to E then there is 
p € A so that a(b) = BoB for all b € B. 


Example: Twisted Group Rings. 
Suppose that F C K is a finite Galois extension, so, from the fundamental theorem 
of Galois theory, 


dimg(K) = |Gal(K/F)| = n < œ. 


Define the algebra K © Gal(K/F) as the K-vector space with basis Gal(K/F) and 
multiplication on basis elements given by the rule kgk’g’ = kg[k’]gg’ and extend to 
linear combinations via the distributive law. Then we have 


Lemma 8.3. K © Gal(K/F) is a central simple F algebra. 


Proof. Associativity is formal, as usual. Now we verify that the center of K © 
Gal(K/F) is F. Suppose that A = }° kg is contained in the center with kẹ Æ 0 for 
some g Æ 1. Then, for all k € K we have kA = Ak so kk; = k¿g[k] and so we must 
have k = g[k] for all k € K®. But this is impossible. Hence kẹ = 0 for g # 1 and 
A € K. Now commuting with Gal(IK/F) shows that A € F. 

To show that K © Gal(K/F) is simple suppose there is a two sided ideal B C KO 
Gal(IK/F), and let b € B be a non-zero term, b = }_ bgg, with a minimum number of 
non-zero coefficients b,. If this minimal number is 1 then clearly B = KOGal(K/F). 
On the other hand if it is greater than 1 we can assume that b = 1 + Losi beg with 
the second summand non-zero. Suppose b, # 0 in this second summand. Then there 
is a k € K so that k - g[{k]~'! 4 1. Now consider w = b — kbk™'. Clearly w 4 0 and 
w= (1 - kg[k] bgg is contained in the ideal B. But the number of non-zero 
coefficients in w is clearly less than the number for b. O 


In fact we have 


Theorem 8.4. Under the assumptions above, the central simple F-algebra K © 
Gal(IK/F) is the matrix ring M, (F). 
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Proof. For à = $ beg € K © Gal(K/F), define A: KK by A(k) = > begik]. 
Clearly, A is an F-linear map of K, thought of as a F-vector space, into itself. This 
correspondence is non-trivial and defines a unitary algebra homomorphism K © 
Gal(K/F)— M, (F). Since K © Gal(K/F) is simple this map must be an embedding, 
and now, a dimension count shows that it is also an isomorphism. O 


Example: Cyclic algebras. 

Suppose as above that F C K and K is a finite Galois extension of F. Also, 
assume that Gal(K/F) = Z/n, a cyclic group with generator T. Then we can define 
an algebra A(K, T, x) for any non-zero « € F as the K-vector space with basis 
Gal(K/F), multiplication given by Tk = T(k)T, and also T” = x. For example 
A(C, T, —1) = H, the quaternions, where T is conjugation. 

An obvious modification of the proof of (8.3) gives 


Lemma 8.5. A(K, T, «) is a central simple F-algebra. 
But these examples are, as the quaternions show, not necessarily just matrix rings. 
Lemma 8.6. A(K, T, «) = A(K, T, x’) if there isa k € K so that 
K' = (kT(A]T?[k] --- T" [ke . 
(Indeed, if we replace T by kT then (kT)” = x’ where x’ has the form above.) 


Remark. The map N: K*—>F°® defined by N(k) = qi T'[k] is a multiplicative 
homomorphism and is generally called the norm map. 


For example, the norm map N: C—R has image the set of all positive reals, 
and hence the number of possible distinct algebras of the type A(C, T, x) where T is 
conjugation is exactly two, with A(C, T, 1) = M2(R) and A(C, T, —1) = H. 


Tensor Products of Central Simple F-Algebras 


The tensor product A Qr B of two central simple F-algebras is the quotient of the free 
abelian group generated by the elements of the cartesian product A x B by factoring 
out the subgroup generated by the relations 


(a, b + b’) sa (a, b) -= (a, b') 
(a +a',b)— (a, b) — (a', b) | forall a, a’ € A, b, b'e B, f eF 
(fa, b) — (a, fb) 


We write a @ b for the equivalence class of (a, b) in A Qr B and every element of 
A @r B can be written as a linear combination }_ a; @ b;. F acts on A @p B by 
f(a®b) = fa@b. Ifa, ..., a, form an F-basis for A and b),..., b, are an F-basis 
for B, then, as an F-vector space A @p B, has a basis consisting of the elements 
a,@bj,l<i<ll<jss. 

A Qr B becomes a ring when we define the multiplication by the rule (a @ b) 
(c@d) = ac@ bd on generating elements and extend to sums using the distributative 
law. It is direct to check that this operation is well defined. 

Here are some standard results about tensor products of central simple F-algebras. 
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Theorem 8.7. Let A and B be central simple F-algebras, then the tensor product 
algebra A @r B is also a central simple F-algebra. 


Proof. To check that F is the center of A Op B consider an element à = }` a; @ b; in 
the center. Write it 1 = }_ 6; Q bi where the b; now run over a fixed basis of B and 
commute it with elements of the form c @ 1. Since the b; are independent it follows 
that cð; = 6;c for all c € A and 6; € F for each i. Consequently à = 1 @ b, and 
commuting with elements of B, we see that b is in the center of B. The verification 
that A ®r B is simple is similar to the argument in (8.3). Write the elements in the 
ideal 7 in the form }_ 8; ® b; and look for an element with a minimal number of 
non-zero entries 6;. Then, using the fact that A is simple we can choose such an 
element so that it has the form 


1@b +) 6; @b;. 
J#i 
Now conjugate by units, c @ 1 and reduce the number of non-zero 6;’s. O 


A mild, but useful variant of (8.7) occurs in (8.8). Its proof is the same as that of 
(8.7). 


Theorem 8.8. Let A be a central simple F-algebra, and suppose that K is a finite 
field extension of F, then A @g K is a central simple K-algebra. 


The next result involves the structure of maximal subfields of a central simple 
division algebra, D. These are the basic tool in analyzing the structure of all central 
simple algebras. 


Theorem 8.9. Let D be a central simple F-division algebra. Let K be a maximal 
subfield of D containing F. Then D @y K = M,(K) where n = dimp(K). In 
particular, dimg(D) = n? and, if F C K C D then K is a maximal subfield of D if 
and only if dimp(K) = n. 


These theorems are discussed in standard textbooks. For example [Hu], where 
these results and proofs are given on pp. 450—463. Another good source is [P]. 
A classic reference is [ANT]. 


Corollary 8.10. Let D be a central simple division algebra over the field F. Then 
there is a finite Galois extension K of F with Galois group G = Gal(K/F) and 
a representation of M,,(D), for an appropriate m, as an algebra of the form 


A = KI @Kg. @::- @ Kg, 


where the gi € G and gik = gilk]gi, but for each relation R = [| g = 1 which 
holds in G, the relation in A takes the form 


[Ta =kr E€ K 


for appropriate kg E€ K. 


38 I. Group Extensions, Simple Algebras and Cohomology 


Proof. First find IK; with F C K; and K; maximal in D, and a further extension, K of 
Kı, F C Kı C K, so that K is a finite Galois extension of F. Then, if m = degg; (K) 
we have that K C M,,(D) is a maximal subfield, and, by the Skolem—Noether 
theorem, there are elements g; € M,,(D) which act on K as Gal(K/F). By the 
independence of the elements of the Galois group these elements are independent in 
M,,(D), regarded as a left K-vector space. Hence we have constructed an (mn)? 
dimensional sub F-vector space in M,,(D), where nı = dimp(IKK;). By a dimension 
count this subspace must be the entire algebra. O 


The Cohomological Interpretation of Central Simple Division Algebras 


Suppose that we have F C K C A and K is both maximal and Galois over F. Also 
suppose that K is its own centralizer in A. Then we can write 


A= K1 9 Kg} 9--- Kgn 


where g; € Gal(K/F) = G as above. We associate to this decomposition a map 
ga: G x G—KR° where K® denotes the units in K, by 


(g1, 82) +> 83 8i (ign EA. 


But since gi" 82 1 (g182) centralizes K it follows that the product is in K and we have 
our association. 


Lemma 8.11. The map ġa satisfies 5(@,) = 1. 
Proof. The boundary 
5(Pa)(81, 82: 83) = B3'[ha(81, 821a (8182 83)%a(81, 8283) "Pa l82 83) 
= 83 (83 81 (8189))83{83 rea) (818283)) 
- (818283) ' 81 (8283) (8283) Bas) 
after expanding out, and this directly cancels to 1. O 
Definition 8.12. Let ®: Gal(K/F)?—K° satisfy the two conditions 
1. ®(1, g) = @(g, 1) = 1 for all g € Gal(K/F), 
2. 6()(g1, 82, 83) = 1 for all triples (81, 82, 83) € Gal(K/F)’. 


Then A(K, Gal(K/F), $) is the vector space K1 Kg: @--- ® Kg, where the gi run 
over the elements of Gal(K/F). A(K, Gal(K/F), ®) has an F-linear multiplication 
A Qr A—A defined by the rules 

3. gik = gilk]gi, 

4. (gi)(gj) = (gig;)P(8i, 8 Fi ie where (g) is the basis element corresponding to g. 


(8.13) 


This construction defines a central simple F-algebra as we see from the next 
result. 
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Lemma 8.14. Assume the triple (K, Gal(K/F), ®) satisfies the conditions of (8.12). 
Then we have 


1. A(K, Gal(K/F), ®) is a central simple F-algebra of dimension n? over F where 
n = |Gal(K/F)| and the centralizer of K in A is K, 

2. Any central simple F-algebra, B, of dimension n* over F with K as a maximal 
subfield has the form A(K, Gal(K/F), ®) with ® as in (8.12), 

3. A(K, Gal(K/F), ®) = A(K, Gal(K/F), W) if and only if there is a t: G—K° 
with t(1) = 1 and 


P(g1, g2)W(g1, 82) | = gy'[r(gi)]t(g2)t(g1g2) | 
for all (g1, g2) € Gal(K/F)?. 


Proof. (1). (8.12.1) assures that 1 € Gal(IK/F) is the identity for this multiplication 
and (8.12.2) assures that the multiplication is associative. Next, using essentially the 
same argument as in the proof of (8.3) or (8.7) one formally checks that the resulting 
algebra is a central simple F-algebra. Finally, the same argument can be used to show 
that K is its own centralizer in A. 

(2). The argument here is very similar to the proof-of (8.10). There are elements 
2 € B so that Bikey! = g;[k] for each element g; € Gal(K/F). Moreover, by the 
independence of the elements of Gal(K/F), the 3; are linearly independent in B, 
thought of as a vector space over K. A dimension count now shows that we have 


B = KI@Kg.@-:-@ Kg, . 
Then the discussion preceeding (8.11) shows that ®=@,, and B= A(K, 


Gal(IK/F), ®). 
(3). The elements g; are not well defined from their action on 


K C A(K, Gal(K/F), ®) 


since g;k; has exactly the same action on K as does g;. However, any other element, 
i, which acts on K in the same way as 2 satisfies the condition that à~! g centralizes 
K, and hence, since K is its own centralizer, this is the only indeterminacy which is 
allowed. 

Consequently, given K, two different choices of the elements g; € A lead to the 
following change in ġa, Ø, = A87 [kz Ikz kgg» or the same, 


(81, 82)%4(81, 82) | = g3 [ky lk Kieren) « 


Likewise, if we have ®(g;, 22)¥(g1, 82)! 
resulting algebras are isomorphic. 

Suppose now that A(K, Gal(K/F),®) = A(K, Gal(K/F), W). Then, by the 
Noether-Skolem theorem there is an isomorphism 


gy: A(K, Gal(K/F), ©) —>A(K, Gal(K/F), W) 


g>'[t(gi)]t(g2)t(g1g2)~' then the 


| 


so that y maps K to K and is, in fact, the identity when restricted to K. But then, as 
pointed out above, (gi) must have the form gik; for each g; € Gal(K/F). o 
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Example. The class ġa for K© Gal(KK/F) is a(g1, 82) = 1 for all pairs (g1, g2), and 
this clearly represents the trivial element in the group H3(Gal(K/F); K*). Shortly 
we will introduce the Brauer group B(F) and describe the relation between these 
groups H3(Gal(K/F), K*) and B(F). Additionally this‘twisted cohomology group 
plays a very basic role in class field theory. 


Example. Let A be central simple over the finite field F. Then any finite extension K 
of F is cyclic. Also, it is well known that for finite fields the norm map K*—>F* is 
surjective. Indeed, suppose for explicitness that |F| = p”, |K] = p™. Then a generator 
for Gal(K/F) is the map x > x” . Hence the norm map has the form x +> x' where 
t=1+p +p” +- p“. But p” — 1 = (p’ — 1)t, so, in the cyclic group 
Z/(p™ — 1) raising elements to the power t is a surjective homomorphism onto the 
cyclic subgroup Z/(p’ — 1). 

It follows that when F is a finite field any central simple division algebra D has 
a maximal subfield K with cyclic Galois group. But we have already seen that, in this 
case, A(IK, T, x) > A(K, T, N(k)x) so A(K, T, x) > ACK, T, 1) = M,,(IF) and there 
are no non-commutative central simple F-algebras. On the other hand the discussion 
above shows that H3(Gal(K/F); IKK*) corresponds to the central simple F algebras 
which contain K as a maximal subfield, so H? (Gal(K/F); K*) = 0 when F is a finite 
field. 


But for a fixed A this is as far as we can go. It can well happen that there are 
non-isomorphic maximal subfields of A which are Galois and contain F. For example 
M?2(Q) contains any quadratic extension of Q as a maximal subfield. 


Comparing Different Maximal Subfields, the Brauer Group 


To continue further we must compare the algebras A(IK, Gal(K/F), #) and A(K’, 
Gal(K’/F), W) for different K and K’. To do this we tensor A with M,(F). By the 
Wedderburn theorem, this does not change the underlying division algebra, D. But 
this enlargement does allow us to compare the distinct K’s since we can use the 
composite field, KK’, as a maximal subfield of A &r M,,(F) for an appropriate n. 

We begin by determining the class ØAgm, (r). Assume that K; is a degree n Galois 
extension of K so that Kı is Galois over F. Since M,(K) C A r M,,(IF) we see 
that KK; is a maximal subfield in A @g M,(F), and Gal(IK; /F) is given as a normal 
extension 


Gal(K; /K) —>Gal(K, /F)—>Gal(K/F) . 
Then, we see that fagm, œ): Gal(K, /F)*—> KY is defined by 
Pa@My (E (81, 82) = Pa(%(g1), 7(g2)) 


since g3 } ny ; 8i i nS (11217282) = 8&3 : a (g1g2) when we make appropriate choices 
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for the lifting classes. We may formulate this in terms of a homomorphism 


H? (Gal(K/F); K) H? (Gal (K; /F); K}) (8.15) 
called the inflation map, which decomposes as the composition of two maps, first the 
map H2(Gal(K/F); K*)“> H3(Gal(K, /F; K*) defined via a map on the C’’s, 


s": Ci— (C^ where res *(F)(g1 yeas gi) = f(m(gi), ..., (gi)) - 


It is routine to check that res #8( f) = 4( res *(f)). Consequently, res * maps Zi 
for the first @'’s to the Z’’s for the second, and similarly for the B‘’s. Thus we get 
a well defined map of quotients. 

The second map is induced by including K® as a multiplicative subgroup of KÌ 
and has the form i: H3(Gal(K, /F); K*)> H}(Gal(K,/F); Ky). 

Now, suppose that K and K’ are maximal subfields’ inA which contain F, both are 
Galois over F, and both are their own centralizers. Then we have that the composite 
field KK’ = K; is Galois over K, K’ and F. Hence, setting n = dimg (K1) we get that 
the inclusion A C A Qr M, (IF) allows us to use the argument above on both the repre- 
sentative of A in H (Gal(IK/F); K*) and the representative in Hj (Gal (K’/F); (K^ °). 
We get the diagram 


H3(Gal(K/F); K*) =S H3(Gal(K, /F); K?) 
inf 
Hj (Gal(K’/F); (K’)*) 


and each inflation map in f takes the class corresponding to A to the class corre- 
sponding to A r M, (F). 

Now, note that M,(D) &r M;(F) = M,;(D), so that passing to limits over 
inflation maps we get that every central simple division algebra over F is represented 
by a unique class in the abelian group 


B(F) = lim Hj(Gal(K/F); K*) . 


We write this limit as H? (F), and it is commonly called the second cohomology 
group of the Galois group of the separable algebraic closure of F with coefficients 
in the multiplicative group of this algebraic closure, (separable since we only use 
Galois extensions). But we emphasize that, in actuality, it is the limit over finite 
Galois extensions, F C K, of the H?’s above. 


Definition 8.16. The group B(F) defined above is called the Brauer group of the 
field F. Its elements are in one to one correspondence with the distinct isomorphism 
classes of central simple F-division algebras. 
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Remark. If a € B(F) corresponds to D and £ corresponds to D’ then the class a + f 
corresponds to the division algebra in the simple algebra D ® D’. (Check explicit 
representative classes for the generating classes dg, and note that M,(D)@rM,(D’) = 
M,s(D @r D ).) 


Remark. A more leisurely discussion of the topics in this section can be found in the 
book [P] pp. 250-270. 


Il. 


Classifying Spaces and Group Cohomology 


II.0 Introduction 


This is one of the basic chapters in the book. We start in §1, §2, with preliminaries 
from topology. The results reviewed in §1 on the basic structure and properties of 
classifying spaces are essential throughout the remainder of the text. The material 
in §2 on the Steenrod algebra is not needed in the rest of this chapter and is placed 
here only for continuity. It is used, however, in Chap. III, §3, and, from then on, 
more and more frequently throughout the book. Here we only review the basic facts 
and give Steenrod’s axiomatic treatment of the p'* power operations. However, in 
Chap. IV, §7 we will use the cohomology of groups to provide the construction of the 
Steenrod operations. In §3 we give the definition of group cohomology and devote the 
remainder of this chapter, with the exception of §8 to basic facts and techniques for 
calculating these cohomology groups, particularly for finite groups. §8 gives a nice 
application of these ideas to construct non-trivial outer automorphisms for p-groups. 

The reader will notice that this chapter is very different from the preceding one, in 
that it assumes a considerable background in algebraic topology. This is an inevitable 
consequence of the historical development described in the introduction. However, 
there are some excellent sources for this material available in the literature, notably 
[Sp] for general background in homotopy theory and [MS] for bundle theory. Rather 
than burden the reader with full details on what we need, we have on occasion opted 
for introducing material as we go along, hoping that the reader will look into it on his 
own. The main reason for doing this is to afford a quick route into interesting aspects 
of group cohomology, avoiding potentially soporific generalities whenever possible. 


II.1 Preliminaries on Classifying Spaces 


For the purposes of the material in this chapter we will use the following conventions. 


1. X atopological space will always mean X is a CW complex, probably a simplicial 
complex, with the compactly generated topology. (A subset U C X is open in 
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the compactly generated topology if and only if U N C is open in C for every 
compact subset C C X.) 


. X x Y will mean the Cartesian product of the spaces X and Y with the compactly 


generated topology. 


. Let G be a topological group; the unit e € G will always be the distinguished base 


point. We will also assume that e is regular, i. e. e has a regular neighborhood, but 
more, we will assume (G, e) is an NDR pair. This means there is a neighborhood 
N of e and a homotopy of the identity, H,, so that H,(N) C N, H, (e) = e for 
all tr, 0 <t < 1, and Hı(N) = e. This is a technical condition which is trivially 
satisfied if, for example G is discrete which is the usual condition we consider, 
or if G is a CW complex. 


. Assuming that G is a CW complex we will also assume that the multiplication 


pu: G x G—G is cellular. Again, this is a technical condition which is trivially 
satisfied when G is discrete, since then the points of G are the (0) cells of the 
CW decomposition of G, and there are no higher dimensional cells. 


. Moreover the same conditions will hold for every subgroup H C G which we 


discuss. Specifically, H will always be a sub-CW complex of G, and the NDR 
structure will preserve N N H. 


Next we review the following facts about fibre bundles: 


|: 


Let F— E’— I x B be a fibering. Then E’ = I x E for some unique fibering 
F— E— B and the map to 7 x B preserves the t coordinate in /. 


2. Given a fibering F> E ZB anda map f: X— B, there is an induced bundle, 


denoted f'(E) which is the subspace of X x E consisting of the set of pairs (x, y) 
with z(y) = f(x), and we have the commutative diagram 


F — F 


ime 


f(E) E 


X che B 


Given a fibre bundle F—> E— B with group G —> Homeo(F’), where Homeo(F) 


is the group of homeomorphisms of F with the compact-open topology, we can form 
the associated principal bundle, Prin(E), by replacing the fiber F by G and using the 
same transition functions as previously in measuring the change of product structures 
as one moves from chart to chart. (Recall that the group G of the bundle is the 
subgroup of Homeo( F) generated by these transition functions.) Since the transition 
functions act from the right on G, G is free to act from the left, and we have a fiber 
preserving action 


G x Prin(E)—> E 
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which is transitive on fibers. Conversely, given a principal G bundle G— E— B and 
aright action of G on a space F we can form the associated F bundle F xg E—> B, 
(F. y) ~ (fe, yY) ~ (f. gy) for all g € G. We have the theorem of Milnor, 


Theorem 1.1. Given a group G there exists a space Bg and a G-bundle with total 
space Eg, 


G— Eg— Bg ’ 


so that if G— E— X is any principal G-bundle over X there is a unique homotopy 
class of maps f: X— Bg so that f'(Eg) = E. 


In particular, this implies that Bg is unique up to homotopy type. If Bg and 
Bọ are classifying spaces for G there must be maps f: Bg— BG inducing Eg and 
g: Bg— Bg inducing EG. Then the composite fg: Bg— Bg induces Eg so must 
be homotopic to the identity, and similarly for gf: Bg —> BG. 

This space Bg is called the classifying space for G and has the following basic 
property 


[X, Bg] = {the set of isomorphism classes of principal G bundles over X} 


known as the Steenrod recognition principle which gives a quite explicit method of 
constructing and recognizing the classifying space for G. 


Theorem 1.2, G—> E—>B is a classifying space if and only if E is contractible. 
If E—B is a principal G bundle with E n-connected, then the classifying map 
f: B— Bg is a homotopy equivalence through dimension n. 


Remark 1.3. If G is discrete, the exact homotopy sequence of the fibration shows that 


0 i>l 

TAN i ist" 

A space having a non-zero homotopy group in a single dimension is called an 
‘Eilenberg-MacLane space. Such a space is unique up to homotopy equivalence 
and one exists for any (discrete) group G provided the dimension is 0 or 1, or the 
dimension is greater than one but G is Abelian. If the group is G and the dimension n, 
the Eilenberg—MacLane space is usually denoted K(G, n). We will shortly introduce 
an explicit construction of the spaces Eg and Bg which will make the construction 
of the K(G, n) very easy. 


Corollary 1.4. A model for the classifying space for the product G x H of two groups, 
BGxn, can be chosen to be Bg x By. 


Proof. A principal G x H bundle over Bg x By is 
Eg x Ey 2a x By 


but the product of two contractible spaces is itself contractible, so the result follows. 
o 
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The set of homotopy classes of maps X — Bg which is denoted [X, Bg] is equal 
to the set of isomorphism classes of principal G-bundles on X when X is a CW- 
complex, and the isomorphism is explicit, f'(EG), the pull-back of the principal G- 
bundle Eg— Beg is defined as the set of pairs (x, 1) € X x Eg for which f(x) = p(l). 
This is the bundle over X associated to f. 

In the case of the K(G,n) for n > 1 the set [X, K(G,n)] = H"(X; G) and the 
isomorphism is again explicit. Note that H"(K(G,n); G) = Hom(G, G) and if we 
set ı = {id} then {f} + f*() € H"(X; G) gives the correspondence. In particular, 
K(G,n)x K(G,n) = K(G xG, n) by (1.4), and H"(K(G x G, n); G) = Hom(G x 
G, G) for n > 1 so that G is abelian. The element «+ € H"(K(G x G,n);G) is 
the class corresponding to the sum map G x G ZG and, in the correspondence 
above between [X, K(G, n)] and H" (X; G) we have that a + £ is represented by the 
composition 


axß 


Y-A R x KOS KG in) x KGM- KG, n). (1.5) 


In the case of K(G, 1), [X, K(G, 1)] is the set of conjugacy classes of homomor- 
phisms @: 2,;(X)—>G. In particular [K(G, 1), K(G, 1)] = Out(G), but generally, 
for G non-commutative [X, K(G, 1)] is just a set. 


Examples 1.6. 


1. S! is the Eilenberg—MacLane space K(Z, 1), and Eg—S! is the usual map 
RÆ S! where exp(t) = e". 
2. For the group G = Z/n we have a free action 


G x Pis- 


defined by T(z1, . . - , Zm) = (PnZ1» +++ PnZm) Where pn = e7” is a primitive n'*- 
root of 1. The quotient is the Lens space L?”-!., The inclusion $%™”-! C $?+! as 
the set of points (z1, ..., Zm, 0) commutes with the Z/n action and consequently 
induces an inclusion of quotients L2"—! —> L2™+! | so, using the Steenrod Recog- 
nition theorem and passing to limits we see that Bzjn = littm+soo L2"—'. 

3. We have the principal (Hopf)-fiberings S'— S2"+!—.CP", which, as above, 
under the inclusion S?"+! > §?"+3 induce inclusions CP” <> CP”+!, and 
passing to limits we have 


Bs = lim CP” = CP”. 
m> 


We now explicitly construct a model for the classifying space Bg. Let o” be the 
usual n dimensional simplex. It is given with barycentric coordinates as the set of all 
n+ 1-tuples of non-negative real numbers (to, ti, - - - , fn) with Ya ti = 1.Then+1 
faces are the sets F; where t; = 0,0 < i < n. A more convenient coordinatization 
for our purposes is given by 


Lemma 1.7. o” = {(t),...,%) |0< 1) ENLT <1}. 
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Proof. Set t = to +t; +--+ + ti—-1. This defines a map from barycentric coordinates 
to the coordinates in the lemma. Conversely, given O < T1 <%m<-:-<% <1, 
define tọ = Ti, ti-1 = Ti — H-1, | < i < n, and tn = 1 — Tn. This defines the inverse 
map. O 


Let Eg = []>2)9G xo" x G"/(relations) where the relations are given as 
follows. 


(Bi Tis ais Epis Rig sores Rn) = (9, Ty ws big Bis ins Ris RIB ore ED 
if g; = e Or Ti = Ti+ 


~ (BBis s Tas rasy Tas 82s +005 Ba) 


if tı =i} 
oS (Bi.Tii 00s a PN Rivoenay Bea) 
if ?,= 1; 


Here the A over the coordinate qt; or g; means that we simply delete that coordinate. 
This space Eg admits a free G action, G x Eg— Eg, which is defined as 


(ER, Tis- css Tay Bless 5 Ba) AE (RBs Tisana Tes Bis racha) 5 


and then, using the relation, to pass to equivalence classes. It is routine to check 
that this is well defined and G-free in the quotient. Also Eg is contractible. The 
contraction is given by 


FCG, Tis 2:5 0! Fra Rhy oes Ba) = C6, 8 CEL, oo te Pt, Be Bls.< 005 Bad 


a t ES 
on passing to equivalence classes, where t = i z i . The quotient space Bg is 


given explicitly as 
co 
Bg = Lo" x G” /(relations) 
0 


where the relations are those given above, but we set the leading term g equal to 
a single point, pt. Explicitly 


(Thy ves Tas Bly eee Bn) ~ CT cons Bees ey Bir Blikle bn) 
if g; = e OF T = Tipi 
(TA, Tip aug Tip Baran Ried 
if ti =0 
(Tiste e Tals: Eines Ke) 
ifgc= 1. 


Of course it must be proved that the quotient map Eg — Bg is a fibration with fiber G, 
but this is a direct inductive construction. There is a natural filtration E% C E} C 
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EG C +++ covering a similar filtration Bẹ, C Bi C Bz C +- where E} is the image 
in Eg of G x o' x G'. Using the NDR assumption on e € G we obtain the existence 
in Bit! of a neighborhood of Bi, in which Bi, is a deformation retract H,(i). 

Now, assuming we have product neighborhoods N; € Bf, we easily obtain that 
in this neighborhood H)(i)~!(N)) is also a product neighborhood. On the other hand 
it is evident that Bi*' — Bi, is a product neighborhood (there are no identifications 
in this region and the original map G x øt x G'—>o! x G' over it was a product). It 
follows that By! has an open covering by product neighborhoods, and the inductive 
step is complete. 

The above construction has very good naturality properties. First, if f: G— H 
is a (continuous) homomorphism then the map Ep defined by E FUR Ty sca Tay 


81, -- -s 8n) +> (f(g), T1,---, Tr, f(81), <- -, f(gn)) evidently preserves relations and 
induces maps 


Es: Eg— Eg, By: Bg—> By , 


so that Ey, = E f Ez, Bfg = By B, for compositions of homomorphisms. 

It can also be verified that Bg. = Bg x By, and, if H aG is a normal subgroup 
then the natural map Bg > Bg, is a fibration with fiber By. The following theorem 
of N. Steenrod gives one of the most important properties which distinguishes this 
construction of the classifying space from others. 


Theorem 1.8. Let G = H x K, a (compactly generated) product of two groups, then 
the two projections pı and pz give a homeomorphism Bp, x Bp,: Bg —> By x Bx. 
Moreover, let A C G bea central subgroup. Then the homomorphism A x G—>G, 
(a, g) +> ag, induces a map of classifying spaces B4 x Bg— Bg which is (1) natural, 
(2) if G = A makes B4 into a commutative topological group, (3) if G + A makes 
Bg into.a Ba-space. 


Proof. We construct the inverse map, @: By x Bg—Byxx by 


(Gis, « seis M, ERE E tere 29 Tite Ky 0:2 9 Kind Ee 
(Ai, -s Ants Ols - -5 Ontm) 


where the A), .-., Anim are the terms in the set (ti, ..- , fn, Ti,- -., Tm) arranged in 
increasing order, and 


km (hs,ex) if Ài =t; 
Dr (ey, ky) ifÀi = Ty. 


This identification is ambiguous only when f; = tj for some i, j. But in this case, 
since (e, kj)(hi, e) = (hj, e)(e, kj) the equivalence relations remove the ambiguity. 
Moreover, when we decompose the product o” x o” into regions where a given 
(n, m)-shuffle in S,4 puts the terms (f),...,%,T1,...+, Tm) into ascending order, 
this gives a triangulation of the product where the map is continuous on the interior 
of each simplex. Since they agree on faces it follows that the map is continuous on 
By x Bg— Byxx. Ít is formal to check that this is the inverse map to Bp, x Bp. 
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The remainder of the claims in 1.8 follow by expanding the composition ¢ - 
Bx r 
B,.: Ba x BG > Baxg— Bg on points. O 


Theorem 1.9. Let f: G—>G be an inner automorphism, f(g) = kgk! for some 
k € G, then the induced map Bs: Bg— Bg is homotopic to the identity. 


Proof. We construct the homotopy to the identity explicitly. Let 


Ay ( (Tis o-< s Tns Bts e oes 8n)) = 
(Bits so y Tisy Tilia ve 5 Fes SEL Yie aa JERE Ks Bitia as Bn) 


where t; < t < Ti+ı. The only points to check are at the boundaries t; = t, or 
t = 741. In the first case note that kg; = kgik~'k so coming from below, i.e. for 
t < 1; gives k, gi and as t becomes equal to t; this is set equal to kg; via the first 
relation. Similarly, by the remark above, if t approaches qt; from above. There is 
no difference at the upper point. Consequently, H, is continuous as a function of t. 
Clearly, Ho = id, and Hı = By. O 


When A is a discrete abelian group we have from (1.8) that B4 is an abelian group 
as well. Moreover, because it is a CW-complex it satisfies the NDR condition, and, 
because the multiplication B, - @ is CW is cellular, we can iterate the construction 
obtaining Bg, = B3, B}, etc. Note that B% is a K(A, n). Thus we have constructed 
the K(A,n)’s for A any discrete abelian group. 

The discussion to this point allows us to make an observation which will be 
very useful later. The n-fold symmetric product $P"(X) is the quotient of the n-fold 
Cartesian product, X” by the action of the symmetric group, §,, by permuting co- 
ordinates. Thus the points of SP” (X) can be thought of as unordered n-tuples £} x; 
of points in X. Given any point xo € X there is an inclusion C,,: X <> SP"(X), 
xt» 1! xo + x and we have 


Lemma 1.10. Let A be an Abelian group, then 
ing: H*(SP"(X); A)—> H*(X; A) 
is onto for X any CW complex and n > 1. 


Proof. We use the equivalence between H” (X; A) and [X, K(A, n)] and choose B% 
as our explicit model for K(A, n). Leta: X— B4 represent a; then, since B% is path 
connected for n > 1, we can suppose that a(xo) = e, the unit of B%. Now, since BY 
has an abelian multiplication we can extend a to SP"(X) by $i x; œ> J a(x;), so 
we have factored œ through SP"(X). o 


Let H C G be any subgroup. The H-orbit space of Eg is given as pt xq Eg, and 
the projection Eg—>pt x y Eg is a principal H-fibration with contractible total space 
when H is closed. Consequently pt x y Eg is a model for By. On the other hand the 
projection pt x y Eg— Bg is a fibration with fiber G/H. We have shown 
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Lemma 1.11. Up to homotopy there is a fibration 


G/H—+By—> Be 
where i is the inclusion H C G for any closed subgroup H of G. 


While we are on the topic of alternate constructions, here is one which is often 
very useful. Let G be given as a semi-direct product 


G=Hx,K 


so H is normal in G, K is a subgroup of G and the projection p: G-+G/H sends K 
isomorphically to G/H. Then K acts on H via the inner automorphism action in G. 
By naturality this induces an action of K on By, and we have the associated bundle 


By XK Ex — Bk . 


Theorem 1.12. The bundle above By xx Ex is a model for Bg when G is a semi- 
direct product H Xa K. 


Proof. There is a bundle Ey x Ex— By Xx Ex, with fiber G defined by using 
the G action defined as follows. For each g € G write g = (h,k) (this is unique), 
and set g(xH, yx) = (h- E(x), k - yx) where the map E; is the conjugation map 
discussed above. We easily check that this action is free, the quotient is the space 
By Xx Ex above, and the projection is a fibering. Since Ey x Ex is contractible the 
result follows. O 


Remark. More details on these constructions can be found in [Mac], [M3], [M4] and 
[Ste2]. 


II.2 Eilenberg—MacLane Spaces and the Steenrod Algebra A(p) 


The goal of this section is to situate the cohomology of finite groups within homo- 
topy theory. The main connection comes from the Steenrod Algebra, which arose 
from considerations made by Steenrod regarding the symmetric groups, though the 
operations which generate the Steenrod algebra originally appear in the work of 
M. Richardson and P.A. Smith, [RS]. The main reference is [SE]; in Chap. IV, §7 we 
describe the construction and its main properties. Some of the results here serve only 
as an indication of the importance of Steenrod operations in algebraic topology; we 
hope the interested reader will pursue them further. 


Definition 2.1. A cohomology operation a € O{i, j, A, B} for O < i, j and A, B 
discrete abelian groups, is a natural transformation 


a: H'(X; A)—> H/(X; B) 


defined on the category of CW-complexes and continuous maps f: X—>Y. 
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Recall that natural transformation means that the following diagram commutes 
for all f as above, 


Hİ (Y; A) —> Hİ(Y; B) 
f* f* 
Hi(X; A) —> Hİ (X; B). 
The set O{i, j, A, B} becomes an abelian group when we define (a + f)(x) = 
a(x) + B(x), Yx € H'(X; A) and we have 
Lemma 2.2. The group O{i, j, A, B} = H/(K(A, i); B). 


Proof. First, given x € H'(X,A) there is a unique homotopy class of maps 
X>K(A, i) so that the class 1 ~ id € H'(K(A, i); A) = Homa(A, A) maps back 
to x, x*(1) = x. Thus x*(a@()) = a(x) and a is entirely determined by its value on ¢. 
Conversely, given œ € H/(K(A, i); B) we can define a(x) = x*(a). O 


Remark. Here if j > i then the operations are identically zero, but the same definitions 
hold for operations in a generalized cohomology theory, and here there need be no 
such constraint on the operations. 


An operation a € O{i, j, A, B} need not be a homomorphism. Indeed, we have 
the factorization of a(x + y) in terms of the composition of maps 


XX x XZ BÍ x Bi, —> Bi, , 


since, for the fundmental class, we have i œ> 1®1+1@t+> x + y. Consequently 
a(x + y) = JLA) U N (y) + Ext — terms if x*(@) = } à @ A’ + Ext — terms. 
However, there is a circumstance when an operation must be a homomorphism. 


Definition 2.3. A sequence of operations a; E€ O{s,i + s, A, B}, s = 0,1,..., is 
called stable if a;(o(x)) = (—1)'o(as_\(x)) where o is the suspension isomorphism 


H*(X; A)—> H**! (EX; A) , 


and ZX = S! ^ X = S! x X/(e x X US! x x). Such a sequence a, is said to have 
degree i, and the set of such operations of degree i is denoted ©8(i, A, B). 


A stable operation is always a homomorphism since A: DX— EX x LX fac- 
tors through the wedge XX v YX C LX x EX up to homotopy. Moreover, the 
composition of stable operations is defined in an evident way provided only that the 
coefficients fit together. In particular the stable operations of type O4(*, A, A) form 
an algebra. 

Steenrod used methods from group cohomology [SE] to construct operations 


Sa (j) € Ol, j +i, Z/2, 2/2},  i20 
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which together form, for each i, a stable operation, denoted Sq, as well as operations 
Bj) € OLj,j + 1,Z/p, Z/p}, P'(j) € O{j, j + 2i(p — 1), Z/p, Z/ p} for odd 
primes p. Again the B(/) give a stable operation denoted ĝ and called the mod(p) 
Bockstein. It is the boundary map in the coefficient sequence associated to the exact 
sequence of coefficients Z/ p—>Z/p*—>Z/p, 


+s + H*(X; Z/p?)—> H"(X; Z/p) = 
H**'(x: Z/p)—> H**" (x; Z/p*)— Sid's 


Also, the P'(j) give a stable operation denoted P!. Composing these operations gives 
rise to an algebra of stable operations, the Steenrod algebra (2) generated by the 
Sqi’s for p = 2, and the Steenrod algebra .A(p) generated by £ and the P’ when p 
is odd. 

The construction of these operations is intimately connected with the cohomology 
of (finite) groups, and we will give the details in Chap. IV, §7, but for now we record 
the axiomatic descriptions of the A(p) first given in the book by Steenrod and Epstein 
[SE]. 


Axioms for the Steenrod Algebra (2) 


There are elements Sq‘, i > 0 in O4(i, Z/2, Z/2) which are uniquely specified by 
the following axioms. 


1. Są? = id, 

2. If dim(x) =n then Sq” (x) = x?, 

3. If i > dim(x) then Sq' (x) = 0, 

4, (Cartan formula) Sq‘ (x U y) = Ðo Sq/(x) U Sq'/(y). 


As a consequence of these axioms one can show that Sq! is the Bockstein associ- 
ated to the exact sequence Z/2—>Z/4—>Z/2, and [Car] the Adem relations R(a, b) 


Sq" Sq? xa ( 6 satisa! 
o a-2j 


for 0 < a < 2b. Moreover, (2) is the graded algebra generated by the Sq! subject 
only to the relations $q? = 1 and the Adem relations R(a, b). The first few relations 
have the form Sq!Sq? = Sq?, Sq'Sq! = 0, Sq?Sq? = Sq>Sq! = Sq'Sq*Sq'. One 
can prove that a minimal generating set for A(2) is {1, Sq', Sq*,..., Sq?,...}. 
Moreover, a basis for (2) as a vector space over Z/2 is the set of monomials 
Sq! = Sq'' Sq’? - -- Sq? , I = (i, i2,..., i) with ij > 2i;4) forall j =1,...,r—1. 
These are called the admissible monomials. The first few are S°, Sq', Sq?, Sq, 
Sq?! = Sg? Sq', SaS; Sq?! = Sq? Sq’. 


II.2 Eilenberg—MacLane Spaces and the Steenrod Algebra A(p) 53 
Axioms for the Steenrod Algebra A(p) 


There are elements P! € 048(2(p — 1)i, Z/p, Z/p) for p an odd prime which are 
ws specified by the following axioms. 
. P’? = id, 
h If dim(x) = 2n then P”(x) = x?, 
3. If2i > dim(x) then Pi(x) =0, _ 
4. (Cartan formula) P} (x U y) = Ðo P/(x) U Pi (y). 


Again, as a consequence of these axioms one obtains Adem relations 


[a/p] 
—1)6-pj-1 x 
pa p> — 2 at+t path tpt 
(-1) r a— pt ) 


ifa < pb. Ifa < pb then 


la/p} fo =i 


P°BP? = Lc 1)4*+# a if Pt 


{(@-1)/p] 
—1)(b-n)-1 
a+i—1 +b—t g pt 
+ ; (=i) ty iai jm BP’. 


As above 4(p) is the graded algebra generated by £ and the P’, subject only to 
the relations P? = id, 6? = 0 and the Adem relations above. Again there is a basis 
for A(p), consisting of admissible monomials. Let 


| (€o, i1, €1, 2, T €r) ’ 
with «ę; = 0 or 1, then / is admissible if i; > pij+ı + €j41 for each j > 1. 
Corresponding to an admissible monomial is the element of A(p), B® P`! --- Pir Bf, 


and these monomials, together with P’ = 1, form a basis for A(p) over Z/ p. 


The Cohomology of Eilenberg-MacLane Spaces 


We need the following definition in order to give the structure of the cohomology 
rings of the Eilenberg-MacLane spaces. 


Definition 2.4. An exterior algebra is a graded algebra of the form 
j A ee ee 


subject only to the relations ejej = —eje; for alli, j, and when the characteristic of 
F is 2, also the relation e? = 0. Generally the generators are odd dimensional. 
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The Steenrod operations described above generate O{i, j, Z/p, Z/p} when we 
add in cup products. Precisely, we have the following theorem of H. Cartan and J.P. 
Serre, [Se1]. 


Theorem 2.5. 


1. Let p = 2, and suppose that I is an admissible monomial for A(2), then the excess 
of I, e(1), is ij — i2 —+++ —i,. In these terms H* (Bz; Z/2) is the polynomial 
algebra on generators Sq! (tn) where I runs over all monomials of excess less 
than n. 

2. Let p be an odd prime and suppose that I is an admissible monomial for 
A(p), then the excess, e(1), is iy — (p — In +- +i) — YY €j. In 
these terms H* (Bz); Z/p) is the tensor product of a polynomial algebra 
Z/pl--+ , P! (tn), +++] when dim(P!(t,)) is even, and and exterior algebra 


E(--+ , P! (ta), +++) when dim(P!(i,)) is odd, as I runs over all admissible 
monomials with e(1) < n. 


Examples. We have that H*(K(Z/2, 1); F/2) is the polynomial algebra on a single 
one dimensional generator, F2[v], while 


H*(K(Z/2, 2); Fa) = Falta, Sq! (12), Sq?" (12), «6 Sq"), De 


The Hopf Algebra Structure on A(p) 


The Cartan formula defines a homomorphism of algebras c: A(p)—> A(p) ® (p), 
Pi œ> $o PÍ Q Pi, B + B@1+1@ 8. This gives A(p) the structure of 
a cocommutative, coassociative Hopf algebra. The basic facts in the theory of Hopf 
algebras are developed in Sect. 2 of Chap. VI, VI.2, and the exposition is independent 
of the rest of the book. Among the most important elements in a Hopf algebra are the 
primitives, those 0 with c(@) = 0 @ 1 + 1 @ 8. Such elements are characterized by 
the property that 6(a U b) = @(a) Ub +a U6@(b). They correspond to generators of 
the dual algebra A(p)*. Milnor analyzed the structure of A(p)*. His result [Mi] is 


Theorem 2.6. 


1. There are primitives Q; in dimension 2' — 1 in A(2), Qi = (Sq?! , Qj-)], and 
A(2)* = Z/2[&,..., Ei, ...] where & is dual to Q;. 

2. Let p be an odd prime. There are primitives Qi, Si, in dimensions 2p! — 1 and 
2(p' — 1) respectively. Moreover, A(p)* is the tensor product of a polynomial 
algebra on generators x; dual to the S; and and exterior algebra on generators 
ti dual to the Q;. 


For (2) the Q; are characterized by the fact that they are primitive so Q; (a Ub) = 
Q;(a) U b + a U Q;(b), and the fact that Q;(e) = e? when dim(e) = 1. Likewise, 
the Q; for p odd are characterized by the same formula for cup products and the fact 
that Q;(e) = Ble)” for dim(e) = 1. . 
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II.3 Group Cohomology 


Let A be an Abelian group, then we define 
H*(G; A) = H*(Bg; A) 


and call these groups the cohomology groups of G with (untwisted) coefficients A. 
If H C G is a subgroup, the inclusion By — Bg induces a map in cohomology 


( res a): 2 H*(G; A)—> H*(H; A) 
called restriction. 


Lemma 3.1. Let Ng(H) be the normalizer of H in G, then there is an ac- 
tion of NG(H)/H = Wg(H) on H*(H; A) and im [( res ey] is contained in 
H*(H; A)We), 


Proof. For g € NG(H) define a map [,: By— By by 
Diy cestnini) = Cy ds aytes BRR y~ 000 ghee Y (*) 
Clearly I, - Ty = Tg so these maps fit together to give an action map 
No(H) x Bu—> By 
and consequently an action on cohomology rings 
No(H) x H*(By; A)—>H*(Bu; A) . 


Since I’, ~ id for g € H, (1.9), it follows that I? = id if g € H and the action above 
factors through 


NG(A) x H*(By; A)—> H*(By; A) . 


We extend I, to Bg for g € Ng(H), by the same oma (*), and for each g € 
Ng(H) we have a commutative diagram 


By Soh Be 
By > Bg. 


Consequently ( res a) - Py = 1; (res $)*, but T; is obtained from an inner auto- 
morphism on Bg, so is homotopic to the identity, and the equation above becomes 


(res G)* (a) = Tj (res a) (a) 
forall œ € H*(G; A). O 
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Definition. The group Ng(H)/H = Wg(H) is called the Weyl group of H in G. 


There is an algebraic reformulation of the definition of group cohomology which 
allows us to generalize to the case where G acts in some non-trivial way on the 
coefficients A. 


Definition 3.2. Let M be a Z(G)-module, then a resolution of M over G is a long 
exact sequence of Z(G)-modules and Z(G)-module maps ði, 


(ee) Fee Ce, ee, e 


where each Ci is Z(G)-free. 


Remark 3.3. For any Z(G)-module M we can construct a resolution. Indeed, take 
any set $ of Z(G)-generators for M, m1, ..., Mi, ... and define a map 


do: | [Z(C)m — M, 3X i1m,) = $ 6m; . 
§ 


Next, let our new module be the kernel of 3p and apply the same construction above 
to construct a surjective map 9j: C;— ker(d9). Then, including ker(d9) C Co = 
Lls Z(G)m; defines ð; as the composition of inclusion with 3|. Now, we can repeat 
this construction to obtain a resolution. More generally, we can require the modules 
in definition 3.2 to be projective (i.e. direct summands in a free module); all the 
subsequent constructions will work equally well, as the reader can verify. 


Example 3.4. An explicit resolution of Z (with the trivial action) is obtained by 
taking the cellular chain complex of Eg, since Eg is contractible and G acts freely 
and cellularly. Explicitly, the cells of Eg have the form g x o” x (g1,..., 8n) which 
we write as g/21|22| ---|gn|. Consequently, C, can be given as | | Z(G)|gi|---|gn| 
where the (g1,..., 8n) run over all n-tuples of elements of G with no g; = e. The 
boundary map ð is given by 


(legil 18nl) = 81182] + l8nl + 
n-1 
DOD 'lgil ++ gigi 8al +D" laid gn 
1 
with the understanding that when g;g;,, = e that term in the summand is set equal 


to 0. Thus A(|gilg2l) = gilg2l — lgig2l + lgi l, but Agile; I) = gilg; l+ 1g; I- 


This resolution is commonly called the bar construction and is written B(Z). It is 
not hard to extend it to a general resolution of a (left) Z(G)-module M provided M is 
a free Z-module. Set B(M) = B(Z) ®z M and define the boundary 3(|g1| --- |gn|m) 
as above, except the last term in the formula above is replaced by 


(—)" ail --+18n—118n (m) . 
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Proposition 3.5. Let p: M—>WN be a Z(G)-module map, and suppose 


jM -¢ 44-6 <—-.- 
jN hee see 


are two resolutions of M over Z(G). Then there are Z(G)-maps $;: Ci—> Dj, 0 < 
i < 00, so the diagram 


j Eg 2 Qe ew 


Pie -~ 


0 < Noe D <— D <—-:-:: 


commutes. Moreover, given any other choices pọ, $1,» ... making (**) commute there 
are maps Hi: C; > Dj+1, i = 0, 1, +++ so that 0:44; + Wi-19; = $; — Qi, 0 < i < 00. 


Remark. A map p: C;—> Di+ı with du + wd = f — g is called a chain homotopy. 


Proof. To begin the definition of ġo choose a basis e€),..., @,,... for Co. Since dp is 
onto, for each e; we have @d9(e;) = A; is in the image of do in the second resolution. 
Say A; = ðo( fi). Then define ¢o(e;) = f; and extend to a Z(G)-module map by 
freeness. 

Assume that ; defined so as to satisfy 0;6; = @j-10; for j < k. Choose a basis 
€1,...,@r,--. for Cz and note that d[o,— (ĝe )] = = dy-2(07e,) = 0 by assumption. 
Thus, by the exactness of the second resolution, @,—1(0,(e,)) is contained in the 
image of 3: Dy— Dy-1. Specifically, let 3&( fr) = dx_1(Oxe,), define dx (e,) = fr 
and extend to a map ¢; by Z(G) freeness. 

To construct the maps jz, set 4-1: M— Do to be the 0-map, and assume 4j 
defined so that du; + j-10 = $; — oj; forall j < k. Then we proceed substantially 
as above. Let e1, ...€r,... be a basis for Cp. We have 


ður-ı (er) = 9 [Me-1(Be,)] + ur-2(87e,) = Pp (er) — dr (ðe,) 
so 
dlur-13ler) — bi (er) + Gi(er)) = 0 
and 
Hx-1 (er) — p; (er) + piler) = dky (fr) - 


Consequently, set (er) = —f,. This completes the inductive step and the proof. 
oO 
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Let A be any Z(G)-module. We define 
Extg)(M; A) 
as the i” cohomology group of the cochain complex 
Homyg)(C@;, A) = Cİ(M, A) 


for any resolution of M. From the proposition above, these groups are independent 
of the particular choice of resolution. 


Remark 3.6. Ext,,g)(Z, A) = H‘(G; A) if Z, A are both given as trivial Z(G)- 
modules, since, as we have seen the cellular chain complex of Eg is a suitable 
resolution of Z while Homzg)(C.(Eg), A) = Homz(C.(Bg), A) if A is a triv- 
ial Z(G)-module. Consequently, these Ext groups are true generalizations of the 
cohomology of G. They are contravariant as functors of G and M, but covariant in A. 


Remark 3.7, Even if Z(G) acts non-trivially on A we often write H* (G; A) or some- 
times H* (G; A) when we want to be explicit about the twisting for Extzig)(Z, A). 
These groups are called the cohomology groups of G with (twisted) coefficients A. 
Similarly we can define the homology groups of G with coefficients in A as 
H,(G, A) = Tor" (Z, A) = H,(C,(EG) @g A). However, it turns out that nothing 
new is obtained using homology instead of cohomology. In fact, later we will see that 
homology and cohomology can be glued together to form a Z—graded theory, known 
as Tate cohomology. 


Example 3.8. Let G = Z/n, and set I C Z(G) equal to the kernel of the augmentation 
map €: Z(G)—>Z defined by e(%_ n;TŻ) = È n;. A Z-basis for 7 is given by the 
n — 1 elements T — 1, T? — 1, T? —1,..., 7"! — 1. But Tİ — 1 = (Ti! + Ti? + 
---+ 1)(T — 1), so, as a module over Z(G), I is generated by T — 1. It follows that 
the map ôı : Z(G)}—/I defined by 3ı(% n;Tİ) = $ n;Tİ(T — 1) is surjective. Note 
that 3ı (T!) = (T" — 1) — (T"—! — 1) so that the images of 1, T, ..., T”-? are 
independent over Z. On the other hand 3; (1 + T + T? + -- -+ T”-!) = 0. It follows 
that the submodule of Z(G) generated by Lg = Nd g generates the kernel of do, 
and, moreover, this kernel is a single copy of Z. In particular, since gX = Xg for 
all g € G it follows that the kernel is a copy of the trivial Z(G) module. But this is 
the situation we started with. Consequently, we can iterate and a resolution of Z over 
Z(G) is given as 


ZÉLG) EZG) EGE- . 
Passing to Ext groups we have, for example 
Extzz/n (Z, Z/n) = H*(Z/n; Z/n) = Z/n 


for all x > 0 since Hom(Z(G), Z/n) = Z/n and (T — 1)* becomes zero here while 
XG becomes multiplication by n. On the other hand, if A = Z(f,) with action 
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T(0) = ¢,6 where ¢, is a primitive n" root of unity. Then we find 


i even 


Extzz/n) (Z Z(tn)) = H; (Z/n; Z(tn)) = Zbn)/(Q—fn) i odd. 


More generally, for any Z(Z/n) module A we have 
ME i=0 
H} (G; A) = { MC / Ez (M) i even 
ker(Xz/n)/(T—1)M_ iodd. 


We now consider a method to derive resolutions from a free presentation of 
a group, i.e. an exact sequence 


N < F(X)— G—>1 


where F(X) is the free group on a set of generators indexed by the set X. Passing to 
group rings we have the corresponding exact sequence 


0— R—Z( F(X))—> Z(G) —> 0 . 


Our first object is to describe the two sided ideal R. 
First, we denote by J(G) C Z(G) the augmentation ideal. That is Z(G) is the 
kernel in the augmentation map 


€: Z(G)— Z 


defined by €()" nigi) = }_ ni. Note that € is a ring homomorphism so Ker(e) = I(G) 
is a 2-sided ideal in Z(G). As a Z module, /(G) has a basis consisting of exactly the 
elements (g — 1), as g runs over the elements of G. In the case of the free group F(X) 
it turns out that /(F(X)) is free as a left Z(F(X)) module on generators corresponding 
to the elements in the set X. 


Lemma 3.9. Let {x} € I(F(X)) =x — 1. Then 
KF(X)) = | | ZF) 
xEX 
as a left Z(F(X)) module, where the isomorphism 
p: [AFX FOO) 


xEX 
is defined by ($ a;{xi}) = $ ai(xi — 1). 
Proof. ¢ is onto. Indeed, ifa; = x;'+--x;" then set d(@;) = J; Bj{xi,} where 


a ee r Ea _ ae ej. as 
Bj = x, °°, F j= +land pj = =x; sox if €j = —1. We have 
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directly (e. g. induction on length) @(4(a@;)) = a; — 1. For example 
Slx x2) = xy! {x2} — x7 ixa) 


and $8(x;'x2) = xy'(x2- 1)— x7 (xı — 1) = x] 'x2 — 1. Note, in particular that 
6 has the property d(a@;y) = a; (dy) + d(a;). Next, extend ô to 


5: IF(X)— }_ Z(F(X)){x} 


xeX 


by setting 5(a; — 1) = 6(a;), then 8(A(a; — 1)) = 8(faj) — (8) = pêla;) sod is 
a Z(F(X)) module map, and $4 = id. 
Now, we check by direct calculation on the {x;} that 


8- d({x}) = (x — 1) = {x}. 
Hence, 4 - ¢ is also the identity and the lemma follows. O 
Now we describe the kernel R in the map above. 
Lemma 3.10. Zf N < F(X) is freely generated by {y € Y}, then 
R = ker(: Z( F(X))—>Z(F(X)/N)) 
is a free left (right) Z( F(X)) module with generators {y — 1 | y € Y}. 


Proof. As before, define 


$: | |ZFX)){y}—R 


yeY 


by COD gii) = P (y: — 1). We need to construct an inverse. For each coset 
y € F(X)/N choose a, € y. Then, given ¢ € R we can write 


t= pa Mj Ay, Uj 
with u; € N, and this representation is unique. We can rewrite this as 
E= 4 (x myu) 
aj uj 


so Di; mij = 0, ande = }`4 aj} mi, j(uj,j — 1). Thus @ is onto R. Now, suppose 
there is a relation 


eC 1) =0 
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in R, with ¢; € Z(F(X)). Then, as above 
> ay X mi jeui jo- 1) = 0 
j i.k 
with the u; jg € N. But by the first lemma this implies 
ox Mi, jki jk) = 0, 
i 
so 


k = ay, È Mi jki jk = 0 
J 
j i 


and the result follows. O 


Lemma 3.11. If A and B are left ideals of Z( F(X)), freely generated by sets {œi}, 
{Bj}, and A is two sided then AB is freely generated as a left ideal by the elements 
{a Bj}. (Similiarly for right ideals, provided that B is two sided.) 


Proof. AB is generated by all elements aA Bj, A € Z(F(X)). ButajA = }_ Akar, by 
assumption, so the set {œ; fj} does generate AB. Now, suppose we have 


X Ai iB = 0, 
ij 
then, by the independence of the 8; we must have 
YO Ai jot = 0 
i 
for each j. But by the independence of the a; this implies that the À; j are all 0. The 


result follows. O 


Lemma 3.12. If A is a left ideal of Z( F(X)) freely generated by a set {a;} then A/RA 
is freely generated as a Z(G) module by the cosets {a; + RA}. 


Proof. A = || Z(F(X))a; so RA = || Raj, and A/RA = | [(Z(F(X))/R)a; but 
Z(F(X))/R = Z(G) from the definitions. The proof is complete. O 


We can now state a result due to Gruenberg [Gr1] 


Corollary 3.13. Let G be given, and suppose G = F(X)/N where F(X) is a free 
group and N is anormal subgroup, then if we set I = I(Z(F(X)) we obtain a free 
Z(G) resolution of Z as 


-++ R?/R>—> RI/RI— R/ R°—> 1/RI—> Z(G) Z, 


all maps being induced by inclusions, and thinking of Z(G) as identified with 
Z(F(X))/R. 
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(Exactness is clear since the map € is just the projection 
Z(F(X))/R—>Z(F(X))/I . 
Freeness over Z(G) follows from the preceeding lemmas.) 
Example 3.14. Let G = Z/n, then 
1—+nZ—>Z—>G 


is suitable. So R = Z[t, t~'](t" — 1), while 7 = Z[t, t~'](t — 1), after identifying 
Z(Z) with the polynomial ring Z[t] with t~! adjoined. Then 


R"I = IR" = Zit, H(t- (t — 1)", 
R” = Zit,” -— 1)". 
Moreover, 
ne = Ta 4-4 Dae 


Hence, the resolution has the form 
+ —2(G)24.2(G)=5Z(G)23-2(G)-+Z 


where >, = t7! 422-2? 4.--+4+1,andG = Z/n with generator t. Hence we 
recover the usual resolution. 


Example 3.15. Let G = Z/2 x Z/2, X = {s,t}, and 
N— F(X)— G 
the obvious map. Using standard techniques we calculate that 
N = F(x, ++: Xs) 
2 1,2 


with x} = s2, x2 = t, x3 = slis, x4 = t7' sts, x5 = s—'t7'st. Then, the 
associated resolution has the following table of degrees and ranks 


degree 12 3 4 5 6 
rank 2 5 10 25 50 125 


The generators are e = s—1, f = t—1 for 1, and x; — 1, x2 — 1, x3 —1,x4—1, 
and xs — 1 for R. The inclusion R C / gives 

xı —-1—>(s + De 

x -I1— (t+ IF 

x3 —1—s (P —De+ (t+ DS) 

x4 —1—r'((st + De + (s— DF) 

xs — 1s“! ((s— 1) f + (1 — De) 
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and this determines all the differentials in the Gruenberg resolution after we add in 
the commutation relations 


(xı — It = t{x4(x5 — 1) + (x4 — 1)} 
(x — 1)s = s(x; — 1) 
(x2 — 1}t = t(x% — 1) 
(x2 — Is = s(x3 — 1) 
(x3 — Ut = t{x5 'x3(x5 — 1) + x5 '(x3 — 1) — x5" (xs — 1)} 
(x3 — 1)s = s{xy!xa(x) — 1) +x Q2 -— 1) — x7 — 1) 
(x4 — 1)t = t{xy xrx3(as — 1) + x3 xi (3 — 1) 
+ x3'(x — 1) — x7". — 1} 
(x4 — 1)s = s{xs(xı — 1) + (xs — 1)} 
(x5 — 1)t = t{xz "x3 (x2 — 1) — x3 "x3 (x3 — 1) — x5! (xs — 1)} 
(xs — 1)s = s{x] (x4 — 1) — x7 ' Œœ — 1)}. 


These are used to write elements of R” I in terms of elements in R”, and by a direct 
iteration can be used to write elements of R” in terms of basis elements in R’~!/. As 
an exercise, the reader is advised to construct 03 and 04. 


Remark 3.16. An alternate resolution of Z(Z/2 x Z/2)-—>Z is given by tensoring two 
copies of a resolution of 


Z(Z/2)—>Z . 


In particular, if we tensor the Gruenberg resolutions constructed above we find that 
the resulting resolution has ranks as follows 


degree 0 


1 n 
rank 1 2 


2 3 4 5 6 we. ou 
3 4 5 6 7 -e n+l». 

Hence, the Gruenberg resolution is far from minimal in general. However, it has 
the advantage that it is fairly easy to write down and differentials are easy to calculate 


for it. 


If we use the “canonical” free resolution of G, the resulting Gruenberg resolution 
will turn out to be the Bar construction. In a later section we will discuss minimal 
resolutions for finite p—groups. 
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II.4 Cup Products 


In cohomology there is a cup product induced from the diagonal map and the Kunneth 
formula. In particular, with (untwisted) field coefficients F, this gives a pairing 


L] 4G; 8r HI(G; F)— HG; F) 
ij 
making H*(G; F) into an associative (graded) commutative ring with unit. (Graded 


commutative means bUa = (—1)%'™@ dmb) g Ub.) The pairing is natural with respect 
to restriction, 


( res G)" (a U b) = ( res G)* (a) U ( res G)* (b) . 
We now extend the notion slightly to define a pairing 


(Ext) (Z, F) = H! (G; F)) 8r Ext),g,(M, F)—> Ext, (M, F) 
which makes the Ext-groups into graded modules over the ring H*(G; F). 


Lemma 4.1. There is a chain map in the bar construction for BG, 
A: (Ibil +++ lbnim) > $ by... brlbr4il -+ [onl ® Ibil -+ [bebe , 
natural with respect to homomorphisms of groups. 


(This is a direct verification.) 
The dual map on cochain complexes now gives the desired structures on passing 
to cohomology. In particular, for H* (G; F) the pairing becomes 


A(lbil +> lbn) = Yo lorsil +++ lbn ® bil- orl, 


and we claim this induces the same product pairing as that induced by the topologically 
induced U-product. 
This can be seen quite easily. We define a homotopy of the diagonal map 


A: BE —> Bg x Bg 
by 
Hillis- «+ t's Bis =<. Bn) = 
(C+ Da herea E EDE Biran Ba) 
CF Di CF Fathom) 
where @& = min(«, 1) and a = max(0, œ). Then Hp = A and 


Hiit Bhs weer sb) = 
((2t-41 = j P wis Bly = lgi sar Baha (2t, E AA Bls’ gr)) 


if t, = 5 < tr+i- 
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Corollary 4.2. Let p be an odd prime, then H*(Z/p; Fp) = E(w) Q Fp[b2], the 
tensor product of a polynomial algebra on a two dimensional generator and an 
exterior algebra on a I-dimensional generator. 


Proof. An embedding of our usual resolution for Z over Z(Z/ p) into the bar construc- 
tion can be constructed quite simply. The one dimensional generator goes to |T — 1| 
(note that 6|7 — 1| = T — 1). The two dimensional generator goes to |£z;p|T — 11. 
The three dimensional generator goes to |T — 1|27z/p|T — 1|, and so on. This embeds 
the minimal resolution of Z/p into the bar construction and, in particular, constructs 
chain representatives there for the generating homology classes. More precisely, the 
embedding gives rise to the following commutative diagram which shows that it must 
be a chain equivalence. 


Cı > B2(Z/p) 
Cı => Bı(Z/p) 
Co > Bo(Z/p) 


F = F 


In order to determine the cup product œ U x in cohomology, we choose repre- 
sentative cochains a for a, c for x and evaluate (a @ b, A(w)) as w runs over 
chains representing all the homology classes in Hdim(æ)+dimço (Bz/p: Fp). This de- 
termines the image of a U B e Hom(H,(Bz,p; Fp), Fp), and since H*(Bz,p; Fp) = 
Hom(H,(Bz/p; Ep), Ep) this evaluation determines the entire cup product. 

For example choose a representative, a, for the generator of H” (Bz/p; Fp) and c 
for a generator of H 2j (Bz;p; Fp). Then 


(a, |T — lJoz;p|---|T — llozjp|) = 1 
a aIauasasssululÃÅÃiÃi——Ii 
i—times 


and similarly for c. Now we apply 4.1 to 


Ti4j = |T — lozyp|---|T — llozypl 
ee 
i+j—times 


and we see that (a @ c, A(J};)) = 1. Similar calculations in the remaining cases 
complete the proof. O 
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Corollary 4.3. When p #2 
H*((Z/ p)”; Fp) = E(u, 2 S99 Un) Q F,[b1, oon by] ` 


the tensor product of a polynomial algebra on n two dimensional generators and an 
exterior algebra on ñ one dimensional elements. 


The Steenrod operations in H*((Z/p)"; Fp) are completely determined by 
Pi (vi) = 0, j > 0, Biv) = bi, and P! (b;) = bP, Pİ (bi) = B(b;) = 0, j > 1 
using the Cartan formula. 

The situation when p = 2 is somewhat different as the sign —1 no longer affects 


things since 1 + T = 1 — T in this case. The previous calculation in the proof of 4.2 
is unchanged but the result is now 


Theorem 4.4. For p = 2 we have 
H*((Z/2)"; F2) = Foley qees en] , 


a polynomial algebra on n one dimensional generators. 


IL5 Restriction and Transfer 


Given a subgroup H C G and a resolution of M over Z(G), by simply forgetting the 
Z(G) structure and noting that Z(G) is free as a Z(H) module we obtain a resolution 
of M over Z(H). The inclusion of complexes clearly corresponds to the restriction 
map ( res 2ye described in the last section. 

Indeed, if A is a Z(G) module we have the induced map on Hom complexes 


os: Homag)(C;, A) —> Homan) (C;, A) 
which gives a map of cochain complexes that defines 
( res G)* : Extig)(M, A) —> Ext) (M, A) 


on passing to cohomology. Clearly, if we have K C H C G, inclusions of subgroups, 
then 


(res $)" = (res #)"- (res $). 


In case H C G has finite index there is a map called the transfer, first introduced 
by Eckmann [E], 


tr : Ext y) (M, A) —>Exty,¢)(M, A) 
which is defined as follows (on the level of cochains). For 


a € Ci, = Homyn)(G;, A) 
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set tr (a) € Homyg)(C;, A) = Cc. to be the homomorphism given on elements 
À € Ci as 
IG: H] 


tr (DA) = J gia(g;'A) 


where g1, .. -, 8G: g) Tun over a set of left coset representatives for H in G. 

In the above sum consider the term g;a(g; 121). Write 8i le = hg; 3 >! for some 
other comet repies gj, SO gih = ggj, and, since a is H-linear, we have 
gia(g; lp) = giha(g7' A) = ggjalg; 11). Then summing over all the coset repre- 
sentatives it follows that tr (a)(gA) = g tr (a@)(A) and tr (æ) is, indeed, Z(G)-linear. 
Moreover, we have 


tr (8a)(b) = ( tr (ôa), b) = Ý gi lal; a6) = = ( tr (æ), ðb) = tr (a)(ðb) 


so tr is a map of cochain complexes and induces a map of Ext-groups. 
Similarly, if f: M—N is a Z(G)-module map and fy: C(M)—C(N) any 
Z(G)-chain map of Z(G)-projective resolutions, then 


Ffrarf 


and similarly, if s is a Z(G)-chain homotopy between fy and fy then s* tr = tr s* 
is a chain homotopy between the transfer maps. Consequently, the transfer is well 
defined, independent of choice of resolutions or coset representatives. 

Clearly, if K C H C G with [G: K] < oo we have 


rieti = rE, 
Lemma 5.1. 
a. If([G: H] < œ then the composite 


( res A tr B 
Extzc) (M, A)‘ — Extn) (M, A)—SExtgg)(M, A) 


is multiplication by [G : H]. 
b. if H «G and [G: H] < œ then the composite 


tr a ( res oyr 
Extza) (M, A)—>Extzc) (M, A) — Extzn)(M, A) 


is q b> pe a 8; (a) where the gi run over a set of left coset representatives for 
H inG. 


(b. is immediate from the formulae above. If œ is already G-linear, then tr (a) = 
[G: H]q already on the level of cochains, so a. also follows directly.) 


68 II. Classifying Spaces and Group Cohomology 


Corollary 5.2. Let p| |G| but assume [G : H] is prime to p (so H contains a p-Sylow 
subgroup of G if |G| < o0), then 


G * 
(re) 


H*(G; Fp) ——> H*(H; Fp) 


is injective if F, is the trivial Z(G) module. 


(vf) 


Remark 5.3. More generally H* (G; M) ——> H*(H; M) is injective when M is any 


Z(G)-module where multiplication by [G: H], M AC NIM is an isomorphism. From 
this we obtain the important 


Corollary 5.4. Write m = |G]. Then mH*(G, M) = 0 so, if xm: M—>M is an 
isomorphism, it follows that H*(G; M) = 0. 


The following result is useful in making explicit calculations. 


Lemma 5.5. Let H C G have finite index, then H x G; C G x G; has finite 
index and, with field coefficients F, H*(H x G1, F) = H*(H; F) r H*(G); F), 
HG x G,; F) = H* (G; F) &r H* (G1; F). Moreover, with respect to this splitting 
tre = f goid 

Proof. A resolution of Z over Z(G x Gi) = Z(G) @z Z(G) can be given as 
C(G)@zC(G1) where @(G) is a resolution of Z over Z(G) and C(G;) is a resolution 
of Z over Z(G). If we select coset representatives for g1, ..., 8n $0 G x G = 
Uig;H x G with each g; € G, then on the cochain level tr = tr @ id and 5.5 
follows. 


o 


Transfer and Restriction for Abelian Groups 


Let G = Z/p't! and H Ç G be the unique subgroup Z/p! ¢ Z/p't'. If G is 
generated by T then H has generator T”. Now, let A = Z(G), then, A, as a Z(H)- 
module is free on p generators, e} = |, e2 = T, e3 = i = T?-'. An 
explicit resolution of Z over A is given as 


ged a eed Sh ees 


where Lg = >> geg 8 for any group G. When we regard this as a resolution of Z over 
H the map T — 1 is given as 


êj  @&— ĉj; 


e? > €3— £7; 


ĉêp-ı > ep — €p-1, 


ep > Tej — e. 
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Similarly Yee; = Lye, +--+: + ep). We can map the usual resolution of Z over 
Z(H) into this resolution by 


l; > e when i is even, 
lj > ei +++++e, when i is odd. 


Proposition 5.6. Cocycles representing the generators in H*(H;F,) are given 
for the chain complex of Z(G) above as follows. In even dimensions b” € 
Homy4)(Z(H), Fp) is defined by b” (ej) = 1,1 < j < p, while in odd degrees e”+! 


; l fd, y Ne eih 
is defined by e”+! (e j) = 0 J ' Here, of course, the action on F, is trivial. 
jr lk 


Proof. We must check two things, first that the cochains b” and e?'+! are cocycles, 
and second that they evaluate non-trivially on chains representing the generators in 
homology in these dimensions. We have 


; b” (e; —e;) =0 whenj <p, 
8b? (ej) = BP (ej) = 2”, (Cit! — 8) apep 
b"(TPe, —ep)=0 forj=p. 


Similarly 
be*1(e;) = e+! (dej) = e+! (Eyler +-+ + ep)) = +! (Epei) = |Hler , 


and this is 0 mod (p). Also, in odd dimensions e; + -+ + + ep represents a generator 
in homology, while e; represents a generator in even dimensions. O 


Corollary 5.7. Assume G = Z/p' withi > | so that H # {1}. Then we have 

a. tr: Hi(H;F,)—>H/(G; Fp) is the zero map for j even and the identity when j 
is odd. 

b. res *: Hi(G;F,)—H/(H; Fp) is zero when j is odd and the identity when j is 
even, 


Proof. We have 


p-l 
tr (b*)(e)) = TIB” (Te) = p; 
j=0 
p-| 
we ye) = } ie are) = 1. 

j=0 
To prove (b) note that the inclusions H C G induces the chain map of minimal 
complexes 


ep—>(1+T+---+T?')e; inodd degrees, 
e;—e; in even degrees. 5 
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Remark 5.8. The special case {1} C Z/p is not covered by (5.7). Here, since 


n 0 wheni>O 
A'({1}; Z) = , 
(k Z) Z wheni=0O, 


we see that the transfer is simply multiplication by p in degree 0. In particular, with 
F ,-coefficients it is identically zero. 


Corollary 5.9. Let G = (Z/p)" be an elementary p-group and suppose H Ç G is 
a proper subgroup. Then tr : H*(H;F,)—H*(G; Fp) is zero in all degrees. 


Proof. Since the composition of transfers is the transfer of the composition we can 
assume H = (Z/p)"~' has index p in G. Moreover, after a change of basis we can 
assume H = {1} x (Z/p)"~! c (Z/p)". Then the result follows from (5.5). O 


More generally, we can use (5.5) and (5.7) to give the transfer and restriction 
explicitly for G any finite abelian group and H any subgroup. As (5.9) is essentially 
the only case we need in the remainder of this work we leave this calculation to the 
reader as an (important) exercise. 

However, there is a further case where the transfer is very useful. This is when 
G has an index 2 subgroup H, so we have the extension H «a G—Z/2. Then the 
transfer tr: C},— CG fits into a short exact sequence 

oe, “Sei, +e, 0 
as long as the action of G on the coefficients A is trivial. Consequently, there is a long 
exact sequence which turns out to be a special case of the Gysin sequence 
+55 H!(G; A)“ H'(H; A) HG; A) HIG; A) 

(5.10) 

When the coefficients A = F 2 the map x turns out to be a + «æU f for all 

a € H'(G; Fz) where f € H'(G; F2) is B*(e), e € H'(Z/2; F/2) is the non-zero 

class, and B, is the map induced by the projection G—>Z/2. This is actually quite 


easy, just track back using the chain level definition of 6 and compare it with the cup 
product associated to the composition 


4 By xid 
Bo— Bg x Bg —+ Bz2 x Bg . 


As a special case note that the Gysin sequence gives a second proof that H* (Z/2; F2) = 
Fz[e] which is the key step in 4.4. 


An Alternate Construction of the Transfer 


Geometrically we can view the transfer as follows. First, the map p: By—>Bg 
induced by the inclusion H —> G can be thought of as a covering with fiber the set 
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of right cosets of H in G by simply regarding By = * x y Eg and letting p be the 


projection onto Bg. Then the chain map Cy(Bg )—>Cs(By) associated to the transfer 
is given as 


ligil- Igal > D> Hgolgil ++ Ign! 
Hgv 


where the Hg, run over the right cosets of H in G. That is to say, one takes the sum 
of all the cells in the inverse image of a cell of Bg. 

We can model this more formally be considering g1, ..., g, as representatives 
for the right cosets of H in G so G = U?_, Hgi, and define a map 


Tr: Eg— (Eg)" by 0 > (g18,..., 8n0) 


as 0 runs over Eg. (This is the geometric analogue of summing over fibers.) Note 
that g0 +> (8189, .. . , 8ng0), and writing 


8gig = hogi)8ogli) 


where a, is the permutation of cosets associated to g, we obtain a homomorphism of 
G to the wreath product G ? §, which is defined in (IV.1), 


à: G—H?: Sn Br (hoztay -e Boz! 98) : 
À is called the Frobenius map associated to the section (g1, . . - , 8n). Thus 
Tr: g = A(g)Tr , 
i.e. for all x € Eg, g € G we have Tr(xg) = A(g)Tr(x). In particular H 2 §, acts on 
(Eg)" and Tr is \-equivariant. On the other hand (Eg)” is not H?S,, free though it is 


H"-free. However, if we take the symmetric product $P"(* x y Eg) then Tr induces 
a well defined and continuous map 


n 
tr : Bk —>SP"(* xy Eg), 0 > 8:0 . 
1 


Using tr we can give a geometric construction of the transfer for a € H™ (Bp; A) 
where the A are untwisted coefficients. 
Let œ be represented by 


a: By—>K(A,m) = BY. 


From 2.1.8 BY is an abelian topological group, so there is a natural extension of æ to 
SP"(Bu), 


a} bi) = }_ (@lbi)), (5.11) 
1 1 
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and it is a good exercise with chain approximations to verify that (œ - tr )*(tm) = 
tr (a) agrees with the previous definition of the transfer. 


We can actually carry things a bit further, taking advantage of the Frobenius 
homomorphism i. 


Let h: Eg—> Es, be any (CW) map which is equivariant with respect to the 
homomorphism 


pà: G— H ? Sr— Sn 
which gives the permutation action of G on the right cosets of H. Then 
Er x h: Eg—(Ec)" x Eg, 


is A-equivariant and (Eg)" x Es, is H?S,-free and contractible. Consequently Er, xh 
passes to quotients and induces the map 


tr ,: Be —> (* XH Ec)" xs, Es, = Buss, . 


tr , is, up to homotopy, the map of classifying spaces induced by the homomor- 
phism i. On points this representation of it has the form 


x {(%,...,¥),h(x))} 


where x), ..., X, are the points in the covering * x y Eg— Bg lying over x. 
In fact, on the level of homology the map tr , is independent of the choice of 
section g1,..., gn used in the definition of A since we have 


Lemma 5.12. Let g),..., gh be a second set of right coset representatives of H in 
G and ì' the associated Frobenius homomorphism, i': G—>H 2 Sn. Then X' and À 
differ by an inner automorphism of H 2 Sy. 


Proof. We have g: = higi, 1 < i < n, so 


88 = hopoi 
= higig 
= hha nhs Sagi 
and conjugation by (h1, ..., An, 1) takes A tod’. O 


Finally, we note that our second description of the transfer, 5.11, actually factors 
through the map tr , since the map 


P: (* xy Eg)" Xs, Es,—>SP"(* xy Ec), 


Pliss sem D = + Ee SP"(* xy Eg) 
1 


gives us a factorization of tr as P- tr. 
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This last construction of the transfer, using tr, is actually very important in 
applications since it can be generalized substantially. In fact, given any functorial 
method of associating cohomology classes 6(a) € H*(H ? Sa; A) to cohomology 
classes a € H*(H; A) we obtain associated cohomology classes in H*(G; A). It is 
this principle, first used by Steenrod, which enables us, in Chap. IV, to construct the 
Steenrod operations. The principle is also very important in homotopy theory where 
it provides the basis for both the Kahn—Priddy theorem, [KP], and the Snaith splitting 
theorem [Sn]. 


II.6 The Cartan—Eilenberg Double Coset Formula 


We now describe a useful method for computing the restriction map using double 
cosets which was first developed by Cartan and Eilenberg [CE]. Let G be a finite 
group and H, K C G subgroups. For a given Z(G)-module A, we will consider the 
composition 


rG (res G)* 
H*(K; A)—5 H*(G; A) —$ H*(H; A). 


First some notation: cx: H*(H; A)—> H*(xHx7!; A) (x € G) will denote the iso- 
morphism induced by the homomorphism 


Homy(C; A)—>Hom,7,-1(C; A) 


given by c,(f)(u) = x f(x7'u). 
Now take a decomposition of G into double cosets: 


G= L| aK. (x) 


Remark 6.1. The double coset decomposition can be understood as follows. Given 
K, H C G the left coset decomposition of G over K defines a homomorphism 
$ : G—Sjg:x}. If we restrict @ to H then the image breaks up into separate orbits, 
or, equivalently, (H) C Sk, x -++ X Sk, C SiG:x] where r is the number of double 
cosets and k; = |Hg;K|/|K| =[K : HO gikKg;'] where Hg;K is the i” double 
coset. 


Theorem 6.2. Given the decomposition (*) we have 
1. [G: K] = LH: HNx;Kx;"'1, 


-1 
CG G H i xi Kx; . 
2. restr g= Lit Homar! TS ungi OH 
Proof. Let W; = HA xjKx;! and take a left coset decomposition of H with respect 


to this subgroup: H = || ; zj: W;. Then we have 


Hg = Ll <i Wixi = BE (Hx; N xiK) . 
g j 
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Multiplying by K on the right, we have 
HuK = | | 2j(HxiKOx:K) = |[zpxik . 
j f j 


From (*) we obtain 


G= lI ZjixiK, (**) 
ij 


a disjoint union of left cosets. Hence [G: K] = X}; [H: HN x;Kx; a. proving (1). 
For (2), let F, be a free resolution of Z over Z(G), and @ € Homx (Fn, A): 


res a. roo = res$, ( ea wn" 


geG/K 


i 


= > (= see in Homa (Fn, A). 
j 


-1 
H xj Kx; 
= r “TT * Cx; * 
DF iran FP ma Ca) - 
t 


Corollary 6.3. If H aG, then for b e H*(H; A) we have res s -tr C(b) = 5) xb, 
forx e G/H. 


We introduce the notion of stable elements: a € H*(H; A) will be called stable 


if res ari An eA = res ET C for all x € G. Note that if H < G, this 


reduces to cya = a, i. e. a must be invariant. We have: 
Proposition 6.4. Ifa € im( res Ẹ), then a is stable. 


Proof. Leta = res G (b); note thatc,(b) = band c(a) = cx: res C(b) = res 


G 
xHx-l 
cx(b) = res S (b) which implies that 


xHx7! a xHx7! G 
res vy,-1°Cx(@) = res cHx'-nw” Tes vmx (b) 
- G 5 wae reel 
= res skian D = res vin-inn TES g(b) 


= H 
= TES xHx-!nH (9) á 


Proposition 6.5. [fa € H*(H; A) is stable, then res $,- tr (a) = [G : H]a. 


II.6 The Cartan—-Eilenberg Double Coset Formula 75 


Proof. By theorem 1 we have 


res $ . tr S(a) 


= 
H xi Hx; 
tr =) - res Cy (a 
2, ay Hx; "AH xj Hx, NH 1 ) 
i 


H H 
2, r xHx'na ES x Hin 
t 


X IH: xi Hx" Aja 


ti 


[G: H]a. 
oO 


We now apply these results to the special situation where H C G contains 
Syl,(G), the p-Sylow subgroup of G. 


Theorem 6.6. Let G 2 H 2 Syl,(G), where Syl,(G) is the p-Sylow subgroup of G. 
Then, for any Z(G)-module A, tr a : H*(H; A)—> Ĥ* (G; A)(p) is surjective, 
res $: H*(G; A)<p) > H* (H; A)ip) 


is injective, and its image consists of the stable elements in H* (H; A) p). In particular, 
if H aG, then G/H acts on H*(H; A), and 


H*(H; A)GA" = im (res $) = H*(G; A)p) - 


Proof. Assume |Syl,(G)| = p°, [G; H] = q; then we may choose / so that ql = 1 
mod p*. We know from Proposition 3 that the elements of im ( res %) are stable. 
Conversely, assume a € H*(H; A)çp) is stable; then 


l- res & tr S (a) = G: Hja = lq-a=a 
(this follows from Proposition 4; note that p‘a = 0 if a is positive dimensional) and 
this implies thata € im ( res $). 
Recall that we also have for b € H*(G; A) 
tr . res $(b) = [G: H]b; 


we deduce our assertions by looking at the p-component of this composition. 
In the special case H < G, G/H acts on H*(H; A) p) and the stable elements are, 
of course, the invariant ones; hence 


H*(G; A)(p) = im (res $) = H*(H; ae f 


Example 6.7. For the symmetric groups we have 


Snl = Sn US, (n,n + 1)8, 
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gives the double coset decomposition where $p C S,,+1 is the set of elements leaving 
n + 1 fixed. Moreover 


Sn N (n,n + 1)8,(m,n + 1) = Sy-1 
where S„—ı leaves both n, n + 1 fixed, and Cin n41) is the identity on §,,_;. It follows 
that 
S an 
A* (Sn415 F,)——— H* (Sn; Fp) 
is an isomorphism for all p prime to n + 1. 


The stability conditions depend on how H intersects with its conjugates, which 
in general can be quite involved. We conclude by describing a situation where things 
simplify. The following result is due to R. Swan, [S1]. 


Theorem 6.8. Let G be a finite group such that Syl,(G) is abelian; then if A is 
a trivial G-module 


im ( res Sic) = H" (S11, (0); ANOS , 
Proof. Define fy: xSyl,(G)x7' N Syl (G)—>Sy1,(G) by f(y) = x~! yx; then it is 
not hard to see that 
ə z xSyl,(G)x7! * F 
i (a) = res xSyl,(G)x~Insyl,(G) s cx (a), «eH (Syl, (G); A) . 
Hence a is stable if and only if 


Syl,(G) 


+ — 
[5D = res xSy1,(G)x-Insyl,(G) ©) g 


Let C be the centralizer of Syl, (G) N xSyl,(G)x7!; then there exists ż € C so that 
txSyl,(G)x—'t~! = Syl,(G) (any two Sylow p-subgroups of C are conjugate). For 
any y € Syl,(G) N xSyl,(G)x"', 

FO) = x yx = xt lye = fad). 
We can think of fix € Ng(Syl p(C )), and by the above we obtain a factorizaton 


xSyl,(G)x-' N Syl,(G) =  Syl,(G) 


Syl p(G) 


* — 
Hence f*(a) = res xSylp(g)x—!MSyl(G) 


- fă (æ). Assume now that 


ae H*(Syl,(G); A)NGSylp(G)) ` 


: Syl ,(G) 
* ai P 

then, since fy € Ne(Syl,(G)), we have f*(a) = res xSy1,(G)x-!nSyl,(G) 

o 


implies that œ is stable which gives the result using (6.6). 


(a) and this 
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6.9. An Application: H*(J;; F2) 
Jı is the first Janko group, a sporadic simple group of order 8-3-5-7-11-19 = 175, 560 
with Sylow 2-subgroup Jio) = (Z/2)°. J; is the unique simple group which satisfies 


1. The Sylow 2-subgroups of G are abelian. 
2. G contains an involution t such that C(t) = (t) x As. 


Ny, (Ji2))/ 412) is the semi-direct product Z/7 xr Z/3 with generators f of order 3 
and g of order 7. Their action can be given in terms of 3 x 3 matrices as follows: 


Ye 2 00 1 
fis 10 0 Ih, g=ļ1 0 O}. 
0O 1 1 0 1 1 


In III.1.9 we will determine the resulting ring of invariants (or at least its generators, 
leaving the relations to the reader). This ring will come up again in Chaps. VIII 
and IX. In IX the explicit form of the generators will be very important. The result is 

H*(N; Fy) = H*((Z/2)?; F770 


Folx, y, z(y, u) sy? + yu +xz=0 
+x +u +yaz=O0 


~ 
~ 


where dim(x) = 3, dim(y) = 4, dim(z) = 7, dim(y) = 5, and dim(j) = 6. (This 
result is due to Chapman [Ch].) The Poincaré series for H* (J1; F2) is 


(1 +)(1 +19) 
-PA -A -iy 


Janko describes J, as the subgroup of GL7(F\;) generated by the following two 
matrices Y of order 7 and Z of order 5: 


0 1 0 0 0 0 0 

0 0 1 0 0 0 0 
oO GO 1 BO 9 
r=]0 0 0 O T @ O 
0 0 0 0 0 1 0 

0 0 0 0 0 0 1 
100 0 0 0 0 

=3 2-1 -1 —3 -1 -3 

2 11313 38 

-1 -1 -3 -1 —3 -3 2 
Z=>\)—-1 -3 -1 -3 -3 72-1 
—3 -1 —3 -3 2-1-1 

E 2 So? b 3 

3 32 $ 1 3] 
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Jı is an example of a very sparse type of simple group, one with abelian 2-Sylow 
subgroup. A very nice result in group theory classifying such groups has been proved 
by Walter, with a simplified proof being given by H. Bender [B]. 

Theorem 6.10. If G is a simple group with abelian Sylow 2-subgroups, then G = 
PSL2(F,), q = 3, 5(mod 8), PSL2(Fx), n > 2, Jı, or?G2 (Fy), n oddn > 1. 

Here 7G2(F3.) is built from the finite groups of Lie type G2(F) described in 
(VIL7). The Dynkin diagram for G2, €==» admits a symmetry, reflection, which is 
not realized as a symmetry of the group except for the fields F3» . In this case, though, 
there is a symmetry and 2G2(F3n) is the subgroup of fixed elements. 

The subgroups of PSL2(F,) occuring above are all isomorphic to Z/2 x Z/2. 
Moreover, since the groups PSL2(IF,) are simple, it follows that the normalizer of 
Z/2 x Z/2 in PSL2(F,) above must be Ag, and our calculation for Aq in III.1.3 gives 
their mod 2 cohomology. 

The groups PSL2(F 2.) have Sylow 2-subgroups of the form 


a _f[la 
ar =[4=(6i 


with normalizer the semi-direct product of (Z/2)" with the subgroup N = 
Z/(2" — 1) = F*an embedded in PSL2(F 2”) as the diagonal matrices £ > t » ). 


Cee DE =l): 


this action is easily specified, but hard to compute in general, and we have 


H* PSL (Fn); F2) = Fa[xi, ..., Xn] P 


a 53 4 


Since 


Jı was discussed above, and Syl,?G2(F3)) = (Z/2)? with normalizer isomor- 
phic to that of Jı hence 


H*(??Go(F3); F2) = Falxa, x2, x3]7/7*77? . 


In Chap. III we discuss the techniques for determining these invariant subrings. An 
important thing to note is that they are closed under the action of the Steenrod algebra 
A(2). 


II.7 Tate Cohomology and Applications 


We now describe a version of cohomology obtained by using a complete resolution 
instead of an ordinary one, see (II.3.7) for further remarks. By definition, a complete 
resolution of Z (the trivial ZG—module) is an acyclic Z-graded complex F, of 
projective ZG—modules which agrees with an ordinary projective resolution of Z in 
non-negative dimensions. To construct such a complex we proceed as follows. Let 
F, be a free resolution of Z where Fo = ZG. Now consider its Z—dual, F*. This is 
now a backwards free resolution (a coresolution) of Z, as ZG is isomorphic to its 
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dual. We now glue the two resolutions where they end (begin) respectively. 


sorg @! <— @9 — &— Ct 


i E 
Z 


Let N = Foged g be the trace (or norm) map from Fo to F®, this clearly factors 
through Z, as the augmentation followed by the inclusion of invariants. Now we 
define F, as the chain complex 


F; ifi > 0 


FS 1g 
p=, ifi<0 


endowed with the inherited differentials plus the glueing (norm) map in dimension 
zero. As for ordinary resolutions, one can show that complete resolutions together 
with the augmentation map ¥, — Z are unique up to chain homotopy, and hence 
can be used for homological definitions unambiguously. 

We can now define 


Definition 7.1. For any ZG—module M, the Tate Cohomology of G with coefficients 
in M is defined for alli € Z as 


H'(G, M) = H'(Homg(F,, M)) . 


Denote by 7 the augmentation ideal in ZG and by N the norm map as above. 
Then we can identify Tate Cohomology as follows 


H'(G, M), ifi > 0; 
H_;_\(G, M), ifi < —l; 
MS /NM, if i = 0; 
KerN/IM, ifi =—1, 


H'(G, M) = 


The above is clear except in dimensions less than —1. For that we use the natural 
isomorphism Homg(F*, M) = F, @g M (derived from the fact that F, is ZG—free) 
and the definition for homology (3.7). Note the following simple fact: if F is a free 
ZG-module, then H*(G, F) = 0. This follows from the fact that F has a trivial 
projective resolution (itself) and that FË = N¥,KerN = IF. As a consequence 
the same must be true for any projective ZG—module. An additional advantage of 
Tate cohomology is that it allows us to consider homology and cohomology at the 
same time. It will enjoy the same general properties as ordinary cohomology with 
respect to short exact coefficient sequences, restriction and transfer, maps induced 
by group homomorphisms etc.. The following is also a very useful device, known as 
“dimension-shifting”: 


Lemma 7.2. For any finitely generated ZG-module M and. integer i, there exists 
a finitely generated Z-torsion free ZG—module '(M) such that for all n € Z 


A" (G, 2'(M)) = A" (G, M) . 
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Proof. Given any ZG-module M, we may map a free module F onto it, with 
kernel K. It follows from the long exact-sequence associated to this sequence, that 
AG, M)= A"+ (G, K) for all n € Z. Now K embeds in a free module as 


Hom(Z, K) —> Hom(ZG, K), 


and the cokernel will be a Z-torsion free module M’ with the same cohomology as 
M, by the same argument. It is then clear that iterating the same type of procedure 
for this module (known as dimension-shifting), in either direction, we can construct 
a Z-torsion free module §2‘(M), for any i € Z with the desired property. O 


This allows for considerable flexibility in analyzing a particular cohomology 
group. Also note that the analogous construction can be done for a module defined 
over a field of characteristic p. Note that we have said nothing about the uniqueness 
of the dimension-shift of a module. 

To relate cohomology to representation-theoretic properties of a module over 
a finite p-group, we introduce the notion of a minimal projective resolution. 


Definition 7.3. Let P be a finite p-group and M a finitely generated Z-torsion free 
ZP-module. A minimal resolution for M over ZP is a projective resolution (P;, ôi) 
of M such that P, is a projective module of minimal Z-rank mapping onto ker 5, _| 
for alln > 0 (forn = 0 this means Po is a projective of minimal rank mapping 
onto M). 


The above definition can be given for any finite group, but we choose to restrict 
ourselves to finite p—groups as in that situation there is a simple way of describing 
a minimal resolution using cohomology. We have 


Theorem 7.4. A ZP—projective resolution (P;, 5;) of a finitely generated Z-torsion 
free ZP-module M is minimal if and only if 


rkzPn = |P\dim (H"(P, (M @F,)*)) , 
where * denotes the usual dual. 


Proof. We start by constructing a projective module Po of minimal rank which maps 
onto M. Denote M, = M @F,; then observe that the coinvariants (M,)p # 0. 
This is simply the dual statement to the fact that a finite p-group acting on a finite 
abelian p-group must have fixed—points. Now the module of coinvariants Mp = 
M/IM maps onto this, hence it must be non-zero. Assume it is generated by classes 
X1,...,X, in M, where as (M,)p = Mp @ F, and Mp has no p’—torsion, r = 
dim (M,)p. Then use these classes to define a map (ZP)’ — M, denoted by z. By 
construction, (cokers) p = 0 hence by the argument above, coker x is p’ torsion. 
Choose an integer q prime to p which annihilates it, and let Pp = n~! (qM) C (ZPY. 
Then fo is projective because (ZP)'/Po is p'—torsion, and it clearly maps onto 
qM = M. Denote K,+4; = ker ôņ„; the coinvariants of any other projective module 
covering M would have to map onto those of M,, hence we have shown that the 
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one of minimal rank has rank |P| dim (Mp)p = |P| dim (Ms)? . Now by iterating 
this procedure, we can construct a minimal resolution P, for M, with rank(P;) = 
|P| dim (K)? . However, the modules (K Da are j-fold dimension-shifts of My» 
and by (7.2), Hİ (P, Ms) = H} (P, (Kj-1)%,). Now from the exact sequence 


0 — (Ki), > P* > (Ki), > 0 


and the fact that the map on the left induces an isomorphism of invariants (dual 
to the statement about the coinvariants of the original modules, which is true 
by construction) we deduce from the long exact sequence in cohomology that 
H? (P, (Ki-1)p) = KKZ. This completes the proof of this result, which is an 
extension of a theorem due to Swan [S2] which appears in [A1]. O 


Now let us consider the partial Euler characteristic of such a resolution. We have 


rkz(M) + (—1)"rkz(Kn) = Eene, ) 
=0 


n 
= >> |P\(-1)/ dim H/(P, M>). 
j=0 


As M is Z-torsion free, we have a short exact sequence 0 > M > M > M, > 0. 
Using the induced long exact sequence in cohomology and using M* instead of M, 
we deduce that dim H'(P, M*) = dim H! (P, M*) @ Fp + dim H™*!(P, M*) & Fp. 
Substituting in the equation above yields: 


rkz(Kn) = |P|[dim H”+! (P, M*) @ Fp + (—1)"rkz(M"*)?] 
+ (=1)"*" rkz(M"). 


We observe that if M (or equivalently M*) is not projective, then both sides in this 
equation must be positive. In addition the dual of M can be used to prove such 
a formula for all of Tate Cohomology, and in particular we obtain 


0 <|P|dim A"(P, M) @ Fp + (—1)""'[| Pirkz(M”) — rkz(M)) . 


Denote by yp (M) = |P\rkz(M”) — rkz(M). Clearly if yp(M) = 0, A"(P, M) #0 
for all n € Z. If yp(M) < 0, then all the odd cohomology is non-zero, and finally 
if yp(M) > 0, then all the even cohomology must be non-zero. As by (7.2) every 
module is cohomologous to a torsion-free one, we have proved 


Proposition 7.5. Let P be a finite group and M a finitely generated non—projective 
ZP-module. Then either (P, M) # 0 for all even values of i, or it is non-zero for 
all odd values of i. 


We remark that the invariant yp(M) depends only on the rational representation 
type of the module M. A simple corollary is that for a torsion module over a p—group 
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either all its Tate cohomology groups are non-trivial or they are all trivial. Also note 
the case when M = Z; then yp(M) = |G| — 1 > 0, and we deduce that the even 
dimensional Tate cohomology of a finite p-group is non-trivial in every degree. This 
result was originally proved by Kuo [Ku]. 2 

A ZG-module is said to be cohomologically trivial if H'(H, M) = 0 for all 
subgroups H C G. We can now state the main application of Tate cohomology in 
this context, an extension of a result due to Nakayama and Rim ([N], [R]) proved by 
Adem [A1]: 


Theorem 7.6. Let M be a finitely generated torsion-free ZG—module, where G is 
a finite group. Then the following three statements are equivalent: 


1. M is cohomologically trivial. 

2. M is ZG-projective. 

3. H'(Syl p(G), M) = 0 for two values of i of different parity, Y primes p divid- 
ing |G]. 


Proof. To prove the theorem note that by the preceding result, all three statements 
are equivalent to having M projective as a module restricted to all the Syl,(G). We 
will now show that this is equivalent to projectivity over the whole group. To do 
this we must show that under any of the three conditions on M, any exact sequence 
0— K > F > M => O with F free will split. Apply Hom(x, K) to it; this is the 
same as requiring that in the sequence 


0—>Homg(M, K)—>Homg(F, K)—>Homg(K, K) 

— Ext}, (Z, Hom(M, K))—>... 
the identity map from K to itself should go to zero under the connecting homomor- 
phism. However, from the fact that M is projective over every p-Sylow subgroup of G 
it follows that so is Hom(M, K), and hence Ext) p (Z, Hom(M, K)) = 0 for all P = 


Syl,(G). Using restriction—-transfer we conclude that Ext), (Z, Hom(M, K)) = 0 
and the proof of the theorem is complete. O 


Now, suppose G is a finite p-group and A is a G module with |A| = p” for some 
n < oo. From the above result we have 


Corollary 7.7. If G, A satisfy the assumptions above and H'(G; A) = O then 
H'(N; A) = 0 for any subgroup N C G. 


Proof. Choose M cohomologous to A but torsion-free. Then clearly yg(M) = 0, 
hence either all the cohomology is non-zero or M is cohomologically trivial. o 


Similarly, we obtain a result due to Gaschiitz [G] 


Corollary 7.8. If G, A satisfy the assumptions above and H'(G; A) = 0 then 
Hİ (G; A) = O for alli > 1. 
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Example 7.9. Let G = Z/p", A = Z/p” and suppose the action of G on A is given 
by the rule 


v-n 


t(a) =a tP" *" 


and more generally (œ + f) (a) = a*™*+*) with —1(a) = a`! . Then 


un 


(¢—1)(a) = a 
and 
ArH +t) = a, 
consequently, in order to compute H*(G; A) we use the exact sequence 


po 


0—-A— A A ae? E 
and H°(G; A) = Z/p", while H'(H; A) = 0 for alli > 1. 


This is essentially the only thing that can happen for Z/p” actions on cyclic 
p-groups when p is odd. However, when p = 2 there are two exotic actions of Z/2 
on Z/2”. First there is the action t(a) = a! closely related to the construction of the 
dihedral group, and second, there is the action 


—1 
t(a) = a — 


which is used in the construction of the semi-dihedral group as a semi-direct product. 
The dihedral action does not have trivial H? (Z/2; Z/2”), but the corresponding group 
for the semi-dihedral action is trivial. 

In the next section these results will be used to study the group of outer automor- 
phisms of a p-group. 


II.8 The First Cohomology Group and Out(G) 


In this section we study the relation between the first cohomology group of G and the 
group Out(G) of outer automorphisms of G. The connection is particularly striking in 
the case where G is a p-group, where we will be able to prove a theorem of Gaschiitz 
which shows that Out(G) is non-trivial and |Out(G)| is divisible by p. 


Definition 8.1. Let A < G, then Aut(G, A, G/A) C Aut(G) is the subgroup of ele- 
ments t in Aut(G) which fix A pointwise, and so that the induced automorphism 


t:G/A—>G/A 


is also the identity. 
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Remark 8.2. If t, t’ € Aut(G, A, G/A) and A is abelian, then tr’ = t't since we 
can write 


A(g)g, Alg) EA, 


t(8) 
and 
T'(8) = A(g)g, (gE A, 
while 
t(a) = t'(a) = a, so àla) = N(a) = 1, alla €A. 


But this implies t(t’(g)) = t(A’(g)g) = A’'(g)A(g)g = t’(t(g)), and the remark 
follows. 


The connection between H'(G/A; A) and Out(G) is made explicit in the next 
result. 


Theorem 8.3. Suppose A < G, and A is abelian, then there is a well defined action 
(conjugation) of G/A on A, and we have 


H! (G/A; A) = Aut(G, A, G/A)/(A NInn(G)) . 


(Note that ifa € A and e € G/A then (aea~!)e~! = a(ea'e—') € A so a induces 
the identity on G/A and A, hence A N Inn(G) is contained in Aut(G, A, G/A), so 
the group above makes sense.) 


Proof. We verify this using the bar resolution. Let œ: Bj(G/A)—A be a given G 
invariant cochain, so 


HD > ni jeijlejl) = | [eis@Ulej)") - 
We have 
So(lesle;l) = H(eilej| — leej| + leil) = e: (lejl) « Plleil) - Alei; - 
Hence ¢ is a cocycle if and only if 


P(leie;|) = e(P(le;|) - (leil), all (ei, ej) € (G/A — {1}? . 


Proposition 8.4. Let}: G/A — A be a map with à (1) = 1, then the map 
t: G—>G 
defined by 


t(g) = (An(g))-8 
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is an automorphism of G if and only if à: B\(G/A)—A defined by the formula 
ACD nigilel) = [ [e00 
is a cocycle. 
Proof. If t(gg’) = t(g)t(g’) we must have 
A((gg’))gg’ = Am(g)-g-Am(g’)-g' = Am(g)- glAr(g')]g- 8’ 


for all g, x € G. But this is exactly the condition that à be a cocycle. The converse 
is now clear as well. 

Thus we can identify the set of 1-cocycles with Aut(G, A, G/A). Now, consider 
a coboundary. We have 


Bo(G/A) = Z(G/A), 
and hence Homzg/4)(Bo(G/A), A) = A. Under this identification we find 
5(a)(lel) = (a\(e-1) = e@)-a', 
and the associated automorphism is given by 


g—>n(g)(a)a-'g = gag'a'g =a'ga 


since gag~' € A. Thus the coboundaries are precisely the inner automorphisms of 


G obtained from the elements of A. The result follows. O 


Corollary 8.5. If A is a maximal abelian normal subgroup of G then the induced 
map 


H! (G/A; A)—>Out(G) 
is an injection. 


Proof. Ifa € G,aaa™! =aforalla € A, and {a}b{a~'} = b for all b € G/A, then 
{a} € C(G/A) and additionally 


{a} € Ker(t: G/A —>Aut(A)) , 


(here t is the homomorphism induced by the conjugation action of G/A on A). But 
this implies that the subgroup (A, œ) is abelian and normal in G, so A is not maximal 
unless € A. O 


Remark 8.6. The above proof is equivalent to the observation that if A is normal and 
abelian, then it is maximal only if t: C(G/A)—>Aut(A) is an injection. 


From now on we will assume that G is a finite p-group for a fixed prime p. To 
begin our study of Out(G) we consider two special cases. 
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Proposition 8.7. Let G be a finite p-group, and suppose that every normal abelian 
subgroup A C G is cyclic. Suppose, moreover, that there exists an A as above with 
H'(G/A; A) = 0, then p must be 2, and G must be a semi-dihedral group 


G = Z/2" X (2n-1—1) Z/2 . 


Proof. H'(G/A; A) = 0 implies H?(G/A; A) = 0 so G = A x, G/A, for some 
homomorphism 


t: G/A —<Aut(A) . 


But A = Z/p”™ by assumption so 


Z -1 m-l d 
Aiaj = /(p Sii p odd — 
Z/2 x Z/2™ p=2 

Suppose V = Ker(r), and V Æ {1}, then A x C(V) 4G is a normal abelian subgroup 
of G which is not cyclic, a result that violates our assumptions. Thus t must be an 
injection, and 


G = Z/p” X14 pmv Z/p”, 


or in case p = 2, there is also the possibility that G is a dihedral or semi-dihedral 
group, or finally that 


G = Z/2" x (Z/2 x Z/2") 


with v > 0. In the first or last case, if b generates the Z/p™, and a generates the 
Z/p”, then the subgroup 


er eP) 
is abelian and normal. So these cases can’t occur. 
On the other hand, if G is a dihedral group, we can calculate easily that 
H'(G/A, A) Æ 0 for any normal abelian subgroup A, but if G is semi-dihedral 
then we have 


H'(Z/2;Z/2") = 0, 
and the proposition follows. O 


Proposition 8.8. Let G be a finite p-group and suppose A is a maximal normal 
abelian subgroup of G. Suppose A is not cyclic but H! (G/A; A) = 0, so G = 
A x, G/A. Suppose, finally, that there is a maximal subgroup G/A CN C G 
(|G: N| = p), and the center C(N) is not contained in C(G), then G must be the 
dihedral group Dg and A = Z/2 x Z/2. 
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Proof. Note that since A is maximal, our previous argument shows that 
t: G/A — Aut(A) 


is injective. Hence C(G) C A. Also, N N A = B has index p in A. Now pick 
r € C(N) so that r does not belong to B but rP? € B. (Such an r exists by our 
assumptions.) Then r is certainly not contained in A so (A, r) is a degree p extension 
of A. 

On the other hand, since H! (G; A) = 0, the results of the last section imply that 


H'((A, r)/A; A) = H'(Z/p; A) = 0 
so 
(A, r) =A x,Z/p. 
But r centralizes B, so in the exact sequence 
1—> B— A —Z/p— 1 
r acts trivially on both B and Z/ p. This induces a long exact sequence in cohomology 
-++—>H"(Z/p; B)—> H"(Z/p; A)—> H"(Z/p; Z/p)—> H"*!(Z/p; B)> --- . 


By assumption, the terms with coefficient group A are 0 for v > 0. Thus, the 
coboundary map is an isomorphism. On the other hand 


H”(Z/p; Z/p) = Z/pallv>0, 
while, since Z/ p acts trivially on B, 
H”(Z/p; B) = (Z/py"*® . 
Hence, rank(B) must be 1, and we have that 
B= Z/p”. 
By assumption A is not cyclic so 
A = BxZ/p = Z/p" x Z/p, 


with generators s, u respectively. We have rsr™! = s, so we must have rur~! = us”, 
and since H?(Z/p; A) = 0 (from Gaschiitz lemma in the previous section) we must 
have 


p-l 
u [ [ar = s* 
i=l 


with g.c.d.(k, p) = 1. But k can be rewritten as 
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k = m(1+2+---+(p—1)) = m-p-(p-1)/2. 
Hence, p = 2. Additionally, since r2ur? = u = us?” we have that s? = 1 and 
A =Z/2xZ/2. 
The fact that G = Dg now follows easily. o 


With these special cases out of the way, here now is the proof of the non-triviality 
of Out(G) (due to Gaschiitz [G]) promised at the beginning of this section. 


Theorem 8.9. Suppose G is a finite, non-abelian p-group with |G| > p, then 
|Out(G)| = pq with q > 1. 


Proof. If A C G is maximal, normal, abelian and 
H'(G/A; A) #0, 


then we are done. With A as above, if there is an N < G with G/N = Z/p and 
C(N) C C(G) then consider the homomorphism 


¢: G—+G/N—+C(N) CG 


where p: Z/p—>C(N) is some injection. We have Ker(¢) = N and so @? is trivial. 
Define 


u:G—G 


by u(g) = g- $(g). Clearly, x is a homomorphism, but since 4? = id, yu is actually 
an automorphism. 

Suppose jz were an inner automorphism. Then there is an h € G and (g) = 
hgh™ for all g € G. Since u(n) = n, for all n € N it follows that h € Cg(N). If h 
does not belong to N then Cg(N) - N = G and (h, C(N)) = Cg(N) so h € C(G), 
and p is the identity. If h € N then h € C(N) C C(G) and once more yp is the 
identity. Hence u must be an outer automorphism. 

But all remaining cases are classified by the previous two propositions, and it is 
easy to show the theorem is true for Dg and the semi-dihedral groups. Indeed, for the 
semi-dihedral groups this is true because we have 


Don = Z/X x1 Z/2C 2/2 xizm- Z/2 = SDan , 


and C( Dyn) = C(SD n+1). Thus, the construction above gives an outer automorphism 
of SD5n+1. For 


Dy = fx, 92° =y — iy)" = 1), 


the map interchanging x and y is a suitable outer automorphism. The theorem follows. 
o 


Remark. 8.9 also holds if p is odd and G is abelian since in this case G either has 
a direct summand Z/ p’ with i > 2 and hence |Out| is divisible by (p — 1) p'!, or is 
an elementary p-group with Out(G) = GL, (Fp). When p = 2 and G is abelian 8.9 
continues to hold provided |G| > 4. 


Ill. 


Invariants and Cohomology of Groups 


II.0 Introduction 


In this chapter we discuss the role of classical invariant theory in determining and 
analyzing the cohomology of finite groups. Typically, one has a subgroup of the form 
H = (Z/p)" C G and we note that 


im [ res *: H* (G; F,)—> H* (H; F,)] 


is contained in the ring of invariants under the action of Ng (H)/H on H* (H; Fp), (see 
11.3.1). In some cases, see e. g. II.6.8, it is possible to describe the entire cohomology 
ring of G in this way, but more often they contribute important but incomplete 
portions which are assembled using restriction maps to give the most important 
pieces of H*(G; F,) (see IV.5). 

In the first section we give some of the basic techniques for determining 
rings of modular invariants. In §2 we study the Dickson algebras, the rings 
Fp [x1, -..,Xn]°4"®), These algebras play a basic role in describing the cohomol- 
ogy rings of the symmetric groups in VI. In §3 we apply some of the results of §2 
to prove a very important theorem of Serre. Then in §4 we determine the groups 
H*((Z/p)"; F,)* which are very useful in understanding the cohomology of the 
groups of Lie type, as explained in Chap. VII. Finally, in §5 we prove the Cárdenas- 
Kuhn theorem, one of the most important and effective tools in the theory, and one 
which underlies most of the calculational results in the remainder of the book. 

This is by no means an exhaustive exposition of invariant theory, which is a vast 
subject with many ramifications into algebra and combinatorics. Good references for 
further discussions are [Bel] and [St]. 


II.1 General Invariants 


We begin by considering the group Aq, the alternating group on 4 letters. 
It can be written as a normal extension 


lK — rAr Z 1 
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where K = Z/2 x Z/2 is the Klein group with generators x, y and the generator T of 


Z/3 acts by T(x) = y, T(y) = x + y. Passing to cohomology it follows from (II.3.1) 
and (II.4) that 


im(H* (44; F2)) > H*(K; F2) = Fala, b] 
(where a is dual to x and b is dual to y) is contained in the subring of invariants 
F,[a, b]? . 


The action is given by T(a) = b, T(b) = a + b on the generators, and it extends 
multiplicatively to the entire polynomial algebra. Thus T(a?b) = (T(a))?T(b) = 
b(a + b) = b'a + b°. 

How can we obtain the ring of invariants F[a, b]?/*? The simplest method, 
dating from the 19” century, is as follows. If we consider the effect of field extension 
F4 8r, Fala, b] = F4la, b], with the same action of Z/3, we claim first 


Fyla, b]? = F; @p, (Fala, b]”"). (*) 


Indeed, the action of Z/3 extends to a (graded) module structure over the group ring 
F>(Z/3) by setting (>. A;7')w = >-A,(T'(w)). But, since 2 is prime to the order of 
Z/3, the group ring is semi-simple by Maschke’s theorem and thus splits as a direct 
sum 


F,(Z/3) = F2@/ where] S F4. 


Here the action of Z/3 on the F summand is trivial, and the action on / is by 
multiplication by the units Z/3 = F%. (Explicitly, the idempotents which give the 
splitting are (1 + T + T?) for the F2 summand and (T + T?) for the F4 summand.) 
Consequently, in each dimension we have a splitting 


Fola, bl; = IF2{a, b]; ® Fafa, b} ° . 
This splitting is preserved on tensoring up, i. e. tensoring over F> with a larger field. 


Lemma 1.1. Let F be any field of characteristic prime to the order of the finite 
group G, and let K/F be a splitting field for G, i. e. a field over which the group ring 
decomposes as a direct sum )~ M;(K) where M;(IK) is the i x i matrix ring over K. 
Then, there is one and only one K summand in the sum above for which the action 
map G x K—K is trivial. 


Proof. Under these circumstances the regular representation, i.e. the representation 
via left multiplication on the group ring, has the decomposition }~ n; V; where the V; 
run over the irreducible representations and n; is the dimension of V;. Consequently, 
the trivial representation can only appear once, and the result follows. O 


In particular, applied to the situation above, we see that F4 is a splitting field for 
Z/3 and F4 @g, 1 = F4 ® F4 where the first representation is T +> ¢3, a primitive 
third root of unity, while the second representation is T +> re: The claim, (*), follows 
immediately from this. 

More generally the argument above shows 
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Theorem 1.2. Let G be a finite group, and suppose the order of G is prime to the 
characteristic of a field F = F, then, given an action of G on the n dimensional 
vector space F(x,,...,Xn) with basis xi, ...,Xn, it extends to an action on the 
polynomial ring F[x,,..., Xn] and, for any extension field IK/F we have 


(K[x1,.-..%n)° = K Or (ieena 


On the other hand, after tensoring up, we can split the vector space into the irreducible 
representations afforded in K(x), ..., Xn), and that usually makes the calculation of 
the invariants in degree i much easier. 

In counting the number of invariants we often find the Poincaré series convenient. 
Recall that if M = {M,,},>0 is a graded F—vector space, then its Poincaré series is 
defined as 


Pat) = J dimg(M))1". 
i0 


In our applications we will be dealing with rational functions. 

Returning to our example, we have F4 (a, b) = F4 @ F4, where the action on the 
first summand is multiplication by 3, while the action on the second is multiplication 
by EN Indeed, a specific choice for the generator fı for the first summand is a + 3b, 


while fp = a+ ob. Consequently, Tfi f = gii fi fi , and the invariants now have 
a basis of the form 


fifi withi+2j =0mod3. 


This equation implies j = i mod 3, so the general solution is fif i a 
FP FP f3", or fẹ?! f3". It follows that as a ring 


Fala, bZ = Fy f?, BIG A) 


with the single (cubic) relation (fi f2)> = (f;)(f3). In particular this ring has 
3.3 
Poincaré series eae and so must the ring of invariants F2[a, b]/3. However, 


we cannot assert that the relation is that holding above. In fact, calculating, we have 
fife = (a+ tb)(a + 3b) = aœ +ab +b? 
ff = @ + hab ++ Gab’? +b 
fp = @ + Gabt+ Gab? +b’. 


Thus, generators in degree three over F, are A = f? + ff = a’b + ab’, and 
B = &f)+ t? f3 = a) + ab + b. Reversing the calculation f? = ¢?A + B, 
a = A + B. It follows that for these generators the invariant algebra becomes 


Fz[a, b]? = Fa[A, B\(C)/(C? + A? + B? + AB) , 


since A? + B? + AB is the expansion of f? f3. Applying II.6.8 we obtain 
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Theorem 1.3. H*(A4; F2) = Fofa, b)?’ = F2[A, B](C)/(C? + A? + B? + AB) 
with deg(A) = deg(B) = 3, and deg(C) = 2. 


Using II.5.1 we can in fact prove 
Theorem 1.4. Let K be normal in G and suppose [G: K] is prime to p, then 
im ( res *(H*(G; Fp) —> H*(K; F,)) 


is exactly 


Yt PRED = er 
teG/K 


We now discuss some techniques which enable us to do expicit calculations 
in special cases. Here is an extension of (1.4) which is very useful in building up 
invariant subrings for G from the knowledge of the invariants for certain subgroups. 


Lemma 1.5. Let p be a prime, G a finite group, and G = ugi H be a coset decompo- 
sition with respect to H where Syl,(G) C H. Let V be any F,(G)-module and V” 
the F,(H)-invariants. Then > gi maps V” to itself and has image exactly V®. 


Proof. Let g be an element of G. Then g }_ g; = DY 8oginhi l8) using the notation 
preceeding (11.5.10). In particular, for v € V¥, g X gi(v) = ¥ gi(v), so X gi(v) € 
VE c V4. Moreover $ gi ($ gi(v)) = |G: H| >< g;(v), and since |G: H| is prime 
to p it follows that J` g; restricted to VČ is just multiplication by a unit. O 


This process in many cases can be used with computers to obtain explicit rings of 
invariants. However, it does require techniques for handling the invariants of p-groups 
in order to be effective. This is usually more difficult. Sometimes it is possible to filter 
V via invariant submodules V; C Vz C --- C Vy = V where we already know the 
invariants on the quotients V;/V;—ı and piece together the structure of the invariants 
on V from that of the quotients. The key technique here involves the consideration 
of a single extension 


Yi CV—>V/Vj « 


This gives rise to the long exact sequence in cohomology 
H°(G; V;)—> H°(G; V) > H(G; V/V) H! (G; Vi) --- 


which is useful because H°(G; A) = AC. From this point of view the most important 
step in the determination of V° is determining the connecting homomorphism ô. 
Remember that this is determined by lifting the element in C°( V/V) which represents 
the cohomology class to C°(V), taking the coboundary there, and then lifting this 
coboundary back to C!(V,). Here are some examples of how this process works. 
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Lemma 1.6. 


a. Let Z/2 act on F2[x, x2] by interchanging the generators then 
F[xq, x2]? = Fo[x1 + x2, x12] - 


b. Let Z/2 act on F2[x,,..., x4] by interchanging the first and second generators 
and the third and fourth generators. Then 


Fafi, x2, x3, x4]? = Fy [xy + x2, X3 + x4, x12, x3%4](1, M2) 
where Mz = x\x3 + x2x4 satisfies the relation 
M3 + (x1 + x2) (x3 + x4)M2 + (x1 +x)? x3x4 + (x3 + x4)? = 0. 


Proof. Let A = F2[x, + x2, x}x2] C Fo[x), x2]. Then we can write F2[x,, x2] as the 
direct sum A @ Axı. In particular there is an exact sequence of F2(Z/2) modules 


A —F)[x), x2] —> Ax, 


and F [x), x2] can be written as an extension of trivial F2 (Z/2) modules. Passing to 
cohomology 


H*(Z/2; A) = H*(Z/2;F2) @A=[ eA, 


where e' is the non-zero element in H‘(Z/2; F2) = F2. This decomposition is natural 
with respect to ô in the sense that 5(e! @ a) = et U ô(1)a and 4(1) = e! @ (x; + x2) 
since 6(x}) = (1+ T)x; = (xı +.x2) € H'(Z/2; F2) @ A. Thus ô is an injection and 
(a.) follows. 

To prove (b.) let B C Fo[x1, x2, x3, x4] be given as AQ A = Fo[x, +x2, x1x2, 434+ 
X4, X3x4]. Consequently the polynomial ring decomposes as B @ Bx; @ Bx3 ® Bx, x3. 
Let V; = B, V2 = V; ® Bx; @ Bx. Then in the exact sequence the quotient V/V, is 
just two copies of B. ô is determined by 5(x;) = e! Q (x; +x2), 5(x3) = e! Q (x3 +x4). 
Consequently, ô has kernel B{(x) + x2)x3 + (x3 + x4)x1} which lifts back to BM). 

It remains to determine the extension by Bx;x3. Using the determination of ô we 
can equally determine H'(Z/2; V2), as e! @ (BM2 @ (B @ B)/ims) and ô(x1x3) = 
e! @ M2. This completes the proof. o 


Corollary 1.7. Let the dihedral group Dg = Sylz(S4) act on F2[x1,..., x4] by per- 
muting coordinates. (It has generators (1,2), (1, 3, 2,4) and contains the subgroup 
((1, 2), (3, 4)).) Then, setting o) = x; + x2 + x3 + x4, 04 = X1X2X3.xX4 we have 


Fo[xy,....x4]?8 = Fofoy, (x1 + x2)(x3 + x4), 1X2 + x3x4, 04](1, M3) 
where M3 = (x; + X2)x3x4 + (x3 + x4)x1 x2. 


Proof. The invariants under (Z/2)* = ((1, 2), (3, 4)) are clearly A @ A = F2[x; + 
X2, X1X2, X3 + X4, X3X4], and the remaining generator for Dg can be taken as 
(1, 3)(2, 4). But this acts on the previous invariant subring by exchanging the gener- 
ators in pairs. Thus the result follows from (1.6). O 
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Corollary 1.8. Let K C Dg be the Klein group ((1, 2)(3, 4), (1, 3)(2, 4)), then the 
ring of invariants F2[x), x2, x3, x4)* is equal to 


Falo, (x1 + x2)(x3 + x4), x1X2 + x3x4, 04](1, M2, M3, M2M3). 


Proof. Use the subgroup ((1, 2)(3,4)) and (1.6) to determine the invariants under 
this subgroup. Now apply (1, 3)(2, 4). Note that it leaves M2 invariant, and exchanges 
the polynomial generators in pairs. The proof is now direct. o 


Remark. These last two calculations, although treated here primarily as examples, 
are actually very important in numerous calculations of H*(G; F2) for explicit G 
which occur in the study of the sporadic groups of rank three and four, some of which 
are discussed in (VIII). 


Example. Using the results above one can prove that 
Fo[x1, x2, x3, x4]"4 = F2[01, 02, 03, 04](1, be) 


where 02 = xix2 + xix3 + X1X4 + X2X3 + X2X4 + X3X4, O3 = X1X2X3 + X1 X2X4 + 
x1x3xX4 + X2x3X4. Finally, bę can be given as the sum L xix? ay where (i, j, k) runs 
over the images of g(1, 2, 3) for g € Ag. 


Example 1.9 The cohomology of Jı. In 11.6.9 we noted that H*(Ji; F2) = 
Fo[x1, x2, x3]2/7*72/3 where the group Z/7 xr Z/3 is generated by the matrices 
f, g described in 11.6.9. Using the techniques here we determine this ring of invari- 
ants in two steps as follows, first determining F[x), x2, x3]”/’, and then using the 
projection operator 1 + f + f? on the resulting invariants to obtain the answer. 

To obtain the Z/7 invariants tensor with Fg and cange bases so Fg 8r, 
F2[x1, x2, x3] = Fg[y1, y2, y3] with g(y1) = S7y1, 8(y2) = SF y2, B(y3) = S43 since 

00 1 
the eigenvalues of g = | 1 0 0} are ty, ¢? and ¢4. Note that A = Fs[y/, y3, yl] C 
01 1 

Fely1, y2, y3]”/’, the set of cosets of A in the full polynomial ring can be identified 
with the set F{ yi yi yk | 0 <i, j,k < 7}, and a monomial is invariant if and only 
if i + 2j + 4k = 0 mod (7). Thus the invariants are identified with a hyperplane in 
F3 and, including 1 there are exactly 49 monomial generators. Note that with respect 
to this new basis the action of f is f(y1) = yo, fly2) = y3, f(y3) = yı SO most 
of these g invariant monomial generators are free under the action of f. Explicitly 
there are 42 free sie pe in the weis of ts toms ye fo, and f “ws where tho L 
F ee oe? Fot YYa yi3» 7173, y y3Y3» yy y$, V125» iy» YiY3y3» yy, x? y» 
y y y3» yı y3 W, y y y$, and y y$ R together with the six fixed generators (y1 y2y3)', 
1 <i < 6. Thus, for each of the free generators the projection operator gives a copy 
of A, while each fixed generator gives a term 42/3 Qı » y). 

To find A? tensor with F4 obtaining Fe4[y7, y2» y4] which has a new basis z1, 
Z2, z3 with fa) = fp f2) = $322, f(z3) = ¢323, and the invariant subring is 
Feal[z1, Z273, zia z2): Thus we have determined the Poincaré series for H* (Ji; F2) 
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(1 — x7!)(1 + x?!) 
(1 —x9)(1 x) — x4) — x?!) 
xt xS Hx 4 x7 4 2x8 4 249 42x10 4 gl 4g yl? 4 yl 4 lt 
aan: =< ca emeeiae 
1 +x?! x*(1+ x4) 
1+ x4(1 +x + x7)(1 + x4)(1 + x?) + x?! 
(1 — x3)(1 — x7)(1 — x!4) 


oh 


but the numerator in this last expression can be written 


(1+.x°)(1 + x61 — x!4) 
(1 + x?)(1 — x?) 


so the entire Poincaré series simplifies to 


Ote _ (+s + 1 +2") 
(1 —x3)(1 —x4)(1— x7) (1 — x4)(1 — x®)(1 — x7) 


as asserted in 11.6.9. 

The rest of the determination of the invariant subring in the original polynomial 
algebra F2[x), x2, x3] is direct and depends only on getting explicit generators: In 
the next section we will determine the ring of invariants under the entire GL3(F2) as 
the Dickson algebra F2[d4, dg, d7] where the d; are given explicitly in Example 2.3. 
Here, note that the eigenvectors of g, yı, y2, and y3, discussed above are explicitly 
given as (7x1 + x2 + 7x3), (S7x1 + x2 + ¢7x3), (67.41 + x2 + 7x3) respectively so 
that the invariant element in dimension 3, x = yı y2y3 can be written 


X= XP td ag yd + ax + x2 xs, (1.10) 
after expanding out. From the axioms for the Steenrod algebra in (II.2) we have 
y = Sq? (x) = x] + xå + x3 + xix} + xfx + xix 


since the ring of invariants must be closed under the action of (2). Finally, we can 
check that x? 4 dg so we have all the generators in IJ.6.9 now given explicitly where 
y = d4, u = de, and z =d}. 


II.2 The Dickson Algebra 


In this section we study the ring of invariants Fp[x1, ..., X,]°'"“"»). These results 
will be remarkably useful in the sequel. 

To motivate this, we will consider some easy but illustrative cases. First, let p be 
an odd prime, and consider the action of 


96 Ill. Invariants and Cohomology of Groups 
GL\(Fp) = F =Z/(p— 1) 


on F,[x]. If 4 € F} is a multiplicative generator, then the action can be succinctly 


described by x +> Ax. Evidently the element w = x?! will be a generator for the 
invariants, and in fact we have 


IAE = Fpl]. 


How does this apply to computations in group cohomology? If we take the symmetric 
group Sp, then its p-Sylow subgroup is cyclic of order p, with normalizer the 


semidirect product Z/p xr Z/(p — 1). Applying Theorem II.6.8 we obtain the 
isomorphism 


H* (Sp, Z) = H*(Z/p, Z)” P-À = Zlwxp-1)] 


where pœxp-1) = 0. In this example œwzp-1) is the (p — 1)-th power of the 2- 
dimensional polynomial generator in the cohomology of Z/ p. 

Now let us consider the case n = 2 and p = 2. We have a 2-dimensional vector 
space over F3; let {x1, x2} denote a basis for it. Now we can identify G = G L2 (F2) 
with the symmetric group 53, with generators s and ż satisfying the relations s? = /, 
P = l and sts™! = f. Here we identify s with the matrix exchanging the basis 
elements, and t with the matrix representing the transformation x; > x2, x2 > 
xı + x2. We now compute the invariants in two stages, using the equality 


Fo[x1, x2] = (Foxy, xE. 


As we have already seen in the previous section, the (t) = Z/3 invariants A are 
generated by the polynomials A3 = x7x2 + x1x3, B3 = x? + x?x + x3 and C3 = 
x? + x1x2 + x4. Note that A3 and C3 are invariant under the exchange map; hence 
the ring of G—invariants contains the polynomial algebra generated by A3 and C2. To 
compute the full invariants we observe that we have an exact sequence of F[Z/2] 
algebras: 


0 — F2[A3, C2] > A — F2[A3, C2](B3) > 0 


which expresses Æ as an extension of trivial algebras. We now look at the resulting 
exact sequence: 


0 > F2[A3, Co] > Fofxi, x2]° > Fa[As, C2](B3)—> H! (Z/2, F2) @ F2[A, C] 


where ô is the connecting homomorphism described in the previous section. We have 
that ô(B3) = e, A3 € H!(Z/2; F2) ® F[A, C], hence it is injective and so we see 
that 


Tlx, x2]92") = F[A3, C2) 


a polynomial ring on two generators, in dimensions 2 and 3. Note that A3 = x1x2(x1 + 
x2), the product of all non zero elements of degree one in the original polynomial 


I.2 The Dickson Algebra 97 


algebra. This invariant ring appears (see [MM]) as the mod 2 cohomology of BSO(3); 
note that Sq! (C2) = A3. We can in fact identify Cz and A; with the Stiefel-Whitney 
classes w2 and w3 respectively. 

As can be imagined, extending these results to larger values of n will be con- 
siderably more complicated. We will have to consider both types of situations—SL,,— 
invariants and then F7—invariants and combine them. The key initial step however is 
to manufacture enough natural invariants; for this we shall make use of determinants. 
We need the matrices 


Xi x eas ai l 
na 
X2 x$ -5 EA 
Vig D e POE a) = . 
P yt 
Xn Xn wes Xn 


Let D,(x1,.-.,Xn) = det( Vn), SO Dy(x1, ..., Xn) is a homogeneous polynomial of 
degree pt . Note that D, Æ 0 since, for example, the term xx? ma . axe" ~ 
p- 2%3 


occurs once and once only in its expansion. 

Let fi, f2» ..-, fn be some other basis for the F,-vector space spanned by 
X1y.0++53%n» 80 fj = J ayx;, 1 < i < n with the ay in Fp. Let A be the 
n x n matrix with entries aj; so we have AV,(x1,...,Xn) = Vn(fi,---s fn) and 
Dn(fis-++> fn) = det(A)Dy(x1,...,%n). Thus, D,(x1,...,%n) is an SL,(F,) in- 
variant but not 
a GL, (F,) invariant. However the term D,(x1,... Xa)?" is, in fact, a GL, (Fp) 
invariant. 

Examples 2.1. For n = 2, p = 2, D(x, x2) = xX, x2(x2 + xı). For n = 2, p = 3, 
D (x1, x2) = xx} = x}x2 = X1xX2(x2 — x;)(x2 — 2x1). More generally, for n = 2 
and arbitrary p we have 


p-1 


Do(x1,%2) = xix} — xf X2 = xı% [Ie =P) 
6=1 
Now consider the (n x n) minors of Vn+ı (x1, ... , Xn+1) with respect to the last 
row, and let 
i-l 
Xl xf eee aP tee xP" 
ep! p" 
2 x x 
Dralo sän) = det 2 A z 
p g p" 
Xn Xn Xn Xn 
In particular 
Danyi vaca Xa) = Dha 0s Xn) 


Dn. = Dalat seu s04 kE) 
(Dy (Kis v.09 %nd)? « 
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Clearly Dn. ( fis- -s fn) = det(A) Dni 1, o- s. Xn) for fi,..., fn and A as above. 
Expanding D,+1(x1, ..., Xn, x) with respect to the bottom row we have 


Digi C a VTE E d = Duos? =e Dar E fe ah (—)" DrX 
or Dn+1(%1,..., Xn, X) is equal to 
Diaa [e y a + (—)"(Dn)? 1] (*) 


where dj = Dn.n+1-j/Dn. Here, note that the element d; is contained in the quotient 


field Q(Fp[x),...,xXn]), and that it is a GL, (Fp) invariant. But more is true. 
Lemma 2.2. 
a. Dny (®1, ~~». Xn41) = Dr (X1, ...,%n) [ [(*n+1— f) where f runs over all vectors 


in the n-dimensional vector space over F , spanned by x1, . . . Xn. 
b. dj €F,[x,...,%:,1<j<n-1. 


Proof. Regard (*) as an expansion of D4) (x1, ..., Xn, x) over the polynomial ring 
in x with coefficients in the quotient field @(Fp[x1, ...,Xn]). Now consider the 
polynomial 
Pn (x) = xP" — dix" +- + ("HDE x, 
Clearly, if we set x = f € (x1, ..-, Xn), then the last row of 
Variis. es Xn f) 

is a linear combination of the first n rows so D,+1(x1, X2,---,Xn, f) = 0. Since 
Dn(x1,-.+,Xn) Æ 0 it follows from (*) that p,(f) = 0, and there is a factorization 
over the quotient field 

P=: [| (ff). (**) 

SEX ..-.Xn) 


Note that we have found as many distinct roots as the polynomial has degree, which 
means that we have a factorization. Since the roots f all belong to F,[x,..., xn] 
it follows that the coefficients of p,(x) also are contained in F,[x;,..., Xn] and the 
lemma follows. O 


Examples 2.3. When p = 2, n = 2, we have 
a = xt + x1x2 + x3 
da =D, = x? x2 + xix: 
When p = 2 and n = 3 we have 
dy = xf + x(x} + x2x3 + x3) + xi (x23 + x2x3) + x3 + x33 + x} 
dy = xi (x3 + x2x3 + x3) + xP (xd + x3x2 + xf) + xaha + 


4 
XX2X3 + aixi $ xaxa 


4 4 
dy = Dz = xbxdx3 + xĵx2x3 + xpxgus + xta + xxx + xy x34}. 


II.2 The Dickson Algebra 99 
The following theorem of L.E. Dickson is basic. 


Theorem 2.4. The ring of invariants F [x], ... , Xn]°'*»? is a polynomial algebra, 
and is generated by the elements dj, dz, ..., dn = Dh ~' constructed above, i. e. 


F,[x, sere , Xp Jon) = F,ldı, tee i. a DP") J 


Proof (Following C. Wilkerson [W]). First note that F p[x1, . . . Xn] is integral over the 
ring spanned by di, ...,d,—1, DE =! which we will temporarily denote A,,. This is so 
since the integral elements are closed under sum and product, and from (**) contain 
X1,X2,..., Xn. Consider next the quotient fields Q(4,) and Q(F,[x, ..., xn]). 


Lemma 2.5. Q (F [x1, ..., Xn]) is Galois over Q(A,) with Galois group GL, (F p). 


Proof. First Q(F p[x1,...,%n]) is generated by x1, ..., Xn over Q(A,). But these 
and the elements f; = py aix; are precisely the roots of p,(x) and are all contained 
in Q(F,[x1,...,%n]). Thus Q(F,[x1, ...x,]) is the splitting field of pn (x) over the 
field @ (An). Moreover, since p, (x) has no repeated roots it is separable and it follows 
that the extension is Galois. 

We now determine the Galois group G. Since Fp C Ay, it follows that for g € G 
we have g(}_nixi) = > nig(x), ni € Fp. Moreover, since g acts to permute the 
roots of p(x), and, indeed is determined by its action on these roots, it follows that 
g(>-nixi) = Doni ( gijxj) sog € GL, (Fp). Conversely, given g € GL, (Fp) it fixes 
“A, and hence Q(.A,,), meanwhile acting as an automorphism in Q(F[x;,..., x,]) 
by construction, so g € G. The lemma follows. O 


We return to the proof of Dickson’s theorem. Consider again the integral extension 
F,[x1,---, Xn] over A,. Since Q(F,[x), ..., X,]) is a finitely generated extension of 
Q(A,), it follows that F,[x1, ..., Xn] is a finitely generated extension of the integral 
closure of A, in Q (An). In particular the integral closures of A, and F,[x,,..., Xn] 
both have the same transcendence degree n. But A, is generated by precisely n 
elements over F,. It follows that these elements are polynomially independent, and 
so An = Fp[di,...,dn = DE"). 

On the other hand a polynomial ring in n variables over a field F is integrally 
closed in its quotient field (see e.g. [La]). It follows also that F,[x,,...,x,] is 
integrally closed in its quotient field. Moreover 


FpLx1, o- Xn] N Q(An) 


is the ring of GL, (Fp) invariants in F,[x),..., Xn]. 

But Fp[x1, ..., Xn] is integral over “,,, so the intersection above is integral over 
A, in its quotient field, and, since A, is integrally closed, therefore equals A,. The 
proof is complete. oO 


Remark 2.6. The degree of dj(x;, ..., Xn) as a (homogeneous) polynomial in x), ..., 
Xn is p” — p"-J = p"-J(p/ — 1). In particular, in the range of dimensions < p” the 
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p-adic expansion of the degree of any product d}! d? ---di"-} DPP? has the form 
sp"! +52 p"-* +--+ Sn-1P+Sn with p—1 > sı > s2 > 53++- > Sn > 0, and for any 
such p-adic expansion there is a unique product as above having this degree. Thus, 
in degrees less than p” the invariants only occur when the p-adic expansion has the 
form above, and in each such dimension the space of invariants is one dimensional. 


Example 2.7. Consider the regular embedding 
(reg): (Z/ p)" —> Spn 


which takes g € (Z/p)” to the permutation of the p” points of (Z/p)” induced by 
h + g + h. The normalizer of (reg)(Z/ p)” is the semi-direct product (Z/p)" xq 
Aut((Z/p)”). (See (VI.1) for details.) Indeed, let 8 € Aut((Z/p)"). Then B(h + g) 
= B(h) + B(g) so the permutation which we again call B, h +> B(h) satisfies 
B+ pg(h) = B(g + h) = B(g) + BA) = ppig)(B(h)) and B - pgB-'(h) = Peo lh). 
Similarly for the converse. 

But Aut((Z/p)") = GL, (Z/ p)! Consequently, when we pass to cohomology we 
have 


H" (8p; Ep) => H*((Z/ py"; Fp)? 


= (E(v,..., Vn) @Fplbi,..., bn] 


by (II.4.3). Clearly, the polynomial elements in this image are contained in the Dick- 
son algebra F ,[b1, . . . , bn]“'*“"») which we have just analyzed. In the next section we 
will show that im(reg)* NF p[b1, ... , bn] is precisely equal to F,[b1,..., bn JH EP. 


Previously we proved that a complete set of invariants for the action of GL, (Fp) 
on F,[x1, ..., Xn] can be obtained using determinants (Dickson’s Theorem). We will 
now outline the generalization of this result (due to Mui [Mu]) to the calculation of 
the invariants of the GL, (Fp) action on A = F,[x),...,%n] Q E(e1,..., én), an 
algebra isomorphic to the mod p cohomology of (Z/p)”", p an odd prime. We will 
therefore assume that the x; are in degree 2 and the e; in degree 1. 

We begin by constructing some invariants for this action. 


Definition 2.8. 
a. InZ[x,...,%,] ® Ez(e1,..., en), let ee be defined as 


ap'l a prk S$ 
ei eee ei Xi eee RP eee er eee xP 
apl ap`k 1 
1 ez +: Ez X2 we gh sos ar wee Pd 
2 2 2 
Thee 


en wae en Xn eee Xn see Xn wee Xn 


II.2 The Dickson Algebra 101 


where 0 < sı < s2 < +++ < sk < n — l and the matrix for the preceeding 
e2 


e2 
determinant is filled out with k columns of the form | . | to have n rows and 


en 
columns. 


b. Let Dn.s)....., E A be the mod p reduction of Bis.g, 8 


ke 


Note in particular that 


Dyos a8 E Erê «Bn = 


Also, if A € GL, (Fp), then (AD)n_5,....,55 = Det(A) Dy,s,.....s,. Using our previous 


notation, we see that the elements 
-2 
Mars) et gS Das DE DE 


for 0 < sı < s2 < +++ < Sk <n — 1 will be GL, (Fp) invariants. We can now state 
Mui’s generalization of Theorem 2.4: 


Theorem 2.9. 


(Fyixi,..., XnI@E(e1,...,en)) nF) = 


F,[d, saie da] p @F,Idi, t.s Dn \Mn sy... 


where a double summation is takenoverk = 1,...,nand0 < sı <---<s,<n-—l. 
Furthermore the generators satisfy the relations 


sÈ, =0, 
Mn,si Sa% Mn,sy = (a1) 9-87 is... à 


This extension of Dickson’s result is proved by inductively showing that any 
invariant decomposes as above, using the fact that the ring of invariants is finitely 
generated over the (polynomial) Dickson algebra. The case n = 2 was originally 
proved by H. Cárdenas, [Card]. We refer the reader to [Mu] for full details for the 
general case. 


Example 2.10. We examine the case p = 2 and n = 3, which corresponds to calculat- 
ing H*((Z/4)°, F2)9432), In this case the explicit invariant generators, in addition 
to the Dickson classes, are given by the following seven elements: 
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€1€2€3, 

€1€2X3 + €1€3X2 + €2€3X), 

e1e2x3 + e1e3x5 + e2€3X7, 

e1€2x3 F eje3x3 + e2€3x1, 
2 2 2 2 2 2 

ei (x2x3 + X5.X3) + ez(xix3 + x1x3) + e3(x1x3 + x{x3), 
4 4 4 4 4 

ei (x2x3 + x2x3) + e2(x1x3 + x}x3) + e3(x1x3 + x1x3), 


2A i 2.4 4 ,4,2 2544.42 
ei (x3x3 + xX2x3) + C2 (xp x3 + x1x3) + e3(xixX3 + x1xX3). 


II.3 A Theorem of Serre 


The following theorem of Serre, [Se2], is a key result in the study of the general 
structure of the cohomology ring of a finite p-group. It shows that for any non- 
elementary p-group G, the subring of the cohomology ring H*(G; Fp) generated 
by the Bocksteins of the elements in H! (G; F,) = Hom(G; F,) has transcendence 
degree strictly less than the dimension of H'(G; F,) as a vector space over the 
field Fp. It should be compared with the corresponding situation for an elementary 
p-group (p odd) (Z/p)" with cohomology ring 


H*((Z/p)’: F,) = Efe, ...s er] @F,[h, mg b,] 
where b; is the mod (p) Bockstein of e; i = 1,2, ...r. 


Theorem 3.1. Let G be a p-group, not elementary abelian (i.e. G # (Z/p)*). 
Then there is ann > 1 and non-zero elements vi, ..., Vn € H! (G; Fp) such that 
(vi) U --- U B(v,) = 0 where B is the mod p Bockstein. 


Proof. We first want to construct a central extension. Since 


ae 
[G.G] 


it follows that m: G—> Hı (G; Z/p) = H\(G; Z) @z Z/p is an epimorphism. Let 
G’ = ker(7), and now do this once more, that is to say we let G” be the kernel of 
x’: G'+H,(G'; Z/p). Notice that G/G’ = H,(G; Z/p) = (Z/p)’ and similarly 
G'/G" = (Z/p)’. 

Both G’ and G” are characteristic subgroups of G. That is, they are taken to 
themselves by every automorphism of the p-group G, since every automorphism of 
G induces one of H,(G; Z/ p), and consequently, takes ker(zr) to itself. In particular 
G” is normal in G. Hence we have the extension sequence 


Hı (G; Z) = 


Gg" > G/G' 
== | —>= G0" = | 0. (*) 
(Z/p)’ (Z/p)" 
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Let the data for this extension be given by 
a: G/G’—+Aut(G’/G”) = Aut((Z/p)*) . 


Since G'/G” is abelian, its group of inner automorphisms is trivial and consequently 
o is a homomorphism. Note also that Aut((Z/p)*) = GL,(F,), the general linear 
group over the finite field F,. In particular, since G/G’ is a p-group, the image of o 
is contained in a p-Sylow subgroup of GL, (Fp). 

The order of GL,(F,) is (p° — 1)(p' — p)(p* — p°) -= (p° — p“!) = p tw 
with w prime to p. (This is well known, and easily checked by simply looking at the 
possible images of the basis vectors e1, €2,..., es.) Moreover, a p-Sylow subgroup 
can be given as the upper triangular matrices with 1’s along the diagonal. We can 
assume im(o) is contained in this subgroup. 

Let V C (Z/p)’ = G'/G” be the vector subspace spanned by ¢2,..., és 
and form the quotient gis" = Z/p. In particular we can write the quotient 


G = G/(G"(e2,...,@s)) as a central extension Z/p—-G-—>G/G’' and we have 
the commutative diagram 


O— Zip — Ĝ = G/@— 0 


Š (3.2) 


0 — (Z/p)’ —> G/G" — G/G' — 0. 


Since (+) is a totally non-trivial extension we have that (3.2) is a non-trivial central 

extension. Let a € H?(G/G’) be the class of the extension (3.2). Since the extension 

is non-trivial a # 0. Thus œ = )°Ajb + O tee; Where at least one of the 

coefficients in not 0. Consequently we have that 2’*: H'(G/G’; F,)—>H 1(G; Fp) 

is an isomorphism as is thus the projection induced map H'(G; Fp)—> H? (G; F,). 
Note also that a € H?(G/G'; Fp) is in the kernel of 


z*: H?(G/G'; F ,)— H?’ (G; F,) . 
There are now two cases: 


1. One or more of the A; in the expression for œ above are non-zero. In this case we 


have 
aP = Y bP + >> ty (ee;)? 
= Sat 
(Lre) 
[BO Aiei)? 


since B(e;) = b;. Thus, the theorem is true in this case by setting v; = #* (J Aje;). 
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2. a = } Tijeiej. We may assume t2 Æ 0. Now form Tyla U e3€4-++e, = 
€1€2€3 --- en. Let A(p) be the mod p Steenrod algebra and Q; € A(p) be the i” 
odd dimensional Milnor primitive element which acts by Q;(e) = bP’. We have 

n*(Qn-1 On—2---Q20iBlere2--- en)) = 
*(Qn-1 +++ 020i B(t)p'a U e3 +- en)) = 0. 


But calculating explicitly we have 


ej +++ Oo Ofer «= 82) = SEE oy 


where, in this case $ denotes the symmetric polynomial given by summing over 
all permutations of 1,...,, and then multiplying by the sign of the permutation. 
In particular we have 


bı b2 bn 
bE H bh 
Qn-1 -+ Q2Q1ß(e1 ++ - en) = det ; ; _ : (3.3) 
-1 =! n-i 
O BBO o 
This is the polynomial D,„(bı,...,bn) considered in our discussion of the 


Dickson algebra, and is (up to sign) the product of all the linear summands 
(bj, + Gj, 415i,41 ++ ++ anbn), where the leading coefficient is always 1. But each 
of these linear terms is the mod p Bockstein of the corresponding term in the e;’s. 
Thus this case, too, is finished and the proof is complete. O 


HI.4 Symmetric Invariants 


In this section we calculate some invariants which will be used in an essential way to 
calculate the cohomology of the general linear groups away from their characteristic 
in Chap. VII. 

Let F be an arbitrary field having any characteristic except 2. In the polynomial 


ring in n variables over F, F[x;,..., Xn], recall that the i” symmetric monomial is 
the sum 
I > AjyF jy Xj + 
A<R< <i 
These o; are invariant under the action of the symmetric group S, on F[x;,..., Xn] 


by permuting the xj, and in fact, one of the fundamental theorems of the theory of 
equations states that 


Fx, .-., xn]? = Floy,..., on] - 
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Now we consider the discriminant D, = |])<;< j<n(%j — xi). Clearly, 
D? € Flo,..., on] 


so D, is algebraic and even integral over Flo), ..., on]. Moreover, the rational 
function field F(x;, ..., Xn) is Galois over F(o), ..., On) with Galois group 


Gal (F(x1,...%n)/F(o1, <- -p On)) = Sp - 


D,, is invariant under the alternating group 4, and since the index of Æ, in S, is 2 
it follows that F(o,, ...,0,)(D,) = F(x, ..., Xn)" provided that the characteristic 
of F is not 2 which is one of our current assumptions. 


Proposition 4.1. The integral closure of F[o,, ..., on] in the extension of its quotient 
field Flo,, ...,n](Dy) is exactly 


Fio, ..., on] + Elo, .. -, Onl Dhn - 


That is to say, an element a € F(0;, ..., on)(Dn) is integral over F[o,, ..., on) if 
and only if we can write a = A + BD, with A and B contained in Flo,,..., On]. 


Proof. Consider the field extension F(o), . . . , on)(Dn) over F(o1, ..., On). The Ga- 
lois group of this extension is Z/2 and if T is a generator, then T(D,) = —D,, so for 
a = A+ BD, we have that a is a root of 


x? —2Ax + (A? — B? D?) 


and, for B Æ 0 this is the minimal polynomial for œ.. Consequently, œ is integral if 
and only if (1) 2A € F[o;, .. . , on] and (2), A? — B? D? € F[oj, ..., on]. Hence we 
need to show that if 


B=C/is,  withC,A €Floy,...,0,], while B’D? € Floi,..., on] 


then A must divide C and B is already contained in F[o), . . . , on]. To do this we look 
at 
G 
(5) Dn € F(x1,..., Xn) P 
À 
Since the integral closure of F[o),..., on] in F(x,...,%n) is F[x1, . -. , Xn] it follows 
that 


($) D, € Fixi, ..., Xn] 


and we have 


for some non-zero f € F[x,..., Xn]. 
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It is standard that F[x;,...,x,] is a unique factorization domain, see e. g. [Hu], 
pg.164. Thus we have unique decompositions into irreducibles (up to multiplication 
by a non-zero constant coming from F), Dy = []i<icjen(*j — xi), C = Tei, 


f =T fjs à = [TAk and 


Iel [w -x = Te [1S 


so it follows by the uniqueness of decomposition into irreducibles in a UFD that each 
A, is either equal to a c; or an (x; — xi). 

If all the A, are c;’s then we are done. So assume A, = (x; — x;). Since A is 
invariant under the action of S, it follows that (x, — xs) is also a divisor of A for any 
r > s and thus D, divides À. 

In this case let 1’ = A/D, Clearly A’ = [] A, with å; irreducible, and each A, is 
a factor of C so i’ divides C. Also 


CD, =C} =C, 


and clearly for g € $, we have g(C’) = (—1)8C’. Now, let us assume by induction 
that the result is true for n — 1. (Its truth for n = 2 is clear.) Then expand 


C = A,x; + Aix! +-+ Ao 


with each A; € F[x1,..-,%n—1]. We have for each g € Sn-1 C Sn, (8&(Xn) = Xn), 
that g(A;) = (—1)8A;, so, by our inductive assumption, since each A; is integral 
over F[&, ..., õn] where G; denotes the i” symmetric polynomial in x), ..., Xn-1 
we have 


Aj = Lilis... Gn—1)Dn-1 


and D,_; divides C’. From this, using the Galois action it follows that D, divides 
C’ and C’ = C” Dp with C” invariant under the action of $,. Also, C” is integral 


over F[o|,..., on] so, since F[o),...,@,] is integrally closed in its quotient field 
F(o),..., On) it follows that C” € F[o;,...,0,]. The proof of the proposition is 
complete. O 

Theorem 4.2. Let A = F[x,..., Xn] @ Eley, ..., €n) be a tensor product of a poly- 


nomial algebra on even dimensional generators and an exterior algebra on odd 
dimensional generators where F is a field of characteristic not equal to two. Let Sn 
act by permutation on the x;’s and the e;'s, then 


A™ = Floi,...,0n]@ Elfi, fa,--+s fon—1) 


where 
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Example. fı = } e; while f3 = 30,000}; xj)êi. 


Proof. of 4.2 Leta € A%”. Then 
a= X Arei, +++ ei, 
1 


where / = (iiai) with 1] < 4) g oe < i, < mand A; € Ei cah 
Moreover, since «œ is invariant under $, it follows that, given (i1, ..., i) as above, 
there is a g € $a with g(t) = i, for 1 < t < r, and g(Aq..) = Aviy.....i-)» Thus 
a is completely determined by Ao, Ai, Aci.2), and so on until Aq 2.2). Also, each 
Ai.,...,r) Satisfies g(Aq.....)) = (D8 Aa...» for any g € $, C Sa where S$, fixes the 


last n — r coordinates, while g(Aq.,...)) = Aa... if g € S)_, where S| fixes the first 
n — t coordinates. 
It follows from (4.1) that 
Aa >= Bau alata pDr 


where Ba...) is invariant under S, x S/_, and hence belongs to 
Flo,,...,0,] @ Floj,...,0,_,] 


where o; = o;(X;41,...,Xn). And, of course, if Aq 
there is a unique invariant under S,, of the form A 
series for such invariants has the form 


xerr-D)/2yr 
(1 — x2)--- (1 — x27)(1 — x?) --- (1 — 28-27) 
B 1 A 0-2") 0-25) 
= =e) a) [* =) a) 


1 
~ C= 


Next, we claim that there is an identity 


$ Tín) = 1+4 +) ($x), 
r=0 


We verify this for n = 2 where the sum is 


(lI—x*) 4 


i+) +x 


1 +x(1+ x7) +x* 


LEEFER RS 
(1+x)(1+2°). 
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Now, the proof of the claim proceeds by induction. To obtain the inductive step note 
that 


x2n+2—2r( f= x7") 


T(n + 1) — T,(n) = Gagan 


T(n) = x”+'T, (n). 
The claim follows, and the Poincaré series for the ring of invariants is 


(1 +.x)(1 +) d +x) 
(1 — x2)(1 — x4) (1 — x") 


which is the Poincaré series of the asserted ring in the Theorem. 

Of course, this is not yet a complete proof. Certainly, the elements in the ring 
of the theorem are invariants, but it is not yet clear that this ring actually injects 
into the invariants — there might be some relations. However, to prove that the ring 
actually injects it suffices to show that fi f3 ++- fon—1 Æ 0. This in turn can be done 
by induction. Write 


fim—1 = B's F [ee + Om—1€n 


where the superscript on the f’s denotes that it involves only the first n — 1 of the 
variables or all of them depending on whether it is n — 1 or n. Using the formula 
above and multiplying out we find 


fih fona = (FA REM Gn- + Gn—2kn $e He, 


which is non-zero by our inductive assumption. Now the proof is complete. O 


II.5 The Cardenas—Kuhn Theorem 


As we have seen, when L C G there is an action of Ng(L) on H*(L; Fp) where the 
action of L a Ng(L) is the identity and 


im ( res *: H*(G; F,)—>H"(L; F,)) 


is contained in the subring of invariants under this action. Since the action of L is 
trivial the action factors through an action of the Weyl group of L in G, 


Wo(L) = No(L)/L, 
and we can write 
im ( res *: H*(G; F,)—> H*(L; F,)) € H*(L; FpD ; 


Let K be a third subgroup so that L C K C G. Since W (L) C We(L) we have 
an inclusion of rings 


res *: H* (L; Fy" č H* (L; Fp) VO 
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and corresponding to the transfer in group cohomology we have a map going in the 
opposite direction, 


t: H*(L; Fp)” O — H*(L; Fp) "6 


obtained by taking a left coset decomposition of Wg(L) with respect to Wx (L), 
Wc(L) = U;gi Wx (L), and setting t(a) = }_; g;(a@). We have evidently that 


im(t) C H*(L; Fp) "6 


and t - res * is multiplication by the index of Wx (L) in Wg(L), that is to say, by 
|Wc(L): Wx(L)|. Also, t is an H*(L; F,)”e-module map, since t(væ) = vt(@) 
for any v € H*(L;F,)*6“), though t is not a ring map in general. In the case 
when Wx (L) contains a p-Sylow subgroup of Wg (L) the map t is surjective and the 
discussion above shows 


Proposition 5.1. Suppose L Ç K Ç G is a sequence of subgroups and Wx(L) 
contains a p-Sylow subgroup of Wg(L), then t splits H*(L; Fp)” (©) as a direct 
sum H*(L; F,)”6™ @ Ker(z) of H* (L; F p) Ye ®© -modules. 


There are certain important cases in which we can be more precise about 
im (res *: H* (G; F,)— H* (L; Fp)) . 


Definition 5.2. LC K CG is a closed system, also called a weakly closed system, if 
every subgroup of K which is conjugate to L in G is already conjugate to L in K. 


For closed systems we have 


Lemma 5.3. Suppose L Ç K Ç G is a closed system with L an elementary p-group. 
Then there is a commutative diagram 


H*(K;F,) ->  H*(G;F,) 
res * res * 
H*(L; Fp) YO => H*(L; F,)¥6®), 


Proof. Consider the double coset decomposition G = U;Lgi K. If g7! Lg C K then 
g~'Lg is already conjugate to L in K, say g-'Lg = k~'Lk for an appropriate 
k € K. Consequently we can assume g~'Lg = L. In the remaining cases g7! Lg N K 


is a proper subgroup of g~'Lg as g runs over the g; above in the double coset 
decomposition. 


Sublemma 5.4. Suppose Lg; K and Lg;K both satisfy g~'Lg = L, then the double 
cosets are equal if and only if the left cosets $(g;) Wx(L) and $(g;)Wx (L) are equal 
in We(L), where ġ: Ng(L)— WG(L) is the projection. 
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Proof of 5.4. We can regard the double cosets Lg K as corresponding to the orbits of 
the left cosets of K in G under the action of L. From this point of view the coset 
eK is fixed if and only if g~'Lg C K, and hence, under our closure assumption and 
choices of the g;, if and only if g; € Ng(L). Moreover the total variation of g; is 
LgiNx(L) = giNx(L). O 


We now return to the proof of the lemma. The double coset formula gives that 
res*- tr*: H*(K; Fp)—> H* (G; F,)— H*(L; Fp) can be written as the sum of the 
compositions 
H*(K; Fp) => H*(g7' Lgi N K; Fp) 
Ži, H*(L N gi Kg’; F) H" (L; F) . 
Since L is p-elementary and tr * = 0 for any V Ç L we need only sum over the 
gi E Ng(L), and the theorem follows. O 


From this we obtain the Cárdenas-Kuhn theorem, 


Theorem 5.5. Let L Ç K Ç G be a closed system with L a p-elementary sub- 
group of G. Suppose also that |\Wg(L): Wx(L)| is prime to p, i. e. Wx(L) contains 
a p-Sylow subgroup of Wc(L), then the image of 


res *: H*(G; F,)—>H*(L; Fp) 
is exactly equal to the intersection 
H*(L; F,)”¢™ mim (res *: H*(K;F,)—>H*(L;F,)) . 


Example 5.6. The 2-Sylow subgroup of the sporadic simple group M)2 is given as the 
semi-direct product (Z/4 x Z/4) xr (Z/2 x Z/2), where if a, b are the generators 
of the two copies of Z/4 and c, d generate the two copies of Z/2 then ca'bic = 
a~‘b-J, dad = a`’, dbd = ab~'. The subgroup V = (Z/2)} = (a?, ab?c, d) has 
Wsyi,(Mj2)(V) = Z/2x Z/2, and we will see in Chap. VIII that the image of restriction 


res * 


H* (Syl, (M12); F2) => H*(V; F2) is exactly H*(V; F2)*/2*2/2. Moreover, it is true 
that V C Syl,(Mi2) C Mn is a closed system. Thus the Cardenas—Kuhn theorem 
gives us the image in this group of H* (M12; F2). 


This group Syl,(Mj2) occurs in several other contexts as well. It turns out that 
there is a unique non-split extension 


(Z/2)?>—> E—>GL3(F2) 


which has Syl,(Mj2) as its 2-Sylow subgroup. (Here the action of GL3(F2) on 
(Z/2 = F3 is the usual one.) Consequently, Wg(V) = GL3(F2) contains 
Wsyi,(M\2)(V) as a 2-Sylow subgroup and 


im ( res *: H* (E; F2)—> H* (V; F2)) 


is exactly Fz[e;, e2, e3] = Fy[d4, de, dy). 
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This group E is contained in the exceptional (continuous) Lie group G2 as 
a maximal (finite) subgroup, and the composition 


H* (Boy; F2) 5 H* (E; F) > H*(V) O32) 
is an isomorphism in cohomology. 


Remark. A brief comment on the history of the Cardenas—Kuhn theorem might be in 
order. The original idea for this decomposition occurs in H. Cardenas’ thesis [Card], 
where it was exploited only for the groups $,2. The senior author of this book in 
1965, and H. Mui in approximately 1974 both realized that this could be extended 
to give the critical step in studying the ring structure of the groups H*(S,; Fp), but 
both formulations were restricted to the situation occurring in the symmetric groups 
so their work should properly be regarded as subsumed in Cardenas’. 

However, N. Kuhn gave the very useful general formulation of Cardenas’ idea 
that we proved above in [K] and since Kuhn’s formulation is applicable in a very large 
number of cases including most of the groups of Lie type and some of the sporadic 
groups we felt that calling this basic calculational result the Cardenas-Kuhn theorem 
was appropriate. 
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There are some further special cases where calculations have been made or where 
there are unexpected connections between the topics in this chapter and other areas 
of mathematics. 


The Dickson Algebras and Topology 


As we point out in (VIII.5), the cohomology of the classifying space of the fourteen 
dimensional compact Lie group G2, H*(BG2; F2) = F2[d4, de, d7] is a copy of the 
Dickson algebra F2[x;, x2, x3]@432). Let M2 denote the second Mathieu group; in 
IX.3 we will explain (see [M2]) how to obtain a map f : BM)2 — BGz such that 
it induces an embedding in mod 2 cohomology, even though there is no non-trivial 
group homomorphism Mı2 — G2. Moreover, H*(Mj2, F2) is a free and finitely 
generated module over the Dickson algebra. Geometrically we see that the homotopy 
fiber of f has the homotopy type of a 14-dimensional complex; a statement which 
we will make precise in Chap. IX. 

It is known that the Dickson algebra F2[x), ..., x,]@4"2) for n > 5 cannot be 
realized as the mod(2) cohomology ring of any topological space, and there were 
claims in the literature that neither could the Dickson algebra for n = 4. More recently, 
W. Dwyer and C. Wilkerson [DW] constructed such a space, V4. Its loop space 2V4 
has finite mod(2) cohomology, H*(QV4; F2) = F[x7]/(x4) ® E(x11, x13), but is 
not the mod(2) homotopy type of any Lie group. Benson has shown [Be2] that if 
Cox denotes Conway’s sporadic simple group, then there is a map BCo; —> V4 
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which induces an embedding in mod 2 cohomology H*(V4, F2) C H*(Co3, F2). 
Moreover the cohomology is a finitely generated module over the Dickson algebra. 
Unfortunately it has not been possible to show that it is free as a module over this 
algebra, and in consequence the full geometric picture is far from complete; indeed 
it requires a cohomological analysis of the Conway sporadic group Co3. 

There is also a connection between the simple groups J; and G2, due to F. Cohen, 
which we discuss in VIII.5, IX.3, which shows that in an appropriate sense, at the 
prime 2, B; can be regarded as the total space of a fibration with fiber G2 and base Bg,. 


The Ring of Invariants for Sp,, (F2) 


D. Carlisle and P. Kropholler (see [Be1]), motivated by conversations with J.F. Adams, 
studied the invariants in F2[x;,...,x2,] for the groups of Lie type Sp2,(F2), (see 
VII.3 for a discussion of the finite Chevalley groups of symplectic type). We briefly 
summarize their work. 


Theorem 6.1. Let 


n 
2 2! 
zigi = > rxn-133, + X24X34_1)- 
k=l 


The ring of invariants F2[x,, X2, ...,X2n)5?2""2) is an algebra generated by the 
following 3n — | elements: 


(1) 44, fori =1,...2n—-1. 
(2) the G Ln Dickson invariants dy2n_72-i, fori = 1,...,n. 


Furthermore these generators are subject only to n — | relations, which can be made 
explicit. 


Note that we have chosen our notation in order to make clear the degrees of 
the generators. Furthermore from the definitions we easily infer that &i+1,,; = 

į 
Sq? (§2i41)- 

As an example, note that there is a classic isomorphism Sp4(F2) = 86, and we 
see that 


Fo[x1, x2, x3, x4]°° = F2[t3, ys, ds, di2|(1, Y9) , 
where Sq? (Ñ3) = ys = ple oe ee Sq*(ys) == Dalj and Sq*(dg) = di2. The 
single relation is a quadratic relation. Here we have used a notation which indicates 


the degrees of the generators, and labels relevant to the calculation of the mod 2 
cohomology of the Mathieu group M22, which will be explained in Chap. VIII. 


The Invariants for Subgroups of G L4(F2) 


There are other special isomorphisms like that of Sg with Sp4(F2) between some 
of the smaller finite Chevalley groups in different families. For example (VII.3.8), 
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SL2(F4) = Sp2(F4) = As. This and many others are consequences of the classical 
isomorphism G L4(F2) = Ag. (See (V1.6.6) for an explicit construction of the matrices 
which realize this isomorphism.) There is a second As in Ag. This As acts on 
F2[x;,...,x4] by tensoring over Fz from the action of $5 on (Z)* where (Z)* 
consists of those elements (n;,...,”5) € (Z) with Ẹ n; = 0, and Ss acts by 
permuting coordinates. These two As’s are both contained in As and, in fact, are the 
two non-conjugate copies of As there. 

These groups occur as parts of maximal subgroups in many of the sporadic 
groups. For example the semi-direct product (Z/2)* xr As is maximal in the Math- 
ieu group My, while (Z/2)* xr A7 is maximal in M23 and is the normalizer of 
both maximal 2-elementary subgroups (Z/2)* in the group ML. Likewise, As is 
important in the Janko groups Jz and J3 where one has a maximal group of the form 
Z/2—>G—>(Z/2)* xr As. 

Using the techniques sketched in (III.1) we have been determining the rings of 
invariants for these actions on F[x), . . . , x4]. In [AM1] the invariants for the first A5 
were determined. They have Poincaré series 


142x343x6418462942 1849x1244 144 10x15 4.11649 418420194 6x71 442243574 42427 4 530 
(i - x)2(1 — x!2y2 ` 


The second As has invariant subring of the form 
F2[02, 03, 04, 05](1, bio). 


The invariants under Ag are a degree two integral extension of the invariants for 
Spa(F2), 


Fo[xi,...,%4]46 = Fo[ws, ys, dg, di2l(1, Y9, bis, yobis) , 
and finally 
Fo[x1,...,x4]47 = Folds, diz, dia, dis](1, bis, b21, b22, b23, b24, d27, bas) . 


Further details can be found in [AM2]. 
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IV. 


Spectral Sequences and Detection Theorems 


IV.0 Introduction 


In this chapter we introduce the main computational techniques for determining 
the cohomology of finite groups. We start with the various forms of the Lyndon— 
Hochschild-Serre spectral sequence, first from a geometric point of view in §1 and 
then from a purely algebraic point of view, following work of A. Liulevicius and 
C.T.C. Wall, in §2. 

The work in §1 is particularly well adapted to wreath products, and we determine 
the cohomology ring of G 2 Z/p in terms purely of H*(G; Fp). Then, in §2 we 
determine the rings H*(G; F2) where G is the dihedral group D2» or the generalized 
quaternion group Qn. 

Section 3 concentrates on chain level techniques. In particular we use these tech- 
niques to get some information on cup products and the ring structure in H,(G; Fp) 
induced from the map Bg x Bg— Bg defined in (II.1.8). 

Section 4 considers detection theorems for the cohomology of wreath products 
and we prove some theorems of D. Quillen which are very important in understanding 
the cohomology of symmetric groups and finite groups of Lie type. 

Then §5 proves most of the general structure theorems for the ring H*(G; Fp), 
Evens’ finite generation theorem, and many of Quillen’s results on the role of the 
p-elementary subgroups of G in determining H*(G; Fp). In particular we describe 
Quillen’s proof, [Q1], of the Atiyah-Evens—Swan conjecture on the Krull dimension 
of H*(G; Fp). 

The groups of Krull dimension at most one at all primes are the periodic groups 
and they are studied and their cohomology rings determined in §6. We also review 
the results of Suzuki-Zassenhaus which completely classify such groups there. 

Finally, in §7 we use the ideas and techniques developed in this chapter to sketch 
a modification of Steenrod’s construction of the Steenrod Squares and p-power 
operations. 

These results summarize most of the techniques available for calculations in 
group cohomology until the more recent work of Peter Webb which we discuss in 
Chap. V. 
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IV.1 The Lyndon—Hochschild-Serre Spectral Sequence: 
Geometric Approach 


Let H C G bea normal subgroup, and consider the induced surjection 
Bp ‘ Bg —_ Bou . 


Note that Ba! (*) consists of those points of the form {f),...,t-,21,-.-, 8r} with 
each g; € H and this is just By C Bg. Every continuous map f: X—>Y can be 
turned into a (Serre) fibration by replacing X by the space of paths in the mapping 
cylinder of f which start at X, pit fy (Projecting a path to its initial point gives 
the equivalence to X and projecting to its endpoint gives the map to Y ~ M(f).) 
The fiber over y € M(f) is the set of paths which end at y, iad E Consequently 
there is a natural inclusion of By into the homotopy fiber of the map Bp, the space of 


paths gaa # in the mapping cylinder of B p by sending (b, £) to (b, t) in the mapping 


G * 
cylinder for b € By. 


Lemma 1.1. The inclusion By C 5° sending 0 € Bg to y(t) = (t,@) in the 


mapping cylinder is a homotopy equivalence. 
Proof. First, from the homotopy exact sequence of the fibration 


B 
E G/H 


“+ —>Ti41(Bojy)—> mi (Ege, 


)—>7(Be)—7;(Be;n)— +: 


G/H 
G * 


the path space Epe! z has the homotopy type of a CW-complex. Next, from the 


we see that E; has the homotopy type of By, since, by a theorem of Milnor, 


TEE í x B, 
factorization of the inclusion By C Bg through E be z constructed above 


By > Bg 
A = 


BG/H 
Egg * 


we see that A induces an isomorphism in homotopy. Consequently, by Whitehead’s 
theorem, it is a homotopy equivalence. O 


— Bg 


Corollary 1.2. There is a spectral sequence converging to H*(G; A) for untwisted 
coefficients A with Ex” term H' (G/H; H} (H; A)). 


This is just the Serre spectral sequence for the fibering above. [CE], [Brown] and [Sp] 
provide good descriptions of spectral sequences for readers interested in more back- 
ground material. The spectral sequence above is called the Lyndon—Hochschild—Serre 
spectral sequence ({HS], [L]). Sometimes it can actually be analyzed using homotopy 
theory or geometric constructions. More often, in order to study the differentials we 
need an algebraic reformulation which will be given in the next section. 

Here, though, we will consider a special case where geometric methods prove the 
spectral sequence collapses and E2 = E% for a small, but very important class of 
groups. 
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Wreath Products 


Let Z/p act on G x Gx--+x G by cyclic shifting, i.e. 
a” 


p—times 


Kis Bree Bp) = (8p, Bink) 


where T is a selected generator for Z/p. Then, with respect to this twisting, define 
the wreath product G 2 Z/p as the semi-direct product G? xr Z/p. A classifying 
space for G 2 Z/p can be explicitly given as 


(Bo)? xzyp Ez/p 


where Z/p also acts on (Bg)? by shifting coordinates cyclically. In this case, since 
(Bc)? = Bear, the homotopy fibering above becomes an actual fibering 


(Bc)? —>(Be)? Xz/p Ezjp— Bz/p (1.3) 


where the normal subgroup H is (G)?. 
We now consider the Lyndon—Hochschild—Serre spectral sequence in this case, 
with A = F,. First we study the E2-term, so we study the action of Z/ p on 


H* (BG; Fp) @--- @ H*(Bg; Fp) = H"((Be)?; Fp) . 
ee 


p-—times 


Lemma 1.4. Let A be a graded F p-vector space, A = | |; Aj. Then as a F,(Z/p)- 
module the p-fold tensor product AP = A @ --: @ A where the action of Z/ p is by 
cyclic shifting, is a direct sum of free modules with trivial modules, the trivial ones 
generated by elements of the form (A; Q Ài @ --- @ Aj) as the À; run over a F p-basis 
for A. 


Proof. A F, basis for A @ --- @ A is given by the elements A;, ® --- @ Ai, as the 
Ài; run over a Z/p-basis for A. Moreover, the action of Z/p preserves (possibly up 
to sign) this basis. Suppose, then, that T'(A;, 8 --- @ Vip) = Ai, O Rip: Since 
p is prime, T' generates Z/p unless i = 0 mod (p), and we can assume T fixes 
this element as well. But this implies À; = Aj, = --- = A;,. Consequently, except 
in this case, the T‘ on a basis element give a total of p distinct basis elements, and 
consequently a copy of the free module F,(Z/p). o 


This lemma makes the calculation of the E2-term routine for G 2 Z/ p. However, 
it remains to study the differentials. In order to do this we enlarge the domain of 
discussion. The fibration (1.3) above is a special case of a fibering associated to an 
arbitrary space X, 


X?—» xP XZ/p Ezjp— Bzjp (1.5) 


where, as above, the action on X? is by cyclically shifting coordinates. In this context 
the lemma above gives directly 
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Corollary 1.6. Leti;, be a F p-basis for H*(X; F p), then, for the fibering (1.5) above, 
the Ez-term of the Serre spectral sequence has the form ES} = Hi(X?; F,)/”, while, 
fori > 0, ES’ equals 0 unless j = pr, and then E$” = H'(X; Fp) with explicit 
generators (Ài; @--- @ Ài;) U 8; where 6; is a generator for H'(Bzjp; Fp) = ee 


The next result is of basic importance in topology as well as in studying the 
cohomology of groups. 


Theorem 1.7. Let X be a CW-complex. Then the Serre spectral sequence for the 
fibering (1.5) above collapses, i. e. for that fibering E;’ = Ex for alli, j. 


Proof. We start by observing that any element in EA corresponding to an invariant 
for a free F,(Z/p) module is an infinite cycle. The map 


X? ~ XP x Ezjp—> X’ XZ/p Ez/p 
is a Z/ p-covering. Consequently we have the transfer map 
tr: A" (XxX? FaH" (XP XZ/p Ezyp; F,) 


and (res - tr )* =(1+7+---+T7?-!): H*(X?; F,)— H*(X?; Fp). But the image 
of Er is exactly the subset of H* (XP; Fp)” P associated to the free F ,(Z/ p)-modules. 
Thus, these classes must survive to Es. 

It remains to consider the classes 


A@++-@A, AEH"(X;F,). 
—— — 
P 
Since X is a CW-complex there is a map (A): X—> K(Z/p, n) so that (A)*(t,) =A 


where K(Z/p,n) is an Eilenberg—MacLane space and in € H"(K(Z/p,n); Fp) is 
the fundamental class. Consequently we have maps of fibrations 


xe D o KIA 
A)? xid 
xP XZ/p Ez;p gaii K(Z/p, n)P XZ/p Ez/p (1.8) 
id 
Bzp ney Bz/p 


and passing to Serre spectral sequences, at E2, the class (i,)? maps back to (A)? in 
E . Consequently, if (tn)? is an infinite cycle, then (4)? must be also. 

We now turn our attention to the right hand fibering in (1.8). Note that K(Z/p, n) 
is (n — 1)-connected, so, below dimension n p all the terms on the fiber (the vertical 
line jr ) come from invariants of F,(Z/p)-free modules, and we have Ebİ = 0 for 
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0 < j <npifi > 1. Consequently, if (1,,)? has any non-trivial differential it must be 
dnp+1» the transgression, taking E°"? to E”?+!.0, 

The terms on the line E%° are identified with the image of H*(Bz/p; Fp) in the 
cohomology of the total space of the fibration, and the fibration (1.8) has a section, 
y +> (%,x,...,%) XZ/p Y where Ÿ projects to y in Bz/p and (x, x,...,x) is some 
point on the p-fold diagonal in X?. Consequently, the cohomology of the base injects 
into that of the total space, and it is not possible that any term along the base line 
(E*-°) can be in the image of any differential. 

It follows that (z,,)? is, indeed, an infinite cycle, and the proof is complete. O 


Remark 1.9. The argument above using (1.8) shows more generally that the class 
A @ --- @A survives to Eo for H*(Z/p? Sn; Fp), n < œ. 
— 
n 
Thus we have a complete caiculation of H*(Z/p? Z/p; Ep) and more generally, 
H*(Z/prZ/pr---Z/p; Fp) 
ee” 
i times 

for any i. Later we will study these groups much more carefully, since, for example, 
Z/pr---?Z/p is the p-Sylow subgroup of the symmetric group Si. We now provide 
a 

a 
an explicit calculation using this result. 


Example. The dihedral group of order 8, denoted Dg, can be identified with Z2 2 Z2. 
First we note that 


(Fixi, 1)” = Fala, 02] 


where the Z2 acts by exchanging generators, and the o; are the usual symmetric 
classes. Observe that oy = x; +y; is a trace class and hence will multiply trivially with 
elements from the cohomology of the base, generated by a 1-dimensional polynomial 
class e. Therefore we obtain 


H*(Ds) = Fle, o1, 02] /eo, . 


The action of the Steenrod Algebra is determined by Sq! (02) = (0; + e)o2, a fact 
which will be verified in (2.7). 


Remark 1.10. This construction and 1.7 provide the basis for the construction of 
the Steenrod operations. We will give details in IV.7. Also, a different proof of 1.7, 
working at the chain level, is implicit in [SE]. In some ways that proof is more general 
than the one given here, but this one provides us with better control of cup products. 


Central Extensions 


Consider a central extension Z/ p> E-G and the associated fibration of classifying 
spaces 


Baj- w Br ho. (1.11) 
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Lemma 1.12. The fibration (1.11) is a principal fibration with classifying map 
By: Bg— B(Bz;p) = K(Z/p, 2). In particular, there is a unique cohomology class 
k € H? (G; Fp) which generates the kernel of 


B* : H? (Bc; F,)— H? (Bg; Fp) . 
Moreover, k can be identified with the class of the extension described in 1.6.8. 


Proof. Since Z/p is central in E the multiplication map Z/p x E— E is a ho- 
momorphism of groups. Consequently, it induces a map of classifying spaces 
Bz/p X Be— Beg which defines the fiber preserving action of Bz/p on Bg and gives 
B,, the structure of a principal fibration. Then the Steenrod classification theorem, 
II.1, constructs the classifying map. Since B(Bz;p) is a K(Z/p, 2) we have that the 
set of homotopy classes of maps f: X— K(Z/p, 2) is identified with H?(X; Fp) 
for X a CW complex, and the identification is explicit f <> f*(«) for the spe- 
cific element ı € H?(K(Z/p, 2); Fp) corresponding to the identity homomorphism, 
id: Z/p—Z/p. 

Finally, the identification of k with the element corresponding to the class of 1.6.8 
follows by an explicit chain level calculation. We omit the details of this step but in 
summary one proceeds as follows. First a choice of splitting E = G x Z/p is made 
so that Z/p acts from the right. This gives an explicit choice for the two dimensional 
cocycle representing the extension. Then one checks that the map on the two skeleton, 
Bg.2, of Bg to B(Bz,p) defined by |gi|g2| +> |I/(g2)~'1(g2)~'H(g1g2)|| € B(Bzyp) 
lifts to give a map of principal fibrations Bz/p—> {B7 1(BG.2)— Bg.2} to the fibration 
over the two skeleton of B(Bz,,). After this one extends the map by using the 
principal action and extending over lifts of the individual cells of Bg. O 


This next result is very useful theoretically, and provides a nice application of 
our result on the cohomology of wreath products and the Frobenius map discussed 
in (II.5). 


Lemma 1.13. Let Z/p— E—>G be a central extension, then there is a finite n so that 
E, = E% in the spectral sequence of the fibration (1.11) 


Proof. The Frobenius map associated to the inclusion Z/p — E gives a homomor- 
phism ø: E—Z/p? Sig), and, from (1.9), g*(b @ --- @ b) is non-zero and restricts 
— au 
IGI 
to blCl in H*(Z/p; Fp) since Z/p is central in E. Thus the class b!! in E37"! is an 
infinite cycle in the spectral sequence. Now write 


Ez =F ,[b''] @ (E;°@-.- @ E72"). 
An easy induction shows that E2] = Eœ. O 


There is actually quite a bit more that can be said about the structure of 
the differentials in (1.11) using the fact that (1.11) is an induced fibration. The 
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Lyndon-Hochschild—Serre spectral sequence for (1.11) has E2-term H*(G; Fp) @ 
H*(Z/p; Fp) and there is a map from the Serre spectral sequence of the fibration 


Bz;p—> E(Bz/p)— B(Bz/p) 


with E2-term H*(K(Z/p, 2); Fp) @ H*(Z/p:; Fp) to the spectral sequence of the 
extension due to the naturality of the Serre spectral sequence and the commutativity 
of the diagram of fibrations 


Bzjp —> Bzp 
j j 


E(k) 
Be —> E(Bzyp) 


G 


k 
BG —> B(Bz;p) 
In particular the map is the identity on H*(Z/ p; Fp) and is the map 
k* : H*(K(Z/ p, 2); Ep)— H* (G; Fp) . 


The map also commutes with differentials as well as cup products due to natural- 
ity, and consequently the differentials in the spectral sequence for K(Z/p, 2) imply 
differentials in the Lyndon—Hochschild—Serre spectral sequence of the central exten- 
sion. 

In the spectral sequence for K(Z/ p, 2) the differentials are completely determined 
by the Kudo and Serre transgression theorems. We describe these results now. First 
the classes on the fiber have differentials as follows: d2(e1) = = by then d3(b) = B(i2). 
After that the differentials are given by dpi 41 (bP j= pe pe... p! (t2). These 
give all the differentials when p = 2, but when p is odd tirs are also the dif- 
ferentials coming from the Kudo transgression theorem. They are given as fol- 
lows: d2p— pr 'B(t2) = P! Blu), and generally, dapoi 0? A Ddy pig ib”) = 


Pd pisip bP" ). 


The form of the first differential 
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pn f Be~ o 
—2 e 
bP |b|bP—? 
b? blé? 
b TN io 


[bl |blė? =] 
The form of the higher differentials and the Kudo differential 


A Lemma of Quillen—Venkov 


Consider an extension of the form G->E—>+Z/p. Let u € H?(E;F,) be 2*(b) 
where b € H?(Z/p; Fp) is the Bockstein of the fundamental class. Then we have the 
following useful result of [QV]. 


Lemma 1.14. If w is contained in the kernel of the restriction map 
res *: H*(E; F )—H* (G; F,) 
then w? is contained in the ideal (u) C H* (E; Fp). 


Proof. The Lyndon-Hochschild-Serre spectral sequence of the extension has E2- 
term H*(Z/p;, H*(G; F,)), and viewing the spectral sequence as in the illustrations 
above we can prove by induction that Ub: Ebi ppt is surjective for i > 0 and 
injective for i > r — 1. (The failure of injectivity in the range i < r — 1 comes 
since the Æ,” terms are identically 0 for i < 0.) In particular, writing Ei#-i = 
F'(H"(E; F,))/F'*!(H"(E; Fp)), and using the finiteness of the filtration we see 
that F?(H"(E; F,)) can be identified with the ideal (u). On the other hand, since w is 
in the kernel of res *, it lies in F'(H*(E; F,)), so w? is contained in F*(H*(E; Fp)) 
and (1.14) follows. oO 


IV.2 Change of Rings 
and the Lyndon—Hochschild—Serre Spectral Sequence 


Let H-G—G/H and let 
++ —>C,— +--+ > C| — OZ 


be a resolution of Z over Z(H). Then we have 


IV.2 Change of Rings and the Lyndon—Hochschild—Serre Spectral Sequence 123 


Lemma 2.1. 


1. Z(G) xu) Z = Z(G/H) as a left Z(G)-module 
2. --- Z(G) Ouau) Cn> +++ ~Z(G) @xH) Co>Z(G/H) is a Z(G) resolution of 
Z(G/H). 


Proof. Let HU g2H U g3H U---UgmH U--- be a coset decomposition of G. Then 
Z(G) Qx) Z as a (free) Z-module has a basis (1), (g2), (83), +*+, (gm), and the 
action of G on these basis elements is given by g(g;) = grh (gi) = (grhgi) = (8rgi) 
when we write g = g,h in the decomposition above. This gives the first claim. Now 
the second is clear. O 


Corollary 2.2. Let A bea Z(G)-module regarded as a Z(H )-module via the inclusion 
Z(H) C Z(G), then there is an isomorphism 


Extg)(Z(G/H), A) = Extn) (Z, A) - 

Proof. Homyg)(Z(G), A) = Homy74) (Z(H), A) = A. Thus the map 
Z(G)@xH): C— Z(G) Szu) C 
on passing to cochain complexes yields an isomorphism 
Homzın) (C, A)—Homzc) (Z(G) un) C, A) 

and the result follows. O 
Example 2.3. Let Dz, be the dihedral group 

Dn =e, Tl oP H1, eT =}. 
Let H = (t) = Z/n. There is then an isomorphism 

Extip,,)(Z(T), A) = Extyygn)(Z, A) = Hj (Z/n; A) . 


The equation above is a typical example of the change of rings principle, i.e. the 
specification of Ext terms for a module over A as Ext terms for a simpler module 
over B where B C A is a subring. This change of rings principle allows us to give 
an algebraic construction of the Lyndon—Hochschild—Serre spectral sequence. The 
idea is to first resolve Z over Z(G/H), then resolve each term of the resolution over 
Z(G), lift the boundary map in the resolution of Z and then make a guess that the 
boundary in the resulting doubly graded complex is of the form 3 + (—1)‘d, where 
dı is the lifted boundary and ð is the boundary in the resolutions of the terms in the 
original resolution of Z, and then start adding correction terms to make the resulting 
guess into an actual differential. Thus, to begin we obtain a diagram 
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Co, Cy C2; 
Coo Cio C2 


€ do d d 
Z<— By Arn — a S 


where the vertical sequences consist of Z(G) free resolutions of the B;’s. Next, as 
indicated, we lift the d;’s to obtain chain maps between the vertical columns, so the 
diagram above now takes the form 


ich ee Se e 


If G = H x G/H is a Cartesian product the diagram above could be achieved by 
tensoring a resolution of Z over H with one of Z over G/H so we would have 
explicitly Cj; = Rj Q Bi where Rj is the j" term in a resolution of Z over H, and 


d = ðu @1+(-1)/1@ dg 


would be the total differential. This motivates attempting to use the same formula 
with the diagram above. The difficulty is that, in general 

d = (8+ (-1)/d1j) 
a + (—1)/ dy; + (—1)4" dy 5-18 + (—D dt j-idij 
(—1)d,,j-141; 


ll 
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is not necessarily zero. However, edi j-;d;,; = dj-idjé = 0, so the chain 
map d\,;-\d; is homotopic to zero, and we can construct a family of maps 
dj: C jp Cj-2,141 so that ôdzj = dzjð = di j-idij. We add these in, making a new 
(prospective) differential d = 0 + (—1)4d, j + d2;. Next we square this operator 
to find the deviation from being a differential, correct that deviation and iterate the 
procedure. We obtain a result due to A. Liulevicius, [Li], and C.T.C. Wall, [Wal], 


Theorem 2.4. In the situation above there exist a series of Z(G)-linear maps 
dys: Csj—>Cs-r j+r-1, 80 that if we set Dm = [po ” Crm- d = ð + (—1)'dis + 
yo dm, then d? = 0 and the resulting complex is a resolution of Z over Z(G). 
Specifically, each d,, can be chosen so that 


(1) do = ô is the vertical differential, 
(2) djé; = €;-1d\j, 
(3) ee di xdk—i.x = 0 for each k; 


conversely, any map with properties (1), (2), (3) is a differential which makes the 
complex above acyclic. 


Proof. We show first that any d with properties (1), (2), and (3) above makes the 
total complex acyclic. Filter Gj by FPC = 5°; - p Cij- The differential d preserves 
filtration, and the associated spectral sequence converges to H,(C). The differential in 
E? is precisely dọ = 3. Hence E! = 8, the resolution of Z by Z(G/H) free modules 
with which we started. Moreover, (2) implies that d! is exactly the differential d,, the 
differential in 8. Since B is a resolution of Z it is acyclic, and E? = E” = EŞ = Z, 
hence C is acyclic. 

To complete the proof we must construct the maps d,, for r > 3. To begin we set 
d,s = 0 if s < r. Now, suppose that d,s has been defined on all Cj with i + j < v. 
Let f = — J; did,_;. We claim there is a map d, so that dod, = f. To prove this, 
it suffices to show that dp f = 0 and €, f = 0, but this is direct 


r i 


r 
= X dodid,—i = > djd;_jd,-i 
i=l 1 


i=l j= 


r r-j 
> 4) > aij = 0. 
j=1 i=j 


which completes the proof. O 


dof 


We now illustrate the explicit resolution techniques above, by constructing reso- 
lutions for the dihedral groups D2, and the quaternion group @g. 


The Dihedral Group D2, 


We will apply the Lyndon—Hochschild—Serre spectral sequence to the situation ob- 
tained by using the index two subgroup Z/n < D2, with quotient Z/2. The associated 
resolution of Z over Z(Z/2) has differentials which are alternately T — 1 and T + 1. 
Consequently, to begin we need to lift these maps to chain maps of resolutions of Z 
over Z(Z/n). 
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Proposition 2.5. Let Dz, = {T, t | T? = t" = 1, TtT = t™!}. Let D = 1471+ 
T? +4+--++4+7"-!, and C = Z(D2), then the following is a commutative diagram of 
chain maps 


Gani C44 @ES eS a 
|m | -erin | -ren | i j 
eLlelele«et ¢€ & 


Proof. Note that t7t = tr~'T = T so 


1. —(tT + 1)(t -— 1) = —T -—1t4+774+1,(t-1I(T-1) =1t7 -—T-rt+1. 
2. —Z,(tT +1) = -Z,(T +1) = -(T4+ 1). 
3. (tT —1)(t -—1) =T-—t-—17T +1 

—(t-—1)(T +1) =-1tT —1t+T+1 
4. (T-1)2,=2,(T -—1)=2,(t1T—-1). a 


Remark 2.6. The first non-trivial dihedral group Dg = Z/2 2 Z/2. Hence, 1.6 gives 
the structure of H*(Dgs; F2). In particular, the Lyndon—Hochschild-Serre spectral 
sequence collapses in this case. But for the general case we still need to make an 
explicit calculation. We turn to this now. 

From the proposition we obtain the following diagram for D2, which we have 
turned on its side for convenience. 


AN tare aie OAS 


Bb 2-e2 +e Æ ¢  ¢ = 


| T-1 T-I | —(tT+1) | —(T+1) | Tl 


p See Hele 


| T+! | T+1 | —(tT-1) | —(T-1) | tT+1 


Rdele Bele 


| T=1 | T-1 | —(1T+1) | —(T+1) | tT-1 


ép r-l = tl = 
Bo 4 CG 2 — € — Ce 


Note that (tT — 1)(tT + 1) = (tT)? — 1 = 0 = (tT + 1)(tT — 1) sod = 0 
and the construction of the higher differentials stops. It follows that alternating the 
signs on the columns above defines the total differential for the complex above as 
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8, + (—1)/d). For example, if n is even and we take our coefficients as Fz all the 
differentials are zero and H'(D4m,;F2) = (Z/2)'*'. It follows, in particular, that 
this resolution is minimal in the sense that, in each dimension, the number of free 
summands cannot be reduced. 


We now apply the above result using induction and the central extensions 
Z/2> Don > Dyn-1 to determine the rings H*(D 2»; F2) for all n > 3. Here, to 
be explicit we use the presentations for Dzn given as 


Dy = {x,y |2 =y? = (xy) = 1}. 


Dan /{ Dn, Don] = Z/2 x Z/2 and H! (Dy; F2) = Hom(Dn /[D22, Dyn), F2) = 
(Z/2)*. We can choose explicit generators here as dual to x, and f dual to y. In 
what follows there will be no possibility of confusion so we will drop the bars and 
write these generators as x and y, respectively. 

The k-invariant for Dg is xy. To see this note that it is natural with respect to 
restriction. So we have the diagram 


Z/2 > Z/2 


a <a 


(Z/2)? > Ds 


(x) <> (x,y) 


with a similar diagram over the inclusion of (y). Thus the restrictions of k to 
H?((x); F2) and to H*((y), F2) are both zero. Consequently, since the k-invariant 
is non-trivial it can only be xy. 

It follows that xy = 0 in H*(Dg; F2). More generally we have 


Theorem 2.7. For the dihedral group. Dy we have 
H* (Don; F2) = F2[x, y, w]/(xy = 0) 


where x and y are one dimensional and w is two dimensional. Moreover, x and y 
are in the image from H*( Dg; F2) under the projection Dyn —> Dg, and w is uniquely 
specified by the condition that res *(w) = 0 in H?((x); F2) and H*((y); F2). Finally, 
Sq'(w) = (x + y)w. 


Proof. We use induction and the central extension Dn —> Dyn-1. The key step is to 
determine the k-invariant. 

There are two subgroups (Z/2)? contained in Dyn: G;(n) = (x, (xy)? }, and 
Gi(n) = (y, ay). It is clear that x~! (G;(n — 1)) = Dg(i) in Dyn for i = I 
or I1. Thus the restriction of the k invariant to H? (G;(n — 1); F2) is a k-invariant for 


gn-2 
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Dg, but on restricting all the way to (x) or (y), the k-invariant must go to zero since, 
if not then the resulting extension over (x) would be Z/4, and similarly for (y). This 
shows that k cannot be x”, y? or x? + y?. Hence w must be a term in the k-invariant 
and, since w restricts to 0 in both H?((x); F2) and H?((y); F2) it follows that w is 
the k-invariant. 

We now apply the spectral sequence of the central extension 


Z/2—> Don —> Doni . 


We have d2(e) = w, so d2(e7/*!6) = ei w0, and E3 = F2[x, y]/(xy = 0) @ Fz[e?]. 
But for this £3-term there are exactly n + 1 elements in each dimension n, so, from 
the chain level determination of H,(D2,; F2) in (2.6), we see that E3 = Eœ. This 
shows that H*(D2.; F2) = Fo[x, y]/(xy = 0) @F2[w] as desired. Of course, w is not 
uniquely determined yet, but it is when we make use of the additional requirement 
that the restrictions of w to the groups H?((x); F2) and H?((y); F2) are both zero. 
(This argument also shows that the k-invariant for the group Dg must be xy.) 

It remains to show that Sq'(w) = (x + y)w. This is again checked by using the 
restrictions to the two subgroups G;(n). For example, restricting to G;(n) we see that 
w > xa +a? or xa where a is dual to (xy)”" -. In either case Sq! (w) > x2a + xa? 
which is not zero. However, H? (Dan; F2) = (x°, y>, xw, yw) so Sq! (w) = Ax? + 
tx res *(w) and the only way this is possible is if res *(w) = xa + a? and the 
image of Sq! (w) is the image of xw. A similar argument holds for the restriction to 
H? (G n(n); F2) and Sq! (w) = (x + y)w as asserted. O 


The Quaternion Group @g 


Now we consider the quaternion group Qx. As in the case of the dihedral groups we 
first need to lift the boundary maps in the B sequence to chain maps. We have 


Proposition 2.8. Let Qg be the quaternion group {t,T | t? = T? = (tT)?}, let 
C = Z(Qs), then the following diagram commutes 


t-l Er 
— — — 


I [mn [vs 


C € (i 

| [e -e 

ec se C = C — 
le [ws [ow 

E e m c 
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Proof. Note that T(z — 1) = (t~! — 1)T = T(t? — 1) = T(t? + t + 1)(t — 1). Thus 
(t — 1)(T — 1) = (T(t? + t + 1) — 1)(t — 1). But, since D,(t — 1) = 0 we are free 
to modify the map by subtracting T2,, and we obtain 


-rT = 1) =-0rF +e- ty. 


Next, note that X,t = E., XT = TZ,. Consequently, —D,(Tr? + 1) = 
—(T + 1) £. The arguments for the next column are similar. O 


Now, the situation changes, since d? = T? — 1 = q? — 1 at all points. Thus, dz is 
non-trivial. In fact, taking account of the fact that d; is given by the vertical arrows in 
the propsition above, except we change the signs on every odd column, we calculate 
directly that 


j —(t+1) Cizj>Ci=22j+1:0 = 2 
2= : 
0 otherwise. 


Next we need to check d3. Note that didz + dd) = —TXg when we are on an even 
row. Consequently, d3: C;,0—>Cj-3,2 is multiplication by T if i > 3. To obtain d3 
on the next row, we must also take account of the term d3dp, so d3: Ci 1 >C;_3.3 is 
multiplication by — Tr? for i > 3. For the next row we see that d3 becomes zero. 
Then the process above repeats. This analysis shows more or less formally that we 
have 


Theorem 2.9. Jn the Lyndon—Hochschild—Serre spectral sequence for Qg where H = 
(t), and with F2-coefficients, we have E3’ = Ej’ = F fori > 0, j > 0. However, 
d; + 0. Indeed, d3: BRI, pied is an isomorphism for j = 0, 1. Consequently, 


o0 


Fp i=0, 1, 2, j=4s,4s+1 
0 otherwise. 


In particular H* (Qg; F2) is periodic with period 4, and 


H°(Qg; F2) = H3(Qg; F2) 
H’ (Qg; F2) = H?(Qsg; F2) 


Fo, 
(F2). 


(That the differentials are as stated is clear. Then, note that the E4-term only has 
classes in the bidegrees stated, and, since the higher differentials go from (i, j) to at 
least (i + 4, j — 3) there can be no further differentials.) 

We now determine the rings H*(@2n; F2) for all n > 3. We will use the central 
extension Z/2> Qoan Di , and we start with @g (see also V.1.9). 


Lemma 2.10. Jn the central extension 
Z/2—>Qg—> (Z/2)” 


the k-invariant in H?((Z/2)?;F2) is x? + y? + xy. In particular H* (Qg; F2) = 
Fofe4](1, x, ys n y’, xy = xy’), and x? = y = 0. 
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Proof. The three classes x”, y? and x? + y? all give copies of (Z/4) x Z/2 as the 
resulting extensions while the three classes xy, x? + xy, and xy + y? all give Ds. 
The only remaining non-trivial class is x? + y? + xy, which must, therefore be the 
k-invariant for @g. 

Now we consider the spectral sequence associated to the central extension with 
E>-term H*((Z/2)?; F2) ® H*(Z/2; F2) = Fa[x, y, e]. We know that d2(e) = x? + 
xy + y? determines the d2-differential and E3 = F2[x, y]/(x? + y? + xy) Q Fofe?]. 
Then the next differential d(e?) = Sq! (x? +y?+xy) = x*y+xy’, and by comparing 
with (2.9), there are no further differentials. O 


The generalization to Q2n is similar, but the ring structure changes. 
Lemma 2.11. Jn the central extension 
Z/2—+ Qn => Dyn, n >4 


the k-invariant is x? + y? + w € H?(Dyn-1; F2). Consequently, H* (Q; F2) = 
F2[x, y, e4]/(xy = 0, x? = y?) forn > 4. 


Proof. Let j: Z/2"-? <+ Dyn-i be the inclusion T ++ xy. Then we have the 
commutative diagram of extensions 


Z/2 => Z/2 
4 ib 
Z/2"-! > Qyn 
4 4 


Z/2"-2 Á Dy- 


so that j*(k) Æ 0 in H?(Z/2"~*; F2), but since n > 4 both x? and y? map to zero, 
so the coefficient of w in the k-invariant must be 1. A similar diagram holds for 
(x) C Do-1 and (y) which both give Z/4 as the extension. Consequently the k 
invariant restricts non-trivially here as well, but since w restricts to zero in both, it 
follows that the k-invariant is as asserted. 

We now apply the spectral sequence of the central extension. The details are 
virtually identical to those above so are omitted. O 


Remark 2.12. The Qn all have periodic cohomology with period four. Indeed, peri- 
odic (and minimal) resolutions are given explicitly in [CE], page 253. Such groups 
have been extensively studied both by group theorists and by topologists. We will 
discuss them more completely in IV.6. 


Remark 2.13. The groups @g and Dg are examples of extraspecial 2-groups. These 
groups are built up as central products of copies of Qg, Dg, and possibly a copy of 
Z/4. More precisely, suppose that G and H are finite 2-groups having the property 
that there is a unique copy of Z/2 in the center of each, then G * H is the quotient 
G x H/A(Z/2). We have the evident associative and commutative properties of *, 
(G x» H)* K =Gx*(H*x*K),G*H = H *G. Then the extraspecial 2-groups 
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are inductively defined, starting with G = {1} as the x sums G * H where G is 
extraspecial and H is either Dg, Qg or Z/4 as long as the resulting G * H has 
a unique Z/2 in its center. One can verify the relation Dg * Dg = Qg * @g and also 
Z/4*Z/4 = Z/4 x Z/2 which is not extraspecial. Hence it is easy to write down all 
of these groups. 


Each extraspecial 2-group is given as a central extension of the form Z/2 < 
G—>(Z/2)" and the K-invariant in H?((Z/2)"; F2) is a symmetric non-singular 
form. In [Q4] Quillen shows that the associated Lyndon—Hochschild—Serre spectral 
sequence with F coefficients for any extraspecial 2-group has the property that 
E! = EJ’ @ E” for each i and E?* = Fz[e” ] for an appropriate j. 

This is a property which actually seems to happen quite infrequently for central 
extensions of 2-groups. Normally, in the higher terms of the spectral sequence one 
expects indecomposables to appear “in the middle”, i.e. in E’* with neither r nor s 
equal to 0. 


IV.3 Chain Approximations in Acyclic Complexes 


In general one prefers to not work on the chain level, but sometimes it is unavoidable. 
For this reason we now discuss a basic technique for constructing chain maps. 

The situation is this: we are given a free complex over R(G) where R = Z or 
a field Q, F}, etc.. 


0<— RCo <— C 4—4... 


which is acyclic. This means there is an R-linear map ¢: R—Co, which is, first, 
a chain map, and second, a chain homotopy equivalence (over R). (This is just 
a fancy way of saying that H,(C,) = Ho(C,) = R.) In particular, the composite 
map € - ġ: R—R is the identity. Note that € is R(G)-linear, where R is given the 
trivial R(G) action. However, ¢ cannot be, in general, R(G)-linear. 

As a consequence of the chain equivalence ¢, there is an R-linear contracting 
homotopy s: C;—> C41, i > 0 so that 


ds+sd = l- ġe. 


Examples 3.1. 


1. Let G = Z with generator T, then a resolution of Z over Z(G) is given as 
Z4}Z(Z)leo0]4™Z(Z)[e:] , 


(T pT ie i>0 


= 0, but sTieg = i i 
s(eo) Si eo aY ae Ti+! +--+ T= Yei i<0. 
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2. Let G = Z/2, then in the standard resolution of Z over Z(Z/2), 


Z+<—Z(Z/2)|e0]<—Z(Z/2)[e,] +-Z(Z/2)[e2]— --- 


we set s(e;) = 0, s(Te;) = e+. 
3. Let G = Z/p where p is an odd prime, then a resolution of Z over Z(G) is given 
by 


= X 
Z<—Z(Z/p)leo]<—Z(Z/ ple] ZZ ple]: . 
A contracting homotopy for the resolution above is given by the formulae 


0 J#p-1 


sTieri41 = ‘ 


sT ex = 9 g= 
BONG 4 TI a 7 #0, 


for all i > 0. 
In practice, we often have to work with a chain complex 
D = Cy OR &, , 


where C, is free over R(G) while & is free over R(H). Since the tensor product of 
two acyclic complexes, free over R, is free over R and acyclic, the above complex 
becomes a free resolution of R over R(G) QR R(H) = R(G x H). Then, given 
sG, a contracting homotopy for C,, and sy, a contracting homotopy for €, we have 


Lemma 3.2. In the situation above, a contracting homotopy for the complex C,Q g E, 
is given by the formula sè = sg @1+ ġe @ su. 


Proof. This is a direct calculation. We have 
9% s® + s®a® = (08 1 + (—1)8" @ A)(sg @1 + de @ sn) 
+ (sg @ 1 + ġe @ su)(3 Q 1 + (—1)*%" @ 3) 


(dsg + Sgd) Q 1 + de Q (OSy + syd) 
+ (—1)°8" @ Asg Q 1) + sg Q 1((— 1)" @ 9), 


but these last two terms cancel out, and expanding out the first two we obtain 


(1 — de) @1+ Ge @ (1 — fe) =1@1—Ge @de, 


which is the result. O 
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Example 3.3. Let V, be a free resolution of Z over the ring R(G). Then, given p, 
and the usual resolution W, of Z over Z(Z/ p), we can construct a free action of the 
wreath product G 2 Z/p on the chain complex 


VO- OV OW, 
S 
p times 


by setting 
Tuy @---@vp 80) = 
(—1)dimep) EP dimt) (y, @ vi 8 --- @ vp-1 @ TO), 


while (81, +*+ , 8p) acts as (g1 vı ®- -- 8pVp 80). Then, given an R-linear contracting 
homotopy sg for V,, and the contracting homotopy in (3) of the examples above, the 
formula above gives a contracting homotopy, s®, for chain complex above, and it can 
be used to study the wreath product. 


Now suppose that 
Mo<—M|<—M2<— ::: (3.4) 


is a second R(G) free complex, but we do not assume it is acyclic. Next, suppose 
that A: (Ho(M,) = Mo/ima(M, )) — R is a given R(G)- -linear map. Then we can 
construct an explicit chain map i: M,—@, so that € - Ao: Ho(M,) —R is the 


original map A, as follows. First, on Mo, choose a R(G)-basis, ¢1,...,€j,..., and 
define Îolei) = = ġ - d(e;). Then extend to s by R(G)- freeness. Next, iteretiväiy; 
define i; on M; by choosing a basis e1, .. , defining Ai (e;) = sig 1(0(e;)), 


and, as before, extend to M; by R(G y Since 


Il 


dAj(e-) = dsdj_1(8(e,)) 
(1 — sd)A(A(e,)) 


i(8(e,)) 


it follows that this operation constructs a chain map extending ho. 

Actually, there is no reason to assume that M, is free over R(G). It is sufficient 
to assume that it is free over a ring 8, and there is a (unitary) ring homomor- 
phism tr: B—>R(G). Then we can use the same formula above to construct a map 
hess M,—C, which satisfies the condition 


Îi(b - m) = t(b) + Ai(m), (3.5) 
provided, only that we start with a map A: Ho(M,)—> R which satisfies (3.5) above. 
Example 3.6. Chain approximation to the diagonal. A map 


A: Z(G)—Z(G) Q Z(G) = Z(G x G) 
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is given by A(g) = g x g for each g € G. Consequently, the identity map ZZ 
extends to a map of resolutions C(Z(G)).3 (Z(G x G)), which we can construct 
explicitly from the formula above. For example, suppose G = Z/2. Then a resolution 
of Z over Z(Z/2) is given as above, and a resolution of Z over Z(Z/2 x Z/2) can be 
given as C(Z(Z/2)), @z C(Z(Z/2))! Since 

C(Z(Z/2))o @z C(Z(Z/2))o = Z(Z/2)[eo] @z Z(Z/2)[eo] 


= Z(Z/2 x Z/2)leo @ eo], 


(more generally the resolution above in degree i is free over Z(Z/2 x Z/2) on 
generators e, ® e;_,), we can assume that that map in degree 0 takes eg to eo ® ep. 
Using the map extension process we now obtain 

Ke) = sh(a(e1)) 
s(T x T — 1)(e9 ® eo) 
ei Q Teo + e0 Q€. 


Next, 


île) 


sh(A(e2)) 
s(T x T + 1)(e; Q Teo + eo Q e1) 
= e2: Q eo +e: Q Te; + e0 Qe. 


Proceeding in this way, it is direct to see that the explicit chain map is given by 


i 
Ke) = ey ® The; 3 
j=0 


Example 3.7 Multiplication for a commutative group. The multiplication map 
u: Z/2 x Z/2—Z/2, (a,b) |> ab, is a homomorphism. It therefore induces 
a homomorphism 


Z(Z/2 x Z/2)—>Z(Z/2) 


and consequently a chain map : 


u: C,(Z(Z/2)) @z C.(Z(Z/2))—> C, (Z(Z/2)) . 
An explicit u can be given as follows: 


Theorem 3.8. The chain map u constructed using the contracting homotopy above 
is associative, graded commutative (u(a Q b) = (—1)%™@ 4™® (b @ a)), and 


i+ J 
(e7; Q e2;) = ( s ezsa 
ulei Q ezi) = ezi+1 
ulei @ ezi) = 0. 
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Proof. The construction of the chain map starts as follows 


uleo @ eo) = e 
u(ei ® eo) = s(T — 1)eo 
= êj 
uleo8e) = S(T — leo = 1, 
ulei e1) = s{u((T — leo 8 ei — e1 Q (T — 1)eo)} 
= s(0) = 0. 
Now, assume the formula of the theorem is true for e; Q ej with i + j < n. Then in 
dimension n + 1 we have 


1. Ifan + 1 is even, then 


erw Q eu +> SU(Teqw_—1 Q en + ery Q Ten- 
£ kie ') i iah n) Ten 
w-— 1 w 
i 
= En+1- 
w 


+1 w+l 
C2w+1 @ €2141 b> s|” )-( )| Te, = 0. 
w w 


2. When n + 1 is odd, then 


while 


ew Q C241 +> sp(Terw-1 ® €2141 + erw ® Tez) 


wt+l 
= o( )Teawen 
w 
= wt+l 2 
= w 2(w+l)+1- 


Moreover, the assumed commutativity of the formula in degree n implies the 
same indegreen+1. O 


Remark 3.9. Passing to homology, the map above gives a map 


H,(Z/p; Fp) Q He(Z/p; Fp)—> H.(Z/p: Fp) . 


This is called the Pontrjagin product. For the case when p = 2 the result above 
shows that H,(Z/2; F2) = E(e, e2,e4,..., ezi, ...), iS an exterior algebra. More 
generally, the same arguments can be extended to the case of p odd to show that 
H,(Z/p; Fp) = E(e:) Q Tply2], where T [y2] is the divided power algebra on the 
two dimensional generator y2. (The divided power algebra has generators yz; in each 
even dimension 2i and multiplication given by the rule yz; - y2j = (f) yai+p-) 
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Perhaps the most important example for applications is the following. 
Example 3.10. Let G = Z x Z/p, H = Z: Z/p, and let h: G—H be the homomor- 
phism 

AP x id: (g, à) + ((g, 8,- , g),A)- 
< 
p times 
Then we can construct an explicit chain approximation 
u(h): C(Z(Z)) 8z C(Z(Z/ p))—+C(Z(Z))” & C(Z(Z/p)) 

by these techniques using s® in the complex for the wreath product. 

To begin we may assume @C(Z(Z)) is the resolution discussed above 


Z+—Z(Z)leo]+—Z(Z)le\] , 


w(h)(e, e0) = (LV @ e1 @T?~J-') eo, w(h)(1 ej) = 1? ej. The particular 
class which is of most interest in the sequel is the image jz(h)(e, @ ep-1). When 
p = 2 we obtain, explicitly 

u(h)(ei @e1) = s?((T x T — 1 x 1)eo 8 e0 Qe: 
—(t—1)\(e @T +18e)® eo) 
(ei Q Teo + e0 Q e1) Q e1 — SÊT Qei Q teo 
(e1 Q Teo + eo Q e1) Be; — e1 Q e1 @ Teo. 


The most important class here turns out to be the last term, — (e; @ e1) @ teo. More 
generally, for odd p, we have 


Theorem 3.11. Jn the chain approximation constructed above for Z x Z/p with p 
odd, we have that, after reducing mod the action of Z} Z/ p, 


MA)(e) @ ep-1) = (>): (ei @--- Qe) e0 + Yip Qei. 
p times i>0 
Proof. The proof is a close study of the way in which the iterate operator s8 (t — 1) 
s® E, acts. It turns out that the only term at any stage, which can reach the last class 
under these operations has the form of a tensor product of e;’s and T’s in the first 
p positions — no ones — tensored with T'eo in the rightmost position. Moreover, the 
effect of looking at s®(r)s® E, shows that it produces classes with two adjacent e,’s 
in the first two positions. After iterating this operator (p — 1)/2 times we achieve 
terms of the form 


Ml, De @T @e? 7" o reo. 


For each j, the sum J, A(/, j) is (e — 1)! corresponding to the order in which 
the pairs of adjacent e; ® e;’s appear, except for the leftmost, which we know just 
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appeared. Then applying the final s® X, we obtain a sum 
POM Der 8- Oe Oreo. 
Lj p times 
(The signs are all positive since we are always permuting an even number of e)’s.) 


But now, summing the A(/, j) over both /, j, gives (4): as asserted. O 


We will see later that this formula is the essential step in defining and proving 
the basic properties for the Steenrod p” power operations. It is also the basic step 
in proving a key lemma which is crucial in our study of the cohomology of the 
symmetric groups and many of the groups of Lie type. We turn to some of this in the 
next section. 


IV.4 Groups with Cohomology Detected by Abelian Subgroups 
We begin with a topological application of the last result in the previous section. The 
following result is due to N. Steenrod, and is found in [SE]. 
Theorem 4.1. Let X be a CW-complex, and consider the map 

AP x id: X x Bzyp—>X? Xz/p Ezp - 


Then, for alla € H*(X; Fp), we have 


= dim(a) aise 
(A? x id)*(yp(a)) = + (>) a x p(T ) ime $ aj 86; 


j>0 
where b is a generator for H? (Z/ p; Fp), and dim(a;) = dim(a) + j. 


Proof. For X = S! this is a restatement of the last result in the previous section. 
Suppose the result is true for a generator, e", of H"(S"; Fp) = Fp. We wish to show 
it for a generator of H"*!(S"*!; F,,). To do this consider S! x S” and the projection 
S! x S”— S”+! which induces an isomorphism of cohomology groups in dimension 
n + 1. Consequently, if the result is true for S! x S” it is true for S"*!. But the 
following diagram commutes 


S! x S" x Bzp ES (S$! x Bayy) x (S" x Bzyp) 


AP xid (AP xid)? 
(S! x S")? xzjp Exjp —> (SP xzyp Exyp x (S")” Xzyp Exjp- 
From the naturality of the construction of yp (œ) we can assume P* (ype! )@yp(e")) = 


ype! @ e”), and from this, the inductive assumption and the commutativity of the 
diagram above, the result holds for S”. 
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Next, consider the map e” : S"— K(Z/ p, n) where (e")* (tn) = e”. The following 
diagram commutes 


S" x Bzp ČŠ K(Z/p.n) x Bzp 


AP xid AP xid 


, (e")? xid 
(S")? xz/p Ezp —>" K(Z/p,n)? xzyp Ex/p 
and (e")*: H"(K(Z/p, n); Ep)—> H"(S"; Fp) is an isomorphism. Consequently, the 
truth of the result for e” implies it for ¿„. But since tẹ is universal, the theorem follows. 
Oo 


This result has very strong consequences for the cohomology of finite groups. 


Definition 4.2. Let G be a finite group. We say that H*(G; F ,) is detected by abelian 
subgroups if there is a family of abelian subgroups H; C G so that 


LI (res $,) : H*(G: Fp) — | | ris Fp) 


i 
is an injection. 


Note that if G;, G2 both have mod p cohomology detected by abelian subgroups 
then the subgroups H; (G1) x H;(G2) detect H*(G, x G2; Fp), so the family of 
such groups is closed under products. Moreover, if G is such that a subgroup H 
contains a Sylow p-subgroup of G and H has mod p cohomology detected by abelian 
subgroups, then the same is true for G, since ( res A : H*(G; Ep) > H*(H;F,) 
must be an injection. 

The following result, due to D. Quillen, [Q6], but anticipated in large measure by 
M. Nakaoka, [Na], will show that the set of such groups is really rather large. 


Theorem 4.3. Let H* (G; F ,) be detected by abelian subgroups, then the same prop- 
erty holds for H*(G : Z/ p; Ep). 


Proof. Let{H;} detect H* (G; Fp). Then, our previous calculation of H*(G2Z/p; Ep) 
shows that the collection of subgroups {Hj ? Z/ p} detect H*(G 2 Z/ p; Fp). Thus, we 
are reduced to proving the result for an abelian group G. The theorem will, thus, 
follow directly from the following result. 


Lemma 4.4. Let G be abelian, then GP and G x Z/p embedded as a subgroup of 
G : Z/p via the inclusion A? x id, detect H*(G 2? Z/ p; Ep). 


Proof of 4.4. We have already seen that 


H*(G2Z/p; Fp) = H*(G?; F,)*/? + {(t) U8} 
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where 6; comes from H'(Z/p; Z/p), and y(t) restricts to t @ --- ® tin H*(G?; Fp). 
— 
times 
Consequently, it is only necessary to check the result on the elements y(t) U 6;. In 
the group A? x id(G x Z/p) this element has image (A? x id)*(y(1)) U (1 @ &). 
Thus, the lemma follows from Steenrod’s theorem above since it implies that under 
the assumptions above 


(AP x id)" T) = ty @ BOT + Y Dj) Aj 
j>0 


where dim(D;(y)) = dim(y) + j for p an odd prime, and it is equal to y @ (e,)#™™ + 
Leo Di) 8 ges forp=2. O 


This finishes the proof of the theorem. O 


In Chap. VI one of the crucial facts which makes the determination of the coho- 
mology of the symmetric groups possible will be proved: that Syl (Sn) is a product of 
wreath products of the form Z/p2Z/pr---?Z/p with p/ < n. Thus the cohomology 

j times 
of Sn is detected by its elementary abelian p-subgroups for every n. 

But even more is true. Let G = GL, (F,) for some finite field F}. We will see in 
Chap. VII that for p odd the Sylow p-subgroup of G is a product of wreath products 
having the form Z/p! : Z/pr---%Z/p for appropriate L, j, depending on q and n as 

—_——— 
times 
long as p does not divide a. Moreover, a similar result is true for many other groups 
of Lie type. Consequently, (4.3) is a very powerful tool in analyzing the cohomology 
of many of the most important finite groups. 


IV.5 Structure Theorems for the Ring H*(G; Fp) 


There are a number of general things which can be said about the structure of the ring 
H*(G; Fp) when G is a finite group. Among them is the result of L. Evens [Ev1] that it 
is Noetherian, in particular finitely generated, with only a finite number of relations. 
Also, Quillen, in his landmark paper [Q1], proved a series of beautiful theorems 
relating the structure of H*(G; F,) to the set of conjugacy classes of elementary 
p-groups in G. He showed 


1. that the Krull dimension, (the number of generators of the largest polynomial sub- 
ring contained in H* (G; Fp), an alternate definition is given in 5.4), of H*(G; Fp) 
is equal to the largest rank of any elementary p-subgroup of G, 

2. that the intersection of the kernels of the restriction maps 


H*(G; F,)— H* (A; Fp) 


as A runs over the set of p-elementary subgroups of G is contained in the Radical 
of H*(G; Fp), and 
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3. that the set of minimal prime ideals of H*(G; Fp) is in one to one correspondence 
with the set of conjugacy classes of maximal p-elementary subgroups of G. 


In this section we prove Evens’ theorem and the first two of Quillen’s results. 
(Note: Venkov [V] obtained an independent proof of the finite generation of group 
cohomology; this is described in [Q1], pp. 554-555.) 


Evens—Venkov Finite Generation Theorem 


Recall the definition of Noetherian ring: a ring is (left or right) Noetherian if and only 
if, for each ascending sequence of (left or right) ideals J) C J) C ---, there is ann 
so that J; = Ij+ı if j => n. We use the same definition for the graded rings which 
occur in cohomology, and a similar definition for Noetherian modules. In particular 
quotients and ideals are Noetherian for a Noetherian ring. Also, a finitely generated 
exterior algebra over a Noetherian ring is Noetherian, as is a polynomial ring on 
a finite number of generators over a (graded) commutative Noetherian ring. (This last 
is just Hilbert’s theorem.) 


Lemma 5.1. Let E be a finite p-group, then H*(E; Fp) is Noetherian. 


Proof. It is clear that H*(Z/p; Fp) is Noetherian. Now we proceed by induction. 
We can give E as a central extension Z/ p= E->G. Let us assume that H*(G; Fp) 
is Noetherian. Then the £2-term in the Lyndon-Hochschild-Serre spectral sequence 
of the extension is Noetherian as is E, for any finite r > 2. By (1.13) the spectral 


sequence collapses at level |G|, and an easy induction over the filtration gives the 
result for E. O 


Using (5.1) we can prove the Evens—Venkov result. For further details and gen- 
eralizations see for example the discussions in the books [Ev2] and [Be]. 


Theorem 5.2. Let G be a finite group, then H*(G; Fp) is Noetherian for any p 
dividing the order of G. 


Proof. Consider the inclusion Syl,(G) <> G. Suppose that J) C h C +++ C [+++ 
is any infinite sequence of increasing ideals in H*(G; Fp). Associated to this is the 
sequence of ideals in H*(Syl p(G); Fp): 


res*(l) U H* (Sy1,(G); Fp) C res*(h) U H* (Sy1,(G); Fp) Cee 


which are all equal from some n on by (5.1). However, we have tr*(res*(a) U b) = 
a U tr*(b), so tr* (res*(I,) U H* (Syl, (G); F,)) = L, and (5.2) follows. o 


The Quillen—Venkov Theorem 


As we mentioned in the introduction to this section Quillen [Q1] proved that the 
intersections of the kernels of restriction to H*(A; Fp) is contained in the Radical of 
H*(G; Fp) for any finite group G. His original proof involved an analysis along lines 
similar to, but harder than, the considerations in the next chapter. However, a much 
more elementary proof was given in [QV] and we present that now. 
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Theorem 5.3. Let G be a finite group. If w € H*(G; Fp) restricts to zero on every 
elementary abelian p-subgroup of G, then w is nilpotent. 


Proof. We argue by induction on the order of G. So assume the theorem is true for all 
groups of order less than |G|. Consequently, a power of w restricts to zero on every 
subgroup of G. In particular, if G is not a p-group then this power of w restricts to 
zero in H*(Syl,(G); Fp) and is thus zero. 

Consequently it suffices to prove (5.3) for finite p-groups. For any index p- 
subgroup H C G we know that H is normal and we have an extension H +G-Z/ p- 
By (1.14) w? is in the ideal (u(H)) where u = A(s*(e)). But a sufficiently high 
power of w is thus divisible by every element A(v) € H?(G; Fp) and (III.3.1) now 
implies that this power of w is, in fact, zero. (5.3) follows. O 


The Krull Dimension of H*(G; Fp) 


We now sharpen (5.3) somewhat to determine the asymptotic growth rate of group 
cohomology. Atiyah, Evens, and Swan conjectured that it is exactly the p-rank of G, 
and Quillen proved this in [Q1], see for example [Ev2, pg. 103]. 


Definition 5.4. Let {Va }nen be a graded vector space with dim(V,) < œ for all 
n EN. We define the growth rate of Vs as 


WV.) = min |s e n| ia ee o) 
no ns 

We want to calculate y(H*(G; Fp)) which coincides with the Krull dimension of 
the associated graded commutative ring. From (5.3) the largest polynomial algebra 
contained in H*(G; Fp) has degree at most the p-rank of G. On the other hand, 
Evens’ finite generation theorem shows that as a module over the polynomial parts 
of H*(G; Fp) it is finitely generated. 

This shows that the Krull dimension is at most the p-rank of G. To establish 
the reverse inequality it suffices to show that H*(G;F,) contains a polynomial 
subalgebra of degree p-rank G. To this end, consider the regular representation 
G C Sq). Restricting to a maximal p-elementary subgroup A C G it is easy to see 
that the image is [G : A] copies of the regular representation of A. We have constructed 
the Dickson algebra H*(A; F,)°4) in (IIL.2), and (VI.1), more particularly (VI.1.2), 
(VI.1.3), (VI.1.7) show that the elements ae Al are present in the image of restriction 
from H*(G; F,). But these classes are transcendentally independent and the result 
follows. 

In [Q1] Quillen left the following as a problem: given a finitely generated F,G— 
module M, find a formula for the asymptotic growth rate of H*(G, M). His ideas 
can in fact be adapted to this situation, and this has led to the development of a whole 
series of cohomological techniques for representation theory, often referred to as 
complexity theory. We refer the reader to the recent book of L. Evens, [Ev2], where 
this subject is dealt with in full detail. 
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We would like to finish this section by giving a more conceptual approach to 
the previous results, which was Quillen’s original point of view (see [Q1]). A well- 
known result in the complex representation theory of finite groups is that characters 
are determined on hyperelementary subgroups by restriction (Brauer’s Theorem). For 
mod p cohomology it is clear that p-elementary groups should play a somewhat sim- 
ilar role. More precisely, let A,(G) denote the family of all non-trivial p-elementary 
abelian subgroups in G; clearly this is closed under conjugation and intersection. 
More formally speaking, we may think of A,(G) as a category whose objects are the 
subgroups (Z/ p)” C G, with morphisms induced by inclusion and conjugation. 


Definition 5.5. Let A € A,(G) and denote Hi, = H*(A, Fp). Then we define 
add Ha 

as the sequences (x4) € Taeao) H} such that res AxA) = xx if A' C A and 

cr(xa) = xx if A’ = g Ag. 


Using the restrictions, we can construct a map 


: A*(G, li a 
$ ( Fp) pai patty = 
We can now state Quillen’s main theorem on this topic which strengthens (5.3) by 
also giving information about the image of restriction to the cohomology of the 
p-elementary subgroups of G. 


Theorem 5.6. The map ¢ has nilpotent kernel and cokernel. 


A map satisfying the above is known as an F-isomorphism. This result is the 
analogue in cohomology of theorems such as that of Brauer in representation theory. 
The situation is evidently far more complicated in cohomology. 


IV.6 The Classification and Cohomology Rings 
of Periodic Groups 


The results of (IV.5) on the Krull dimension imply that it is a good invariant for 
organizing groups. In this section we study the groups G which have Krull dimension 
one at all primes p which divide |G]. 


Definition 6.1. A finite group G is periodic and of period n > 0 if and only 
Hİ (G; Z) = H'+"(G; Z) for all i > 1 where the G action on Z is trivial. 


We have already seen that if G is cyclic then it is periodic and if G is the quaternion 
group Qn, (IV.2.10-IV.2.12) show that it is periodic as well. Periodic groups come 
up naturally in topology when one considers finite groups acting on spheres. 
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Lemma 6.2. If G acts freely and orientation preserving on a sphere S"~' then G 
must be periodic of period n. 


Proof. If G is a finite group and acts freely on X there is a standard fibration which 
is used to study the quotient, 


X¥—~X/G—>Be 


where g classifies the principal G fibering X— X /G. In our case, consider the spectral 
sequence of the fibration 


S"—> S" /G—> Bg . 


The E>-term is H*(G; H*(S"; Z)) and the assumption that the action preserves orien- 
tation implies that the action of G on H*(S", Z) is trivial. Consequently this E2-term 
has the form of two rows Eb? = Ei""' = H'(G; Z), while all the other rows are iden- 
tically zero. It follows that there is only one differential, dp: E$"! 2 Ebt”? On the 
other hand, the total space of the fibering is (n — 1)-dimensional, so Hi(S"/G; Z) =0 
for j > n — 1 and EX” = 0 for l +m > n. From this E9} = Hi(S"-!/G; Z) for 
j < n — 1, and otherwise d, must be an isomorphism for each i. O 


Since $? is a continuous group any subgroup acts freely, so the generalized 
quaternion groups, the binary tetrahedral group T, the binary octahedral group O, 
and the binary icosahedral group all act freely on S? and hence are periodic. (We 
discuss them more precisely after 6.10.) But there also exist periodic groups which 
do not act freely on any sphere. 


Lemma 6.3. 53 is periodic with period four. 


Proof. H*(83;F3) = H*(Z/3; F3)” = F3[b*] @ E(eb) while H*(S3;F2) = 
H*(Z/2; F2) = F2[e]. Passing to integral cohomology we have 


Z i=0, 
Z/2 i= 2mod (4), 
Z/6 iX~0mod (4), 
0 iodd. 


H' ($3; Z) = 


and the result follows. O 


Milnor, [Mi2], proved that S3 cannot act freely on any sphere. In fact he proved 
that a necessary condition for a periodic group G to act freely on a sphere is that any 
element of order 2 in G must be central. 


Remark. The proof of (6.3) illustrates the important fact that G is periodic only if 
its F, cohomology is periodic for each p and then the period is the least common 
multiple of its p-periods. This basic result follows directly from (6.4) and (6.6) below 
which determine the possible p-Sylow subgroups of G. 
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Lemma 6.4. G is periodic only if the only p-elementary subgroups of G are cyclic, 
which is true only if all the abelian subgroups of G are cyclic. 


Proof. Indeed, if (Z/p)" C G for n > 2, then F,[a, b] C H*(G; F,) by the Krull 
dimension results of (IV.5), for appropriate a, b. But in this case dim(H'(G; Fp)) is 
unbounded. On the other hand from the coefficient sequence 


0+Z-5Z—F,—>0 


we get the long exact sequence of cohomology groups 
+H! (G; Z)—*+ Hi (G; Z)— H (G; F) H+ (G: Z)— +- , 


and it follows that dim(H' (G; Z) @ Fp) is also unbounded, so G cannot be periodic. 
D 


Remark. Using a spectral sequence argument with F, coefficients in 6.2, we infer 
that Z/p x Z/p cannot act freely on a sphere, and hence if a finite group acts freely 
on a sphere (preserving orientation or not) it must be periodic (see V.0.7). 


Definition 6.5. A P-group G is any finite group G which satisfies the condition that 
every abelian subgroup of G is cyclic. 


The P-groups have been completely classified by Suzuki and Zassenhaus. It 
turns out, using the classification theorem that every P-group is periodic. We will 
review the classification shortly. But for now we give further details on the structure 
of P-groups. 


Corollary 6.6. If G is a P-group then Sy|,(G) is cyclic for p odd and either cyclic 
or generalized quaternion for p = 2. 


Proof. We wish to show that if H is any finite p-group where the only abelian 
subgroups are cyclic, then H is Z/p’ if p is odd. This is surely true if |H| = p, 
so assume the truth of the assertion for |H| < p”. Since H is a p-group it contains 
a normal subgroup, N, of index p, and by assumption N = Z/p’~'. Hence H is an 
extension of the form 


Z/p"'—>H—>Z/p. 


If r = 2 the action of Z/p on N is trivial and H is either Z/p x Z/p or Z/p?. The 
first case is impossible, so the second case holds. Otherwise r > 2. Then there are 
two possible actions of Z/p on Z/p’—', multiplication by 1 + p’~?, or the trivial 
action. In the first case H?(Z/p; Z/p’~') = 0, so the extension is the semi-direct 
product, which contains (Z/p)* as a subgroup, so there remains only the second 
case. Here H?(Z/p; Z/p") = Z/p with representatives (p — 1) copies of Z/p” and 
Z/p'—' x Z/p. Thus the case p odd is proved. 

When p = 2 we once more assume that the result is true for |H| < 2”, where 
we know the only possibility for |H| = 4 is Z/4. There are four actions of Z/2 
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on Z/2", multiplication by —1, 1 + 2”~?, 1 — 2’~? and the trivial action. We have 
H?(Z/2; Z/2'—') = Z/2 for the first and the fourth, but H?(Z/2; Z/2’-!) = 0 for 
the second and third. Thus we are reduced to the first and fourth cases. In the first 
case the extensions are the dihedral group and the generalized quaternion group. In 
the fourth case they are the cyclic group and Z/2 x Z/2’—'. 

When the subgroup of index two is @--1 we are in the situation of H?(Z/2; Z/2) 
= Z/2. Here the two extensions are the semi-direct product and the generalized 
quaternion group of order 2”. O 


Corollary 6.7. Let G be periodic of period n. 


1. For each p dividing |G] there is a unique subgroup Z/p C Syl,(G) and Z/p C 
Syl,(G) is weakly closed in G. Consequently 


im ( res *: H*(G; Fp) H*(Z/p; F,)) 


is exactly equal to H*(Z/p; F ,)"6‘"/) for p odd. 

2. For Syl,(G) = Z/2’, the restriction image is F,[e*], the polynomial algebra on 
a two dimensional generator. 

3. When Syl,(G) = Qn we have 


im ( res *: H*(G; F2)—> H*(Z/2; F2)) 
is F,[e*], the polynomial algebra on one generator in dimension four. 


Proof. The fact of weak closure is clear. Moreover, we have seen in (IV.2.10), 
(IV.2.12), that the images of the restriction maps are respectively F,[b2] for p odd 
or p = 2 and G = Z/2’, while the image of restriction is F,[{e*] for G = Q. Of 
course, in these last two cases the Weyl group is trivial. oO 


Corollary 6.8. Let G be periodic, then H*(G;F,) = F plb'] ® E(ezi—1) for i odd, 
where i divides (p — 1). Also, if Syl,(G) = Z/X then H*(Syl,(G); Z) = H* (G; Z)2 
and H*(G; F2) = E(e) @ F2[b2]. 


Proof. The integral cohomology of Z/p” is given as Z/p" in each even dimension 
and is zero in odd dimensions. Consequently, since H* (G; Z)p is a direct summand 
of H*(Syl,(G); Z) it follows that H*(G; Z), = Z/p" in each dimension 2im and is 
zero otherwise. Now apply the coefficient exact sequence in the proof of (6.5). The 
argument for 2 is similar. O 


The situation which holds when Syl,(G) = @y is more complex. In order to 
understand it we review the classification of P-groups as determined by Suzuki and 
Zassenhaus. 
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The Classification of Periodic Groups 

To begin we need Aut(@g). 

Lemma 6.9. Aut(Qg) = S4, the symmetric group on 4 letters. 

Proof. Qg/{Qg, Qs] = Z/2 x Z/2. Hence, there is a homomorphism 
e: Aut(Qg)—>GL2(F2) = $3 = Aut(Z/2 x Z/2) 


Moreover, e is onto since {x <> y}, {x ++ xy, y }> x} both induce automorphisms 
of Qs, and their images generate $3. The kernel of e is the set of automorphisms 


Ko =x", fo) = y'™ 


and the inner automorphisms (= Z/2 x Z/2) give all such possibilities. Moreover, it 
is direct to check that the extension 


Z/2 x Z/2—> Aut(Q@s)—> $3 


identifies Aut(@g) with the group of affine transformations Aff (F2) = 84. D 


The Groups 7; and O; 


The action of Z/3 on Qg gives rise to a semi-direct product, Qg x, Z/3 = T.T is 
the binary tetrahedral group. It is also isomorphic to SL2(F3). Indeed, we construct 
an embedding by first embedding Qg C SL2(IF3) by setting 


ee (Teo (S: O)- 


Next extend to T, by sending the element t of order 3 to H i! A presentation of 
SL2(F3) can be given as 


SL.(F3) = {y.y 17° = y? = (yy) 


where y = —t. 

The subgroup $3 C Aut(@g) has two distinct extensions by @ since H? ($3; Z/2) 
= Z/2. The first is the semi-direct product, but the second O%, is the binary octahedral 
group. It is obtained from T by extending T by Z/2. Hence, we have the extension 


diagram 
\—~T—+ 0" Z2— 1 


Specifically, let the new generator be z, and set 


Ho = ay") coy 9 oe ao reg = = HT. 
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Note that 


(zx)? = zxz!e?x = xyx = y. 


Hence, z(zx)z~!_ = zxy~! = (zx)! = (zx)~', and the subgroup generated by 
x, y, zis isomorphic to Qj¢. 
More generally we set 


T; = Qg Xa Z/3! 


with Z/3'—>Z/3 C Aut(@g) giving the extension. Each T; also admits an extension 
in the evident way by Z/2 generalizing the extension above, 


1—> T;, — Of} —Z/2— 1. 


These groups are clearly all P-groups. 


The Groups SL2(F,) 
Theorem 6.10. SL2(F,) is a P-group for every prime p. 


Proof. |SL2(Fp)| = píp? — 1) = p(p — 1)(p + 1). A subgroup isomorphic to 
Z/p = I i): A subgroup isomorphic to Z/(p — 1) = {(¢ gajh The 
group Fa embeds in GL2(F,) when we think of the vector space (Fp)? as the field 
F „2, so that F,-linear isomorphisms are obtained by multiplying by the elements of 
F` ,. However, the determinant of {a} (multiplication by a € F 2) is N(a) = a!*?, 
Hence, the subgroup KerN N SL2(Fp) which is contained in SL2(F,) is isomorphic 
to Ker(N) = Z/(p + 1). Since p— 1, p, and p+ 1 are coprime except for the factor 2 
which is common to p — 1, p + 1, we are done except for checking the structure of 
the 2-Sylow subgroup. 
There are two cases. First, assume that p = 1 mod (4), then the subgroup 


(Er o) C a) 


has order 2(p — 1), and is clearly a quaternion group. Second, if p = 3 mod (4), then, 
if W C Z/(p + 1) is the 2-Sylow subgroup, the action of the Galois automorphism 
g is via inversion. However, det(g) = —1. To correct this use w € F „2 for which 
w!+P = —1. Then (gw)? = —1, and det(gw) = —det(w) = 1. Thus the subgroup 
generated by gw, Ker(N) is again a quaternion group and the result follows. O 


Remark. SL2(Fs) is the binary icosahedral group. It has a presentation 


SL2(Fs) = {r,s |r? =s* = (rs)*}, 
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see for example [Co, p. 2]. For the remaining odd primes H. Behr and J. Mennicke, 
[BM], give presentations as 


SL,(F,) = {A,B | A? =1, (AB)? = B?, Bt = (A2BA2 +) B}? = 1), 


Indeed, we can map this group to SL2(F,) by 
1 1 l 
Av (o ee (i Ag 


With the demonstration that the SL2(F,) are periodic and the introduction of the 
generalized binary tetrahedral and octahedral groups T; and O* we have almost 
completed the list of periodic groups. There remains one more family which we 
construct now. 

Out(SL2(F2)) = Z/2 with generator, y, acting as conjugation by the matrix 


A i where w is a non-square of F. Consequently we have the group 


The Groups TL2(Fp) 


U2) = SL2(Fp) xa Z/(p — 1) 


i 
where a(x‘) is the automorphism conjugation by ka rit Let L C U2», be the 


w!0 
subgroup generated by ( 0 A -y?, 


Lemma 6.11. L is central (in particular normal) in U2, p. 


Proof. If t € SL2(F,) then y? acts on t as does ie + But 


(a= (ea) (o 4) a 


: ; 0 6 xt 
hence the two actions cancel out. Also, y commutes with ), so the action is 


w 
0 w 
trivial on Z/(p — 1) as well, and the lemma follows. O 
Definition 6.12. We write TL2(F p) for the quotient group U2, p/L. 
TL2(F p) is given as an extension 


1—+SL,(F,)—> TLF) —>Z/2—1 


with extension data y? = 5 T , y acting on SL2(F p) via conjugation by ied ; 
0w P 0 1 
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Remark 6.13. There is a second subgroup L’ C U2_, defined as 


w! 0 2 
(- ( A ayer k 
When p = 1 mod (4) the two quotients are isomorphic, but for p = 3 mod (4) we 
could choose w = —1, in which case L’ = (y?), and the resulting quotient is not 


a P-group. Moreover, since H?(Z/2; Z/2) = Z/2, these are the only two extensions 
of SL2(F,) by Out(SL2(F,)). 


Lemma 6.14. TL2(F,) is a P-group. 
Proof. As usual there are two cases. 


a. p= 1 mod 4. Then a 2-Sylow subgroup of SL2(Fp) has the form 


SL,(F,)2 = (2, gj: k a)) ; 


Now 
w 0/0 NÆ” 0\_ 0 w 
0 1/\-1 0 © 1 —w! 0 
_ fe 0 a 1 
0 ws N-i 0 
€ SL2(Fp)2, 
and 


(2, ort o) =r 


Hence, the 2-Sylow subgroup of TL2 (Fp) is a quaternion group. 


b. p = 3 mod (4). Here ( K 1) gives the Galois action on Fo C GL2(F,), and 


we can assume that y acts in this way. Let v € Fn satisfy v?+! = —1, then 
(Co e 
generates a 2-Sylow subgroup of SL2(F,). We have yoy"! = v? = —v! so 
-10 4 — yf =i 0 2 
vlo 1) = i 1)» , and 


ef prse Has (G twa 


— -(% i va *(— a 1) v)u? = =v’. 
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=(o 1) 
—(y p i vu? = [y Pi i yy. 


It follows that this group is again a quaternion group and the result follows. O 


Also 


ee, 
o! 
“Oo 
SS 
< 
x 
L 
| 


The Suzuki—Zassenhaus Classification Theorem 


In summary we have the Suzuki—Zassenhaus theorem (See [Wo], [DM]) 


Theorem 6.15. A complete table of P-groups is given by 


ZJa x, Gb xT) 
Za x (@/bx 0} 
Gla xa ZID x Slap) 
ZJa xu lb x TAE p) 
Remark 6.16. All the groups G in the list except those in family I for which æ is 


injective on the 2-Sylow subgroup of Z/b satisfy the Milnor condition that there is 
at most one element of order 2 in G, and it is central. 


The mod(2) Cohomology of the Periodic Groups 


From the classification result above the only cases which need to be considered now 
are the cases IV, V, VI. We will first determine the situation in case V and then an 
easy spectral sequence argument will give the remaining two cases. To begin we need 
a lemma. 


Lemma 6.17. Let Q3 C SL2(F,) where p is an odd prime. Then the normalizer of 
Qs in SL2(Fp) contains an elmenent T with T? = 1 which acts as the non-trivial 
outer automorphism of Qg of order 3. 


Proof. Since p is odd it follows that the group ring F,(@g) is semi-simple. On the 
other hand Qs has four distinct 1-dimensional representations, (x +> +1, y > 1). 
It also has a non-commutative representation g: @Qg— M2(IF,), defined as 
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xh (; r) a+b? = —1 in Fp, 


(9) 
a tf G 


for some choice of the pair (a, b). This representation must be irreducible, and it 
follows that 


F,(Qs) = F,@F,@F, ®F, 6 M2(F,) r 


Thus there is only one non-commutative representation, up to conjugation, of Qg C 

GL2(F,). Hence, if we set W(x) = (y), My) = g(xy), there is T € GL2(F,) with 

Ty(x)T-! = Wx), To(y)T~! = Wy). It follows that T? is contained in the center of 

M2(F p) so T satisfies T? — bI = 0. But this equation cannot be irreducible over Fp 

since otherwise F,/ + F,T + F,T? would be a field of degree 3 over F, contained 

in M2(Fp) which i is aipossibe, It follows that there is an a € F, hs a = b, so 
a`!T € SL2(F,) satisfies the asserted conditions. O 


Corollary 6.18. H*(SL2(Fp); F2) = F2[e4]@ E(b3), a polynomial algebra on a four 
dimensional generator tensored with an exterior algebra on a three dimensional 
generator. 


Proof. If Syl (SL2(Fp)) = @g we have H*(SL2(Fp); F2) C H* (Qs; F2)", but this 
invariant ring is F2[e4] @ E(b3). On the other hand by (6.7.3), the cohomology ring 
cannot be smaller than this. 


Let Syl, (SL2(Fp)) = Qu with n > 3. Then, if x and y generate this copy of Qn 
and x2" = y?, y+ = 1 there are two copies of Qs, 


=3 
Qs.) = (x,y), and Qg2 = (xy, y) - 
It is direct that the two restriction maps 
res} ® res 3: H* (Qu; F2)—>H* (Qs); F2) Ð H*(Qs.2; F2) 


together are injective, so Qg ; and @g 2 detect mod (2) cohomology. Now the remain- 
der of the argument is clear. O 


It remains to discuss the groups H*(O}; F2) and H*(TL2(F p); F2). In both cases, 
corresponding to the extension data 


Oj; —> OF —+2/2 
SL2(F,) —> TL2(F,) —> Z/2 


we have a spectral sequence with E>-term H*(Z/2; F2) ® E(b3) @ F[e4]. In each 
case there must be a differential on b3 since we know that e4 € H*(O;;F2) or 
e4 € H*(SL2(F,); F2) must be in the image of restriction, and we know that the 
Krull-dimension is one for the extension group. But the only possible differential 
on b3 is ô4(b3) = et. Then E3 = Fz[e4](1, e, e?, ©), and there can be no further 
differentials. Thus we have determined the mod(2) cohomology of all the periodic 
groups. 
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IV.7 The Definition and Properties of Steenrod Squares 


We use the notation [,(X) for the space X? Xz/p Ez/p studied in §1. Recall that 
Tp(X) is given as the total space of a fibering 


xP Lo Fj Bay, 


The space was originally introduced by Steenrod and used in [SE] to explicitly 
construct the Steenrod P power operations. We review that construction here. 
There is the map of (4.1), 


A? x id: X x Bzjp—T,(X) 


and these constructions are natural with respect to maps f: X—Y as is illustrated, 
for example in (1.8), so we have the commutative diagram 


Xis Baj FD) 


fxid MS) 


¥ xB, EF TAF). 
Theorem 7.1. Let X be a CW complex anda € H"(X,F >), withn > 1, then there is 
a unique class I(a) € H"?(I,(X), Fp) so that 


1. (j*)*I(a) =a @a---@ain H*(X?; Fp) 

times 
2. iff: X—Y ee ee map IY f)*(I(@)) = IC f*(@)) 
3. aU p) = (a) U I(B). 


Proof. The existence of Ja) is the argument in the proof of (1.7). Diagram (1.8) 
shows how to reduce the construction of J{q@) to the construction of /{t) where 
t € H"(K(Z/p, n); Fp) is the fundamental class. But uniqueness is not demonstrated 
there. 

To see uniqueness, note that K(Z/p, n) is connected for n > 1. Hence the choice 
of basepoint in K(Z/p, n) is immaterial and we can consider the reduced construction 
with fiber the smash product F,(K(Z/p,n)) = K(Z/p,n) A--- A K(Z/p,n). Here, 


p times 


the fiber is (np — 1)-connected with 
H"?(F,(K(Z/p,n); Fp)) = FP =F, . 


Moreover, the basepoint + € F,(K(Z/p,n)) gives a lifting, L, of Bz/p to 
F,(K(Z/p.n)) Xz/p Ez/p So we define P(o) as the unique class in 


H"?(F,(K(Z/p,n)) Xzjp Ezyp; Fp) 
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which is in the kernel of L* and restricts to 1 ® -- - @ ı on the fiber. Then, by naturality, 
— een! 


p times 
Iq) is given as the pullback under the composition 


Na) 
NX) NK(Z/p, n)) > F,(K(Z/p. n)) xz/p Ez/p 
of I'(). This gives the first two statements. To see the third consider the universal 


construction for the cup-product of an n dimensional class œ and and m dimensional 
class £, 


K(Z/p,n) ^ K(Z/p,m)""8 K(Z/p,n +m) . 
We now pass to the I”,-constructions and build the obvious diagram. Define 
e: I',(K(Z/p,n) x K(Z/p,m))—>T,(K(Z/p,n)) x T,(K(Z/p,m)) 


by e{(x1, y1), -> Œp, Yp), V} = Or, --«, Xp), V), (C1, - - -> Yp), V}). Then the di- 
agram 


RO) 
K(Z/p,p(n+m)) ———————— Tp(K(Z/2,n+m)) 
Je Dug) 
K(Z/p.np)AK(Z/p.mp) Tp(K(Z/p,n)^K(Z/p.m)) 
N yxy fe 


Tp(K(Z/p.n)) x Pp K((Z/p.m)) 


commutes up to homotopy. From this the third statement follows. O 


The Squaring Operations 


We now show how to construct the Steenrod squaring operations using the spaces 
D(X). 


Definition 7.2. Let X be a CW-complex and suppose œ € H” (X, F2). Then 
(A? x id)*(Ma)) = D7 Sg a) @ | 
defines the Steenrod squares of a. 


Of course we must show that the classes defined in this way satisfy the axioms 
of (II.2). In particular Sq” (œ) = a? follows from the commutative diagram 
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x Á Ex 


X x Ban ZS D(X), 


since (id x pt)* È 6,4; Q "~i = Ozn but A*j*(Ma)) = A* (a Q a) = œ. 

Since K(Z/2, n) is (n — 1)-connected it follows that Sq‘(1,) = 0 for i < 0, so, 
by naturality, Sq‘ (œ) = 0 fori < 0 as well. 

Next we verify the Cartan formula, 


Theorem 7.3. 


Sq' (a U p) = ` Sa’ (a) U Sqi"(8). 


r=0 


Proof. Since (a) U I(B) = Ma U B) 7.2 gives 


(Z siage) sr oe) 
= >, Sq' (œ U p) Q et" (7.4) 


and since e” U e1 = e?*4, 7.3 follows on expanding the left-hand side of (7.4). o 


Lemma 7.5. Let o: H"(X,F2)—H"*!(2X, F2) be the suspension isomorphism, 
then 


1. Sq'(a(x)) = o(Sq'(x)) 
2. Sq°(x) = (x). 
Proof. By (3.11) and naturality A*(J(e!)) = e! @ e! + 1 @ (e!)* for e! € 
H'(RP®; F2). Thus, since RP® = K(Z/2, 1), Sq°(t;) = 1; as desired. Now take 
the suspension o : 2 K(Z/2,n)— K(Z/2,n+ 1) soo*(tn41) = O(n). Notice that o* 
is an isomorphism in dimension n + 1. Hence if we knew the first statement then the 
second assertion would follow for the universal model and hence for all X. 

To show (1) note 2X = S! A X is a factor space of S! x X. Hence [o(a)) = 
Ie) U Ia) and 


A*I(o(a)) = e' Qe U Esala) Q ee"! 
= Xosa (a) Q e+, 


Corollary 7.6. The Sq? maps are homomorphisms, that is to say 


Sai (a + P) = Sq' (a) + Sq'(B). 


Proof. (a+ B) = I(a) + I) + E where E is in the image of the transfer (1 + T). 
But A x id(1 + T) = 0 so additivity follows. O 
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The P-Power Operations for p Odd 


There are essential differences here from the case of the squares. One starts, as before, 
with formal operations D' (æ) given by 


Definition. Let X be a CW complex and a € H"(X; Fp) then we set 
(A? x id)*(Ma)) = }_ D'a) 8 Oni 
where Opi = b'"\P-))-Y/? ifi is even and is eb™?—Y-'-)? when i is odd. 


Then one shows that these D' operations commute with suspension up to a non- 
zero coefficient determined in (3.11) as above and that they satisfy the Cartan formula, 
and are linear. However, to show that most of them vanish, and to relate them to the P- 
power operations and mod(p) Bocksteins requires the extension of the construction 
from X? xz/p Ez/p to XP Xs, Es,. It was the necessity of this extension which was 
one of the main reasons for Steenrod’s interest in the cohomology of the symmetric 
groups. Finally, the remaining D,’s are still not quite the operations P' (œ) or BP! (œ), 
but have the form /1;., P' (œ) and v; n BP’ (œ) where i.n and v;,, are non-zero constants 
made necessary again by the coefficient in (3.11). 

We omit the details here as they are readily available in [SE] and our major interest 
in the remainder of the book is with the situation at the prime 2. 
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G-Complexes and Equivariant Cohomology 


V.0 Introduction to Cohomological Methods 


Let G be a finite group and X a space on which G acts. In this chapter we will 
describe a cohomological analysis of X which involves H*(G; Fp) in a fundamental 
way. First developed by Borel and then by Quillen, this approach is the natural 
generalization of classical Smith Theory. After reviewing the basic constructions and 
a few examples, we will apply these techniques to certain complexes defined from 
subgroups of a group G, first introduced by K. Brown and D. Quillen. Using results 
due to Brown and P. Webb we will show how these complexes provide a systematic 
method for approaching the cohomology of simple groups which will be discussed 
later on. One of the aims of this chapter is to expose the reader to the important part 
played by group cohomology in the theory of finite transformation groups. By no 
means is this a complete account; in addition it requires a different background than 
the previous chapters have. We recommend the texts [AP], [Bre1] as excellent sources 
for those wanting to learn more about group actions. For a more recent survey, we 
suggest [AD]. 

For technical reasons we assume that the G-spaces which appear are CW- 
complexes with a compatible cellular G-action (G-CW complexes). Note that any 
compact manifold with a G-action can be given the structure of a finite G-CW com- 
plex. We denote the cellular complex of X by C,(X; R) (R the coefficient ring). We 
have an elementary lemma to begin 


Lemma 0.1. Each chain group C,(X; R) is isomorphic to a direct sum of permuta- 
tion modules, i. e. 


CXR) ED) Ro, Ocu, RG 
oj €X)/G 
where Ra is the sign representation on R defined by the orientation on the cell o. 


Proof. This follows immediately from the decomposition of X into cellular orbits, 
keeping track of whether elements g € G preserve or reverse the orientation of the 
cells. O 
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Note the case in which the G-action is free (i.e. Gy = {1} for all x € X); then 
C,(X; R) will be a chain complex of free RG-modules. Recall that EG denotes 
a contractible, free G-CW complex which is always infinite dimensional for G finite. 
We define 


Definition 0.2. The Borel construction on a G-space X is the orbit space 
X xg EG = (X x EG)/G 
where G acts diagonally on X x EG. 


For X = x, X xg EG = BG; the natural projection X x EG— EG induces 
a map 


X~ X xg EG 


(0.3) 
BG 


Because the action on ÆG is free, the vertical map is a fibration with fiber X. Hence, 
associated to (0.3) there is a spectral sequence with E2-term 


EP? = H?(BG; #4(X; R)) > H?*4(X xg EG; R) (0.4) 


Here #*(X; R) is a twisted coefficient system as G = xı (BG ) may act non-trivially 
on it. The term ES"? may be identified with the group cohomology with coefficients, 
HP (G; H4(X; R)). 


Remark. This spectral sequence is originally due to J. Leray and H. Cartan in various 
forms provided that G is discrete and the action is sufficiently reasonable. Many of 
the applications before Borel’s work are discussed in Chaps. XV and XVI of [CE]. 


Definition 0.5. The G-equivariant cohomology of X is 
HG(X; R) = H*(X xg EG; R). 


Note that if X is a free G-complex, the map X xg EG—>X/G is also a fibration 
with contractible fiber, hence X xg EG =~ X/G. Also note that the arguments given 
in Chap. V §5 can be adapted to show that if H*(X; R) is a finitely generated 
R-module, then Hé (X; R) is a finitely generated R—algebra. 

The analysis of the spectral sequence (0.4) was first undertaken by A. Borel. 
It yields numerous restrictions on finite group actions on familiar spaces such as 
spheres, projective spaces, etc., (see [Bol]). We give two simple applications of these 
techniques to illustrate their utility. 


Example 0.6. Let X be a finite complex with the mod p homology of a point, and 
assume that a finite p-group P acts on X. We will prove the following celebrated 
result due to P. Smith 
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Theorem. Under the conditions above, X?” # Ø and in fact X? has the mod p 
cohomology of a point. 


Choose Z/p = C C P central; then X? = (X°)?/, and so by induction on | P| 
it suffices to prove the result for P = Z/ p. In this case (0.4) becomes 


H?(P:F,) q=0 
E21 x p H?+4(X xp EP: F,). 
? f gO” nee w 


Hence it collapses and so 
H?*4(X xp EP; Fp) = HP*(P; Fp). 
On the other hand, the inclusion X? — X induces a map 
ip: H*(X xp EP; F,)—>H"*(X" x BP) = H*(X°) @ H*(BP). 


In sufficiently high dimensions jp will be an isomorphism because P acts freely off 
XP. X is finite and so H*(X xp EP, X? x BP) = 0 for * > 0. So for large * we 
have H*(X?) Q H*(BP) = H*(BP), which implies X? ~, *. 

This theorem also admits a very interesting extension due to T. Chang and T. Skjel- 
bred, [CS] which is not needed in the sequel but is well worth pointing out. 


Theorem. Let G = Z/p and K =F, orG = S' and K = Q. Suppose that G acts on 
the compact Poincaré duality space X of formal dimension n. Then each connected 
component of the fixed set satisfies Poincaré duality over K and, if G + Z/2, has 
formal dimension congruent to n mod (2). 


Example 0.7. Now let us assume G is a finite group acting freely on X = S” (the 
n-sphere). In this framework we can also recall the classical result due to P. Smith 
proved in Chap. IV: 


Theorem. Ifa finite group G acts freely on a sphere S", then all its abelian subgroups 
are cyclic. 


Remark. This result has been extended to products of spheres of the same dimension, 
namely, if (Z/p)” (p odd, or if p = 2 then n Æ 1,3, 7) acts freely on (S")*, then 
r < k. (See the papers by G. Carlsson [Ca] and Adem-Browder, [AB].) 


At this point it is worthwhile to point out that all of the preceding constructions 
can be derived algebraically from C,(X). Let F, be a ZG-free resolution of the trivial 
G-module Z. Consider the double co-complex 


Homg(F,, C*(X; R)) . 
Then it is not hard to show that 


HG(X; R) = H*(Homg(F,, C*(X; R))) . 
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Note that we endow the double complex with the usual mixed differential: 
3ð Home (F,, C*(X))—> Home (F;+41, C*(X)) @ Home (F,, C**!(X)) 
which is given by 
Hf) = f- aF + ac f. 
For completeness we recall the Cartan—Eilenberg terminology 
Definition 0.8. The G-hypercohomology of a G-cochain complex C* is defined as 
H*(G; C*) = H*(Homc(F,, C*)) 
where F, is a free (projective) resolution of the trivial ZG-module Z. 


Hence we may say that the equivariant cohomology of a G-CW complex is 
isomorphic to the hypercohomology of its cellular cochain complex. This has certain 
technical advantages, above all if a specific cellular decomposition is available. In 
addition we may filter the double complex in (0.8) using either of two filtrations 
associated to the “vertical” and “horizontal” directions respectively. This yields two 
spectral sequence which applied to C*(X; R) become 


(1) E$" = H? (G; H4(X; R)) 


Pt+9y. 
(I) pra = H(G; CPX. R)) > Hg (X; R) . 


The spectral sequence (7) is canonically isomorphic to (0.4). As for (//), this can be 
identified with the E\-term of the Leray spectral sequence associated to 


X xg EG 


Y/G 


In the general situation the £;-term is not so easy to handle, but the E2-term can 
be identified with 


ED? = HP(X/G; HE) = HEX) 


where #¢ is the sheaf on X/G associated to the presheaf V t> Hè (n7! Vja: Xxg 
EG— X/G. In the case of a finite G-CW complex (assuming constant isotropy on 
the cells) the d\-differential is just the map induced by the coboundary operator on 
C*(X) and Ef? = H4(G, C?(X)). 

Recall that in Chap. II we defined Tate cohomology of ZG-modules; instead of an 
ordinary projective resolution we used a complete resolution i. e. an acyclic Z-graded 
complex of projective ZG-modules which in non-negative degrees coincides with an 
ordinary projective resolution of Z. Taking such a complete resolution F,, we can 
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define Tate hypercohomology groups 
A*(G; C*) = H*(Hom(F,; C*)) . 


Incase C* = C*(X), we obtain the equivariant Tate cohomology of X, first introduced 
by R.G. Swan [S3], 


A*(G; C*(X; Z)) = G(X) (0.9) 
The main technical advantage is the disappearance of the orbit space for free actions: 
Theorem 0.10. If X is a finite dimensional free G-CW complex then 
RG = 0. 
Proof. There is a spectral sequence analogous to (II), say 
(11) Ef? = A4(G, C?(X)) > ABT (x). 


This converges because X is finite dimensional. Now each C?(X) is G-free, hence 
G-acyclic, so É$? = 0 and the result follows. O 


Note how the analogous spectral sequence (2) will not involve the orbit space, 
hence strengthening cohomological arguments. 


V.1 Restriction on Group Actions 


In this section we will outline some instances of how the machinery described in §0 
can be applied to transformation groups. As this is not our main topic of interest, 
we urge the reader to consult the original sources for the foundational results [B01], 
[Q1]. 

The first result to take note of is the localization theorem. This result shows that 
for certain groups the equivariant cohomology contains substantial information about 
the fixed point set after inverting certain cohomology classes, and hence this makes 
the entire spectral sequence approach quite powerful. More precisely we have the 
localization theorem of Borel and Quillen 


Theorem 1.1. Let G = (Z/pY (p prime) act ona finite complex X. Then the inclusion 
of the fixed point set X° —> X induces an isomorphism 


H*(X xg EG; F,)[e;!]—» H*(X° x BG: F,)[e;'] 
where e, € H?” -2(G; Fp) is the product of the Bocksteins of the non-zero elements 


in H'(G,F p) = Hom(G,F,), and lez] denotes localization by the multiplicative 
system of powers of e4. 
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(Note that here we are considering equivariant cohomology as a graded H* (G; Fp)- 
module.) 

The next theorem, again due to D. Quillen. is an important structural result for 
equivariant cohomology, which can be proved using finite generation arguments as 
in IV.5 (see [Q1]). 


Theorem 1.2. Let X be a finite dimensional G-complex and denote 


pa(X)() = > dim(H'(X xg EG; F,))t' . 
i=0 


Then pg(X){t) is a rational function of the form p(t)/T]j_,(1 — t2") and the order 
of the pole at t = 1 is equal to 


max{n|(Z/p)" C G fixes a point x € X}. 


This is the version of the result for G-spaces which we discussed previously for 
the case X = pt. This result was the starting point for the idea of introducing varieties 
associated to cohomology rings. As we have seen, this may be considered as a special 
case of H*(G; M) where M is the cellular complex associated to a G-space. This 
theorem however, has its natural extension to any coefficient module M. In other 
words, the asymptotic growth rate of H*(G; M) (known as the complexity of M) 
is determined on the p-elementary abelian subgroups of G. The proof of this (due 
to Alperin and Evens [AE]) is an algebraic formulation of Quillen’s result, and has 
important applications in modular representation theory. 

The above results are not too interesting in the case of free actions. For this 
situation Tate cohomology comes in handy because we obtain a spectral sequence 
which abuts to a zero term. First a 


Definition 1.3. 


i. Let A be a finite abelian group. We define its exponent, exp(A) = min{n € 
Nin- A = 0} 
ii. Given x € A we define 


exp(x) = exp((x)) . 


Using restriction and transfer it is elementary to see that |G| - He(X ) = 0 for 
any finite dimensional G-complex X; hence Tate cohomology provides an interest- 
ing sequence of Z-graded torsion modules. For free actions we have a theorem of 
W. Browder [Brow] 


Theorem 1.4. Let X be a free, connected G-CW complex. Then 


IGI |[ [exp "(G; H'(X; 2) . 


i=! 
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Proof. The proof we give is from [A2]. Consider the spectral sequence 
Ê?“ = HP(G; H1(X; Z)) > AEM (X) =0. 
Look at the E°°-terms; we have exact sequences 
Eyi EE —0 


forr = 1,2,...,dim(X). From this we obtain 
exp(Epts)/exp(Ery) [exp Ezr) - 
Multiplying all these out we obtain 


Į [exp G; H(X; 2) 


exp(H°(G; Z)) = |G] T exp(E,yi ”) 


completing the proof. O 


Remark. Tensoring C*(X; Z) with a torsion-free ZG-module M and applying the 
same proof yields 


| [exp(Ĥ (G; H"(X) @ M)) . 


i=l 


exp(H°(G; M)) 


This result has a few interesting consequences which we now briefly describe. 


Corollary 1.5. If (Z/ p)" acts freely on a connected complex X with homologically 
trivial action, then at least r of the cohomology groups H* (X; Z:p)) must be non-zero. 


Proof. Under the above hypotheses, if G = (Z/ p)" then 
p- A*(G; H*(X; Zp) =0. 
(Kunneth formula.) O 


In particular this shows that (Z/p)"*! cannot act freely, homologically trivially 
on (S")’. 


Corollary 1.6. For a finite group G, let n(G) =: min{n|G acts feeely, homologi- 
cally trivially on an n-dimensional connected complex }. Then n(G) > maxpi\c\ 
{p-rank(G)} + 1. 


Corollary 1.7. Let M be a finitely generated torsion free ZG-module, G a finite 
group. Then there exists an integer N (depending only on G) such that 


N 


E A*t (G; M) £0 


ia] 


forall x € Z, or else Ĥ*(G; M)=0. 
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Proof. Take a faithful unitary representation 
ġ:G = U(n). 


Then G will act freely and cohomologically trivially on U(n), which has the homology 
type of S! x $? x --- x §2"-!, From the remark after (1.4) we see that 


n2 


exp(H°(G; M)) || [exp(Â ~" (G; M)) . 


r=l 


Using M* instead of M and identifying A! (G; M) = Ĥ-i(G; M*) (Tate duality) 
yields 


2 


exp(H°(G; M)) || | exp(Ĥ"+' (G; M)) . 


r=1 


By dimension shifting this can be generalized to 


n 2 


ex p(H*(G; M))|[ | exp(H"***!(G; M)) for allk € Z. 


r=] 


Suppose now that for some k € Z, +*+! (G; M) = 0 for r = 0,1,...,n. Then 
H*(G; M) = 0 and consequently H*(G; M) = 0 for * < k + n? + 1. On the other 
hand, using the dual again yields 


2 


n 
exp(H~*(G; M)) || | exp(A-"-*"!(G; M)) forallk eZ. 


r=1 
Dimension shifting yields 


2 


exp(H**""+2(G; M)) |] | exp(A*"(G; M)) . 


ř=l 


As before we get H*(G; M) =O for * > k+n? + 1 and we conclude that H*(G; M) 
=0. a 


A different proof of this result appeared in [BCR] using purely algebraic methods. 
Notice that the restrictions on M are not important as any finitely generated ZG- 
module is cohomologous to a torsion free one. 


Recall (see [MS]) that 


H*(BU(n), Z) = Z[x1,-02,.--, Xn] 
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where each x; is 2i-dimensional. Now given a representation ġ: G —> U(n) as before, 
the polynomial generators x; € H” (BU(n); Z) can be pulled back under ¢ to define 


$* (xz) = ci(ġ) € H” (G; Z) i=1,...,n 


the i” Chern class of @. Under this map, the cohomology of G is a finitely generated 
H*(BU(n); Z)—module. These classes naturally carry some torsion; the following 
quantifies this. 


Theorem 1.8. Let G be a finite group and 6: G — U(n) a faithful unitary repre- 
sentation of G with Chern clases c\(), ..., Cn(Q); then 


IGI |] Texplci@)) . 


i=l 
Proof. Consider the Borel construction on U(n) and its associated spectral sequence 


E}? = HP (G; H9(U(n))) => H?*4(U(n)/G) . 


Now H*(U(n); Z) = Az(x1,..., X2n—-1) and by construction these classes transgress 
down to cj(@) € H”! (G; Z) for i = 1,...,n. This implies that [exp(c;(@))] - 
x1 € er is a permanent cocycle for i = 1,...,n, which implies that 


[[] exp(ci($))] - Huin € im(i*) where Hun) is the top cohomology class on the 
fiber and i: U(n)—>U(n)/G is the projection. However, i is a covering map of ori- 
ented manifolds, hence it has degree |G| on the top class from which the result 
follows. O 


Example 1.9. We now compute the cohomology of Qg using the action on $? as a sub- 
group. The spectral sequence (1) with integral coefficients for this action degenerates 
into the long exact sequence (for i > 0) 

+++ > HQs) > H' (Qs) > H'(S?/Qs) > H'™> (Qs) > ... 


From this we deduce that H? (S? /Q8) = H? (Qg) = Z/2 x Z/2, and as the action 
is free, H*(@g) = Z/8. Hence we have that 


H* (Qs, Z) = Zaz, Bo, yal/ R 
where R is the set of relations 2, 28, 8y, ap, a. B. 
A similar analysis yields 
H* (Qg, F2) = Falx, yi, z4]/R’ 


and the relations in this case are x? + xy + y?, x? y + xy. These are obtained easily 
using the additive structure (computed in Chap. IV) and symmetry considerations. 
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V.2 General Properties of Posets Associated to Finite Groups 


For the remainder of this chapter we will specialize to certain G-complexes which are 
defined from the lattice of subgroups in G. The point of this is that their equivariant 
structure is an important device for tackling the p-local structure of G and its mod p 
cohomology. 

As before let G be a finite group and consider the collection $,(G) which is the 
set of all finite p-subgroups of G which are non-trivial. Under inclusion this becomes 
a partially ordered set (poset for short) endowed with a natural G-action induced by 
conjugation. In the usual way we can associate a G-simplicial complex to it denoted 
by |Sp(G)|. We recall how this is constructed: its vertices are the elements of S,(G) 
and its simplices are the non-empty finite chains in $,(G). Note that the isotropy 
subgroups of the vertices are the normalizers of the corresponding p-subgroups of G. 
Similarly we denote by A,(G) the poset of p-elementary abelian subgroups of G 
which are not trivial. 

These two functors 


Ap()|.1SpO 
{Finite groups) 2 ">| G-simplicial sets} 


were first introduced by K. Brown, [Brown], and D. Quillen, [Q5]. The objective was 
to construct a natural complex which distilled the p-local structure of the group G as 
well as to provide analogues of Tits buildings for general finite groups. 

Given a map f: X— Y of posets and y € Y we define 


fly 
ylf 


The following result is important for determining the homotopy type of posets. 
Let f: X—Y as above: 


{x € X| f(x) < y} 
{x € XI f(x) > y}. 


Proposition 2.1. Assume | f|y| is contractible for all y € Y (respectively || f| is 
contractible for all y € Y). Then |f| is a homotopy equivalence. 


Proof. We sketch the proof in the simply connected case; fundamental groups must 
be dealt with using twisted coefficients. For more on this, see [Q]. Consider the Leray 


spectral sequence associated to |X iS Wis 
E? , = H(I¥ |; Hq) > Hp (lX; Z) 


where #, is the sheaf which comes from the pre-sheaf associating to any open subset 
U C |Y] the group 


Hy (f'U; Z)) . 


As f is a map of posets |f| is a map of simplicial complexes and the sheaf can be 
computed combinatorially. In fact we have that #, can be identified with the local 
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coefficient system y +> H,(| f,|). By hypothesis we have that f|y is contractible for 
all y € Y and hence the E*-term becomes 


p= H (Y|: Z) q=0 
Pq 0 otherwise 


and it follows that f induces a homology isomorphism of simply connected CW- 
complexes. By Whitehead’s theorem this implies that | f | is a homotopy equivalence. 
In the case „| f contractible the above result is proved using X°?, Y°? instead. O 


A subset K of a poset X is said to be closed if x’ < x € K implies x’ € K. Let 
Z be a closed subset of a product of posets X x Y; and pı: Z— X, p2: Z—Y the 
projections. We can identify the fiber of pı over x € X with the subposet 


Zx = {y € Y|G@, y) € Z); 
similarly for p2 we have 

Zy = {x € X|(x, y) € Z}. 
Then we have 


Lemma 2.2. If Z, is contractible for each x € X then pı: Z— X is a homotopy 
equivalence. 


Proof. x\pi = {(x', y) € Z\x’ > x}; define ø: Zx—>x|pı and v: x|Ppı—>Zx by 
$y) = (x, y), v(x’, y) = y. Then v - (y) = y, $ - v(x’, y) < (x’, y). 

If two maps of posets f, g: Wı— W3 satisfy f(w) < g(w) for all w € W, then 
it is easy to verify that | f| and |g| are homotopic (indeed, f and g determine a map 
{0 < 1} x Wi — W2 and |{0 < 1}| is a 1-simplex). 

Hence v and ¢ are homotopy inverses and so ,|p; is contractible for all x € X 
and it follows that |Z| =p, |X|. o 


Corollary 2.3. If Zx, Z, are contractible for each x € X and y € Y, then |X| and 
|Y| are homotopy equivalent. 


Proof. By 2.2|X|~|Z|~IY|. o 


We can now analyze the homotopy theoretic properties of the poset spaces S,(G) 
and A,(G). To begin we have 


Lemma 2.4. [f P is a non-trivial p-group then A,( P) is contractible. 
Proof. Let B C P be the subgroup of the center of P consisting of the identity and 


all the elements of order precisely p; then B > 1 since P > 1. Hence, in A,(G) we 
have G < AB > Aforall A € A,(P), so lida pP | = ct and Ap(P) > *. O 


We use this to prove 
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Proposition 2.5. The inclusion i: Ap(G) —> S,(G) is a homotopy equivalence. 


Proof. Let P € S,(G), then i|p = Ap(P), a contractible poset, and hence |A,(G)| = 
ISp(G)|. o 


Next we have 


Proposition 2.6. If G has a non-trivial normal p-subgroup then A,(G) is con- 
tractible. 


Proof. We show S,(G) is contractible. If 1 < K < G, then for any P € S,(G) we 
have P < PK > K in S,(G), hence |S,(G)|~*. oO 


Now if K is anon-trivial normal p-subgroup of G then the subgroup E of elements 
of order | or p in the center of K is characteristic in K, hence E is a normal p-torus 
in G. In this case 2.6 can be reformulated as the statement that if |A p (G) |E Æ Ø then 
|A p(G)| is contractible. We note that the converse of this is still an open problem due 
to D. Quillen: 


Conjecture. Jf A (G) is contractible then G has a non-trivial normal p-subgroup. 


The cases rkp(G) = 1,2 have been settled affirmatively since then A,(G) is 
a finite set of points and a graph (respectively) in which case contractibility always 
implies a G-fixed point. 

Now suppose that G is the finite group of rational points of a semisimple algebraic 
group defined over a finite field K of characteristic p. Then one may associate 
a “building” /7 to G in the sense of Tits [T]. It is a simplicial complex of dimension 
m — 1 with a G-action where m is the rank of the underlying algebraic group over K. 
Let A C H bea simplex; the correspondence 


At» stabilizer of A 


estabishes a contravariant isomorphism between the poset of simplices in /7 and 
parabolic subgroups in G. Ap(G) is closely related to this complex. 


Theorem 2.7. The poset Ap(G) is homotopy equivalent to the building IT. Hence 
A,(G) has the homotopy type of a bouquet of (m — 1)-dimensional spheres. 


Proof. We provide the proof for the simple case G = SL, (K). Let X be the poset of 
simplices in J7 and define Z C X x A,(G) as 


Z = {(x, A)|x € X^} = {(x, AIA CG,). 


For G = SL,,(K), TI can be identified with the simplicial complex |7(K”)| where 
T(K”) denotes the poset of proper subspaces of K”. Note that m = n — 1, differs 
from rkp(G). Now it is clear that an element of G, leaves each point of x fixed, 
hence x’ < x implies Gy D G, and so Z is closed. Hence we need only show that 
Zx = A,(G,) and Z4 = X^ are contractible. 
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Consider a simplex x; it is a flag 
0<V,<-:-<V,<K’, n> 


with stablizer G,.. The elements of G, which induce the identity on each quotient of 
the flag form a non-trivial normal p-subgroup of G,, hence |A,(G,)| = *. Now let 
TI” be the simplicial complex associated to the poset T(K")” of proper H-invariant 
subspaces of K”. If H is a p-subgroup of G, W% > 0 for W € T(K")", hence 
this poset is contractible; W > W" < (F")”. Thus the X^ are contractible and we 
conclude |A (G) > M. O 


We now introduce the following notation for a G-complex X: the singular set of 
the action is, by definition, the subcomplex 


Sc(X) = {x € X|G, A {1}}. 
We have a key lemma, 
Lemma 2.8. Let H C G be a non-trivial p-subgroup. Then |A,(G)\" is contractible. 
Proof. Let A be a non-trivial p-torus in G normalized by a p-group H C G; then 


AF Æ {1}. Denote by E the p-torus of central elements of order dividing pin H. We 
have 


AË <A, A" < APE, E<A"E 
whence the result follows. O 


We can now prove the following proposition which will be vital for our later study 
of the cohomology of simple groups. 


Theorem 2.9. Let P = Syl,(G); then Sp(|Ap(G)|) is contractible. 


Proof. Replace |A,(G)| by its barycentric subdivision |X|, where X is the poset of 
simplices in |A,(G)|. Then Sp(|X|) is the subcomplex 


U xi? = ix"! = 18p(A,(@))1 
H 


H<P 


As before, let Z C Ap(P) x Sp(Ap(G)) be the closed subset consisting of pairs 
(H, x) where x € X” or equivalently H C P,. 

By definition of the singular set P, # {1} for all x € Sp(A,(G)); hence Z, = 
A,(P,) is contractible by 2.4. Also, if A € Ap(P) then Z4 = XA, the poset of 
simplices in |A (G )4|. However, we have seen in 2.8 that this is contractible. Hence 
we have shown 


|Sp(Ap(G))| = Sp(|Ap(G)|) = |Ap(P)| = * . 
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Corollary 2.10. x(|A,(G)|) = 1 mod |Syl,(G)|. 


Proof. For any finite G-complex we have 
x(X) = x(SG(X)) mod |G] . 
The result follows from applying this to X = |A (G)|, G = Syl,(G). o 
To conclude this section we provide some examples of posets A p(G). 
Examples 2.11. 
G = 84, the Symmetric Group on 4-Letters, 
A2(G)/G: 


Z/2 x Z/2 


G= L3(F2), p= 2s 


In this case |T0F3)| = |A2(G)| = Vi S! is a trivalent graph. The parabolics are 


1 * * * k 
P, = O * * =5= oe ae = Py 
O * x 00 1 


and the Borel subgroup is 


G acts edge transitively on J7 with quotient 
e—a 
á P B Pz 
It is known that Hı (T; Z/2) = St the Steinberg module, which is projective of 
rank 8 as an F2G-module. 


G= Mir, P =2 
A2(M11)/Mi: 


GLo2(Fs) S4 
292 Dg Z/2xZ/2 
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G=Ji »p= 2, 
A2(J1)/ Ji: 
Z/2 x As (Z/2)° Aq x Z/2 


Z/2 


Z/2x Ag A4 x Z/2 


oes Na ((2/2)°) 


We point out here that from the above one can verify that this poset has negative Euler 
characteristic, hence its 1-dimensional homology is non-trivial. It is an example of 
a non-spherical poset space. 


V.3 Applications to Cohomology 


We have seen in §2 that we can associate a finite G-CW-complex X = |A,(G)| 
to any finite group which satisfies the condition that the fixed point set |A p(G)|4# 
is contractible for any p-subgroup H C G. In this section we will show how this 
very strong condition allows one to extract important and useful cohomological 
information about G as long as we concentrate only on the prime p. 

To begin we have a result of K. Brown, [Brown, pg. 293, Theorem X.7.3], 


Theorem 3.1. The map H*(G; F ,)—> HG(\Ap(G)|) induced by |A,(G)|—pt is an 

isomorphism for all x € Z. 

Proof. We have a short exact sequence of G-cochain complexes 
O0—>F,—>C*(\Ap(G)|; Fp) > C*(|Ap(G)|; Fp) 0 . 


This induces a long exact sequence 


... > Hi(G; F) S Hi (X; F,) > Ai (C*) A+ (G; F,)> 


where X = |A,(G)|. Now, if P = Syl,(G) recall that Sp(X) > * and furthermore, 
as Tate cohomology is identically zero on free complexes we have 


Â% (X; Fp) = Hp(Sp(X); Fp) = A*(P; Fp) . 
As this isomorphism is clearly induced by the augmentation we deduce that 
Ap(C(X): Fp) =0  forallx eZ. 
However, using restriction-transfer we have 


He(C(X); Fp) > ARC); Fp) 


([G: P] prime to p). Hence Ĥ*(G; C*) = 0 and so €% is an isomorphism. O 
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What this illustrates is that the equivariant structure of A,(G) determines 
the cohomology of G for p-torsion coefficients. The next result, a theorem of P. Webb 
[We], makes this more precise. 


Theorem 3.2. In the Leray spectral sequence associated to |A,(G)| xg EG—> 
|Ap(G)|/G with F, coefficients we have 


Epa x 0 p>O, 
= H(G; Fp) p=0. 


Proof. Our proof of this result requires standard techniques in equivariant topology; 
a good general reference for this material is [Bre2]. Recall that |A,(G)| is a finite G- 
CW complex with constant isotropy on each cell. Under these conditions the £;-term 
of the above spectral sequence can easily be identified with 


Ey? = H(G; C(A (G); F») = @ HG) 
os€lAp(G)I/G 


and d, is the differential induced by the coboundary map on C*. Define for any 
HCG 


(9) = H4(H; C*(\Ap(G)|; Fp)) - 
This is a finite cochain complex and (3.2) is equivalent to proving that for all q > 0 


HORD) = al 7 vin 
Now we have (for all g > 0) a split monomorphism of cochain complexes 

Dg(q) > Dp) (P = Syl,(G)) 
and so D} (q) ~ D% (q) ® D’. However, if we define 

pq) = H’ (P; C*(Sp(|Ap(G)|); Fp)) , 
we see that Ep (q) = D (q), hence Dọ (q) is a direct summand in E7>(q). It is now 
clear that it suffices to prove the claim for the cochain complex E} (q). For this note 
that 

Sp(|Ap(G)|)—>* 

induces homotopy equivalences 


Sp(|Ap(G)|)"” —>x 


for all H C P. Hence this complex is equivariantly contractible and so we have an 
isomorphism of spectral sequences at the E>-level 
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Ex" = H?(Sp(|Ap(G)|)/P; #1) 


~ 


E$“ = H9 (x; #1) 


which completes the proof for g > 0. However one observes that the argument above 
holds if we use Tate Cohomology and the corresponding spectral sequence, for all 
q > 0. Using the fact that for any finite group G with order divisible by p we have 
H?(G, Fp) = A (G, F,) completes the proof of (3.2). o 


Corollary 3.3. 


H*(G:Fy)®} Q AGoiFp) |= CG H*(Go: Fp) 
o,€Ap(G)/G oj€Ap(G)/G 
i odd i even 


forall x > 0. 


Remark. This extends easily to arbitrary twisted coefficients M and all * € Z using 
Tate cohomology instead in the proof. 


We may apply this to the examples in §2. 
Examples 3.4. (all for p = 2) 


84 
For $4 we obtain nothing new 
H*(8s) ® H* (Dg) ® H* (Ds) ® H*((Z/2)") 
= H*(S4) ® H*(Ds) ® H*(Ds) © H*((Z/2)”). 


SL3(F2) 
For G = SL3(F2) we get 

H*(SL3(F2)) Ð H*(Dg) = H*(S4) @ H*(S4) . 
The Sporadic Group M1; 


For G = Mı we get 


H* (M1) ® H*(Dg) = H*(GL2(F3)) ® H* (S4) . 
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The Sporadic Group J; 
For G = J; we get 


H*(J,) ® H*((Z/2)°) ® H*(Z/2 x A4) ® H*(Z/2 x Ag) 
= H*((Z/2)*) ® H*(Z/2 x As) Ð H* (A4 x Z/2) @ H* (N; ((Z/2))). 


Using the fact that H* (44) = H*(As) at p = 2 we recover the result of 11.6.9, 
H*(J\) = H*(Ny, ((Z/2)%)) , 


where Ny, ((Z/2)°) is a group of order 168. 


VI. 


The Cohomology of the Symmetric Groups 


VI.0 Introduction 


There are intimate connections between the homology and cohomology of the sym- 
metric groups and algebraic topology. The first of these is their connection with 
the structure of cohomology operations. This arises through Steenrod’s definition 
of the P’" power operations in terms of properties of certain elements in the groups 
H,(Sp; Fp). Indeed, the original calculation of H,(S,; Fp) by Nakaoka was motivated 
by this connection. 

These connections were exploited and developed from about 1952-1964 in work 
of J. Adem, N. Steenrod, A. Dold, M. Nakaoka and others. In particular, Adem 
used properties of the groups H,(S,2; Fp) to determine the relations in the Steenrod 
algebras. The complete cohomology rings, H*(S,2; Fp), were then determined by 
H. Cárdenas, [Card], and it is here that the Cérdenas—Kuhn theorem first appears. 

Then, in the period from 1959-1961 E. Dyer and R. Lashof discovered a sec- 
ond connection of the symmetric groups with topology: a fundamental relationship 
between H,(S,; Fp) and the structure of the homology of infinite loop spaces. The 
particular relation that expresses the spirit of their results best is a remarkable map 
of spaces 


f:Zx Bs,,— lim 2"S" = QS? 
n> 


which induces isomorphism in homology, but it is not a homotopy equivalence. 

In the late 1960’s and early 1970’s this isomorphism formed the starting point for 
much of Quillen’s work relating the classifying spaces of finite groups of Lie type to 
stable homotopy theory. We discuss some aspects of this in Chap. VII. 

The original calculations of the groups H,(S,;F,) was based on an important 
connection between these groups and the cohomology of symmetric products of 
spheres SP" (S?”), 


H™k-5(5 p"(S°"): Fp) = Hs(Sn; Fp) 
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for s < 2m (recall from Chap. II that SP"(X) = X"/S, where S, acts on X” by 
permuting coordinates). In turn, the spaces SP” (S*”) were identified with subspaces 
of Eilenberg—MacLane spaces by the fundamental theorem of Dold and Thom, [DT], 


SP™(X) ~ | | K(Ai(X; Z), i) 
l 


for all connected CW complexes X. From this, Steenrod, in unpublished work, 
Milgram, [M3], and Dold, [Do], determined the homology groups of the SP” (X). 

This work has led to recent connections between the homology of symmetric 
groups, certain moduli spaces of holomorphic maps from the Riemann sphere to 
symmetric spaces, the geometry of spaces of instantons and monopoles, and even 
results on linear control theory. Some of this work i is described in the papers [C?M?], 
[MM 1], [MM2], [BHMM], [Segal]. 

In this chapter we give a fairly complete and self-contained exposition of the 
structure of the homology and cohomology of the symmetric groups, Sn, for all n. 
The connection with infinite loop space theory is summarized in Theorem (3.5), but 
we do not discuss the other applications. 

We now describe the form of the answer. The homology of $, injects with any 
untwisted coefficients, A, onto a direct summand in the homology of Sə for each n 
via the homology map induced from the usual inclusion of groups. In particular this 
implies that H,(S..; A) = L [F H.(Bs,, Bs,_,; A) for all untwisted coefficients A. 
On the other hand, if A is a ring there is a ring structure induced on H,(S,.; A) from 
fitting together the maps S, X Sm— Sn+m. This induces pairings 


H,(Bs,,, Be 5% A) ® Ay (Bsn, B31; A) — Heye (Birim BS. cunts A) 


which makes H,(S..; A) into a bigraded ring. Then the main structure theorems have 
the form 


Theorem. H,(5.0; Fp) is a tensor product of exterior algebras on odd dimensional 
generators and polynomial algebras on even generators where each generator has 
aknown bidegree when p is any odd prime. When p = 2 it has the form of a polynomial 
algebra on generators of known bidegrees. 


As an example, here is the answer for p = 2. An admissible sequence, of length n, 
I = (ij, i2,...,i,), is any non-decreasing sequence of positive integers | < i; < 
i2 < +++ < in. The dimension of the sequence, d(I) = i, + 2i2 + 4i3 +--+ +2" in, 
and the bidegree of J, b(/) = 2”. Then 


Ay (So0; Fo) = Fo[x1, X2,.--5%7,--+] 
as I runs over all admissible sequences. These admissible sequences are given 


by certain constructions called (iterated) Dyer—Lashof operations, [DL], applied 
to H,(Z/2; F2). (We will discuss this further in §3.) In any case H,(Sa; F2) C 
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H,(S.0; F2) is generated by all the monomial products of the generators with bide- 
gree < n. Precisely, these monomials have the form 


ir 
“xX, 


i 


xis. 
Such a monomial has bidegree 3 ijb(/;) and dimension di ijd(/;). In particular 
A, (82; F2) has generators x;, 1 < 1 < oo, where x; has dimensioni i and bidegree 2. 
Similarly H,(S4; F2) has these generators, their products x;x;, i < j, and further 
generators corresponding to the admissible sequences (i), i2) of dimension i, + 2/2. 

The x;’s are used by Steenrod to construct the basic Steenrod squaring operations, 
Sq/, while the x; with 7 = (i1, i2) are used by J. Adem to construct the iterates Sq! Sq/ 
and determine the relations between them, such as the basic relations Sq*"~! Sq” = 0. 

The first section of this chapter is primarily algebraic. We determine the groups 
Syl p(Sn) and show that H*(S,; Fp) is detected by restriction to elementary abelian 
p-groups. Then we determine the conjugacy classes of these groups in S,, and show 
that certain key conjugacy classes satisfy weak closure conditions in § pm. This allows 
us to determine the image of the restriction homomorphism for these groups and at 
this point we are able to write down the groups H*(S,; Fp) forn < p°. 

The hard work in §1 is the determination of the image of restriction 


H* (Spr; Fp)— H* (V, (p): Fp) 


where V, (p) = (Z/ p)” and the inclusion is the regular representation. It turns out that 
the classes detected by these groups construct every cohomology class in H*(S,; Fp) 
via certain composition pairings. Here, for the most part, we follow the exposition of 
[Ma], reporting on work done in the early 1970’s. We extend his ideas in a few places 
to make things more self-contained. 

To understand these groups and the composition pairing which builds them for all 
n we must introduce a more global point of view. This is accomplished in the second 
section where we introduce the techniques of Hopf algebras. We first introduce the 
notions of Hopf algebras, then prove the basic theorems of Borel and Hopf on the 
structure of commutative and cocommutative Hopf algebras. 

In §3 we apply the Borel—Hopf theorems to the work of §1 to quickly obtain the 
Hopf algebras H» (S-o; Fp) for all primes p. 

In §4 we discuss the structure of some rings of invariants. This is in preparation for 
§5 where we give complete calculations of H*(S,; F2) for n = 6, 8, 10, 12. Finally, 
in §6 we discuss the cohomology groups H* (An; F2). The work in §4 is largely 
incomplete and the complete answers should be of considerable interest when they 
are finally understood. 


VI.1 Detection Theorems for H*(S,.F,) and Construction 
of Generators 


In this section we concentrate on the structure of the groups Spn. In particular, we 
construct a great many cohomology classes which are non-trivial in these groups 
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using the Cardenas—Kuhn theorem and restriction to some of the more important 
maximal elementary p-subgroups of Sp». These subgroups are classified in (1.3). 
Then, after we have discussed Hopf algebras in §2 we will show that the elements 
constructed here generate H*(S,; Fp) for all n. 

The Sylow p-Subgroups of §, 


Recall that for any G C §, and any other group H, the wreath product H ? G is 
defined as the product H” x G with multiplication 


(his... Any 8h), «+» hps 8) = Arh -igys «++ An tg-tenys 88°). 


In particular, Sm ? Sn may be thought of as the set of permutations of pairs (i, j), 
1 <i<mand1 < j <n by defining 


(hy, .-. An. OG D = (hy), O. 
Then, using lexicographic ordering, this provides an embedding 
Inmet Sm Sn — Sam: 
Note that, in particular, we have 
J: Z2? Z2 => 8S4 
and, iterating this, we obtain 


J: Z2? -+l Z2 => San 
— a 


n times 


Lemma 1.1. 


1. The power of 2 which divides n! is n — a(n) where a(n) is the number of 1’s in 
the dyadic expansion of n. 

2. Let p be an odd prime, then the power of p which divides n! is mue where 
a(n) is the sum of the coefficients in the p-adic expansion of n. 


Proof. The power of p which divides n! is 


BaD 


so, ifn = $ garp" then [=] = }_, a, p’ and the sum above is 


z pug - p=) 7 
P atp lap tet) = a (2) =n a). 
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It follows that J embeds the wreath product as the 2-Sylow subgroup of Spr. 
Now let m be an arbitrary integer. Write it out in terms of its dyadic expansion 
ma Zl pap iy ip ease <i. 
Then 
Saig X Szi X +++ X Soir —> Sm, 
with odd index. hence 
Syl, (Sn) = Syl; (Szi ) x +++ x Syl, (Si), 


from which we conclude that the Sylow 2-subgroup of any finite symmetric group is 
a product of iterated wreath products of Z/2. A similar analysis applies for p odd. 
One checks as before that 


(Z/p)?(Z/p)?---?(Z/p) C Sp 


r—times 


is Syl,,(S,-) and a product, depending on the p-adic expansion of n, of these wreath 
products is Syl, (Sn) for general n. 
From (IV.4.3) we obtain an important detection theorem for symmetric groups. 


Theorem 1.2. The mod p cohomology of Sn is detected by its elementary abelian 
p-subgroups. 


The Conjugacy Classes of Elementary p-Subgroups in 8, 


Let V,(p) = (Z/p)" —> Sp be the regular representation, (the permutation repre- 
sentation on the cosets of the identity). 


Theorem 1.3. Write n =a +i)p+izp?+---+i,p’ withO <a < p, ij > 0 for 
1 < j <r. (Note that the i; can be greater than p in this decomposition.) Then there 
is a maximal p-elementary subgroup of Sn corresponding to this decomposition 


Vi(p) x ++» x Vi(p) x+- x V,(p) x +++ x V,(p) 
Tna a. o se! 
ij ip 
CSpXXSpX X Sy x ++» x Sp CS, 
— mm — 
ij ir 

and as we run over distinct decompositions (i, ...,i,) these give the distinct conju- 
gacy classes of maximal elementary p-subgroups of Sn. 


Proof, Let H = (Z/p)' C Sn be any p-elementary subgroup. The action of H on 
(1, ...,”) breaks this set into orbits, each of length a power of p. Now restrict H to its 
action on a single orbit. This gives a homomorphism H— S» with image conjugate 
to V,(p). It follows that H is contained in one of the groups of the theorem. O 
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Corollary 1.4. H* (Spr; Fp) is detected by H*(V,(p); Fp) and 


H*(Spn-1 XxX Spn-1; Fp) ‘ 
a” 
p 


Proof. Every elementary p-subgroup of $p» is conjugate to one contained in either 
Spr-1 X +++ X Spa-i or in V,(p) and H*(Syl,,($n); Fp) is detected by p-elementary 
S e 


p 
subgroups. O 


Weak Closure Properties for V,(p)C Syl, (Spr) and (Vai (p) C Spn-1 .Z/p 


Recall that N C H C G is said to be weakly closed in H if every subgroup of H 
which is conjugate to N in G is already conjugate to N in H. 


Theorem 1.5. For all n > 0 and each prime p the subgroup V,(p) C Sp» obtained 
via the regular representation of (Z/ p)" is weakly closed in Syl (Spr). 


Proof. The regular representation G <> Sjc] is defined by regarding the points of G as 
the elements being permuted and the embedding as permutations is g({h}) = {gh}. 
Then the centralizer of G <> Sig) is a second copy of G acting from the right, 
c(g)({h}) = {hg-'}. (This is well known, but the proof is easy: if xg = gx for all 
g € G, we have xg{h} = gx{h} = g{ha} for some A, and xg{h} = x({gh}) = {ghd}.) 

In particular, in the case where G is abelian, it follows that G is its own centralizer 
in Sig; when G is embedded via the regular representation. 

Next, choose e € V,(p), e #0, and let C(e) = Z/p? Spn-1 be the centralizer of e 
in Sp». In particular, V,(p) C C(e). Then we also have C(Z/p?Sp.-1) = (e) = Z/p, 
and we suppose f € Sp given so that fV,(p)f—' C C(e). We claim that there is 
ag € C(e) so that fV,(p) fT! = gVn(p)g~' so that V,(p) is weakly closed in C(e). 

To see this note that e € CFV, (p) f) = fV,(p)f—! since, as we have seen, the 
centralizer of the regular representation of an abelian group is the group itself. Thus 
there is h € V,,(p) so that faf = e and there is an element à € Aut(V,(p)) 
Ns n (Va(p)) so that f - àe(f - à)! = e and, of course, f -AVn(p)(f A)! 
£Vn(p)f—'. But this implies that f - 4 € C(e) and the claim is verified. 

Now we are ready to prove the theorem. The proof is by induction, so we assume it 
is true for n— 1, Suppose that we have V’ = gV,(p)g~! C Syl,(Sp"). We wish to show 
that there is an h € Syl,,(Sp») so that hV,(p)h~' = gV,(p)g™'. To begin we assume 
that g € Z/p ? Spn-1 by the remarks above. Then we project onto S,,-1. Note that, 
if m denotes the projection, then 2(V,,(p)) = Vn—ı (p). Thus 2(g) Vn- (prle)! C 
Syl,,(S,.-1) and, by the inductive assumption, there is some A € Syl,(S,n-1) so 
Am(g) Vn—1 (p)(An(g))7! = V,-1(p) and Az(g) is an automorphism of V,_;(p). 
Hence, there is some 


I We 
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so that Aa(g@) commutes with V,,_;(p). But then, since Vy—ı (p) is its own centralizer 
in Spa-i, it follows that Am(g@) € Syl ,(Sp-1), so 1(gd) € Syl, (Sp-1) as well, and 
gh € nm! (Syl pS pr-l) = Syl p(Spr) and the induction is complete. O 


Using this result we have a precise determination of the image of the restriction 
homomorphism from H*(Sp.; Fp) to H*(V,(p); Fp). 


Corollary 1.6. The image of the restriction homomorphism 
res *: H*(Spn;F,)—> H*(V,(p); Fp) 
is precisely equal to 


im( res *: H*(Z/p?---?Z/p;F,)—>H"*(V,,(p); Ep)) 
os 
n—times 
(H Valp): Fy. 
Proof. First, the normalizer of the regular representation of H C Su is always 
Aut(H) so the Weyl group is Out(H). In the case of (Z/p)” this is GL, (Fp). Now 


(1.5) implies that we can apply the Cardenas—Kuhn theorem to V,(p) C Syl, (Sp) 
and (1.6) follows. o 


We also have further weak closure properties which are very useful in under- 
standing the groups H* (Spn; Fp). 


Theorem 1.7. For all primes p and 1 < i < n — 1, the subgroup (Vn—i(p))” = 
Sn-1 ? Z/p is weakly closed in Sp. 


Proof. Let T = (1,1,...,1, T) € H22Z/p where T acts by 
Tisos rAp DT = (Hip, Bayes Bp» Mrs Ls 


and suppose that t € H 2 Z/p and T have the same image under the projection 
x: H2Z/p—Z/p. Then, we can write t = (t),..., Tp, T), and a direct calculation 
shows that 


TP = (tyty tp, T° TT, «ees TTL Tp- L) 
so t? = 1 if and only if tı -++ tp = 1. 


Proposition. Suppose that t and T have the same image under x in Z/p, then, if 
t? = | it follows that T and t are conjugate in H 2 Z/ p. 


(Write 8 = (T1, T2T1,...,Tp—1---T1, 1, 1) € H2 Z/p. Then directly 679-! = t and 
the proposition follows.) 
Now we turn to the proof of the theorem. We introduce the following notation. Let 


M = g(V,-i(p))” g7! C Spn-i ?Z/p for some g € Spr. Suppose that the projection 
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z on M is not {1}. Then the proposition shows that we may assume T € M. The 
centralizer of (T) in $,n-1?Z/p is A?(S,,-1) x (T) and consequently, 


M = (MN AP(S,»-1)) x (T) . 


Thus, the intersection with A(S,,-1), now regarded as the permutation group on pr 
points, must have p' orbits, each of length p"~'—! to give p' orbits each of length 


p”™' under the action of the entire subgroup in §,-1 ? Z/p. It follows that 
MN AP(S ont) C (Vni-1(p))” 


and the order of the resulting group (M N Sint , T) is at most pi Dr +l < pdr’ 


so it follows that 2(M) = {1}. Consequently, M C Sond and the result now follows 
by checking orbits. O 


Corollary 1.8. The image of the restriction map 


H*(Spn; Fp) —> H*((Vn-i(p))” ; Fp) 


i N 
(im( res *: H* (Spi; Fp) > H*(Vn-i(p); Fp)” N (H*(Vp-iCp): Fp)” ) 


where N is the Weyl group GLn-—i( p)? Spi of Vaip)” in $p. 
There are two special cases for the result above. Let 
v € im( res *(H* (Sp; F p)—> H* (Vn( p); Fp))) . 
then 
VvO@1®@---@1+1@v®-::-@l+:--+18---@1Ov 
pi times pi times pi times 
is in H*(V_(p)”; Fp)". Also, when dim(v) is even 
vOv: -Qv e H*(Va(p)”; Fp)" . 
pi times 
Consequently we have 
Corollary 1.9. 
1. For all integers n, i > 0 we have that the composite restriction map 


res * 


resi, r 


is onto the image of res *. 
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2. Letv € im( res *: H*(S,»; Fp)—> H™(V,(p); Fp)), then for all i > 0, 
v (0x4) v ® eee Q v 
ee 


p! times 


is in the image of the restriction 
res *: H*(S pri; Fp) > H* (Va (p); Fp) . 


(1.9) is a key tool in our final description of the homology structure of the 
symmetric groups which will be completed in the next 2 sections using the methods of 
Hopf algebras. We now determine the image of the restriction map in H*(V,(p); Fp). 


The Image of res*: H*(8 px; Fp) —> H*(Va(p);F p) 


We apply the results of (IV.1) on the homology of wreath products, to further under- 
stand how the mod(p) homology and cohomology of §,, occurs. Clearly, the critical 
case is when n = p”. We have a factorization of the inclusion Syl p(Snp) > Snp as 
follows 


Syl,(Snp) > Syl, (Sa): Z/p => Sn Z/P > Sn? Sp > Snp - 


In (IV.1) we determined H*(H : Z/ p; Fp). It is generated by elements of two types. 
First there are the (1 +T +- -- TP7!)(A18- --Àp) € H* (HP; Fp) where the A; are not 
all equal and T acts to shift the elements T(A; 8 --- àp) = (Ap @A1 8- @Ap_1). 
These.are all in the image of the composite res - tr . Then there are the elements of 
the form 


(A @A@++-@A)Un* (yj) (1.10) 


p times 


where (yj) € H/(Z/p; Fp) is a generator and 2: H 2 Z/p—>Z/p is the projection. 
Precisely, yj is given as follows. Let e € H'(Bz,p; Fp) be the fundamental class 
which corresponds to the identity homomorphism 


id € Hom(H; (Bz/p; Z); Fp) = H'(Bz;p; F,) 


and suppose b = f(e) is the Bockstein. Then set y; = bÍ, y2j41 = ble for p 
odd, and y; = e/ when p = 2. For notational convenience we will sometimes write 
m*(y;) = e/, 1*(yj+.) = be as well in what follows. 

There are further restrictions that we can put on the possible classes in (1.10) which 
are in the image from H*(S„p; Fp) when p is odd. The normalizer of Z/p C Sp is 
Z/p xr Z/(p — 1). The action of 0 € Z/(p — 1) on (A @--- @ A) is trivial if 
dim(A) is even, but is given by the sign representation if dim(A) is odd. Likewise, 
we can make Aut(Z/p) = Z/(p — 1) correspond to the units y € Z/p and under 
this correspondence p(y;) = w*!/2ly;, Thus, the invariants under this action in 
H* (Sn ? Z/p; Fp) among the elements of the form (1.10) are the elements (A @ 
+++ Q à) Uy with k = 2j(p — 1) or k = 2j(p — 1) — 1 when dim(A) is even and 
(A@++-@A)UDCFDO-D? or (18-A) ULI +DE-D/2-1e when dim(A) is odd. 
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Lemma 1.11. Let p be a prime. The composite 


res 


H*(Spp-1 X +++ X Spn-13 Fp) —> H* (S p- 2. Z/p; Fp) —> H*(Vn(p); Fp) 
is identically zero. 


Proof. We use the double coset formula for Boa ı and V,(p). There is only one 
double coset in the wreath product. Hence the composite factors as 


tr - res: H* (Srni; Fp) —> H* (V, (p) f Spr-1; Fp)— H* (Vn (p); Fp) 
and since the index of this intersection in V„(p) is p the result follows. O 


In view of (1.11), to understand the restriction map 
H*(S pa- ? Z/ p; Fp) > H*(Vn(p); Fp) 


it suffices to study it on elements of the form (œ) where Ia) is described in the 
proof of (IV.1.5). From this proof we see that, in fact, [(@) is defined and non-zero 
in H™(X? xr Ezyp; Ep) for any cohomology class a € H'(X; Fp) where X is an 
arbitrary CW complex. [(q@) satisfies the following four properties, all of which 
follow directly from its construction in (IV.1.5): 


1. res (Na) =a@---@ain H* (87-13 Fp), 
p times 
2. The construction is natural in the sense that if f: X—Y is a continuous map and 
f*(D) =a then (f? x id)*(J(1)) = Fa), 
3. Mæ U p) = +a) U ITB), 
4. a+ p) = Ma) + IP) + tr (w) for some w € H' (XP; Fp). 


From the appendix to (IV) we have the formulae for the restriction map 


(A? x 1)*: Ma) H*(X x Bzjp; Fp) : 


t 
(A?x1)*(t@)) = $ S47 (a) @ e} when p =2, 
0 
(A? x1)*(@)) = (1.12) 
[t/2(p—1)] 
At >», (=1)'[ Pi Db- 4-1) BP! (goble), 
0 


where m = (p — 1)/2 and 


E (= 1 ymee-D)/2 
Ane a Gly 


Note that since (m!)? = (—1)+D/2, it follows that A, is +1 for t even. 
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This can be applied inductively to understand the restriction map to H*(V,(p)) 
from H*(S,«) since the inclusion V,,(p) <> Sp» factors as follows 


Px 
Va(p) = Vai (P) x Z/P S 8 n-1 t Z/pP— Sp . 


When p = 2 and n = 2 this gives res *(Ie)) = e @1+e@e ce H*(V2(2)). This 
element is not invariant under GL2(2) but res *(I(e)) + 1 @ e? = dh is invariant, 
and since res *(e) = 1 @ e, it is also in the image of res . Consequently, dz is in 
the image of H*(S4; F2), and since d} = Sq’ (d2) it follows that d3 is also in the 
image. We thus have a proof that F2[x), x2]/2 is in the image of restriction from 
H* (S4; F2). 
Example 1.13 H* (S4; F2). 

In this case we need only 2 detecting subgroups, V (2)? = S2 x S2 C S4, and 
V2(2). Then we have 


H*(S4) > H*(V;(2)?) © H* (V2) 
Y 
H*(V,(2)? N Vo) 
where @ = (res |, res 2), and o = res vo + res Note that im@ C 
hy FES 2), OP Vi (2)2AV> V; (2)2AV2" = 
ker g; now V;(2)? = ((12), (34)), V2(2) = ((12)(34), (14)(23)), hence Vj (2)? N 
V2(2) = ((12)(34)) = A(V2(1)). The invariant subrings are given as follows: 
H*(V(2)?)” = Falo, 02], 
H*(V2(2))92) = Fid, d3), 
H* (V1 (2? N V2) = Fle], 


Ie 


and 
(01,0) =0, poz, 0) =¢°, pO, d2) = e*, p0, ds) = 0. 
From the above we deduce the existence of classes 0), 02, c3 E€ H* (84), with 
$o) = (01,0), $(o2) = (02, d2), P(c3) = (0, d3) 
and so 
H* (84; F2) = Fao, 02, c3]/(a1¢3) 


This approach can be iterated. First, we need an inductive formula for constructing 
A(p—1ypn-1 € H*(V,(p))°l""?). We fix the generators d,n_pj for the Dickson algebra 
discussed in (III.2) as follows. Write V,(p) = (Z/p)"~! x Z/p where the elements 
in the summand Z/ p are written Ae, 0 < à < p — 1. Then the restriction of dyn_pi 
to the subalgebra for (Z/p)"~' is (dpn-1_pi-1)? for j > 1, and when j = 1 we have 
daag = dp-1_1€"™ "P-D where d,n-1_, is the Dickson invariant for (Z/p)"'. 
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Lemma 1.14. The following expansion is valid for all primes p. 


n—| . 
-Eady p= Teo, 
j=0 


vEVn (p) 
for each integer n, 1 < n < œ. 
Proof. To begin consider the case n = 1. We have [|22 (x — ie) = x? — xe?—! so 


the result is true here. Assume the result true for n, we show this implies it for n + 1. 
Write Va (p) = Va-i(p) x Z/p so 


I] «-» = fi( II trier) 


ve Vn(p) A=0 \weV,_)(p) 
p-| fn-l ; 
= I] Daye + de)?’ don-1_pi 
A=0 \ j=0 


p-| fn- f n—1 
= [| ape dpp tA Aje dpp 


A=0 \j=0 j=0 


n—1 j P 
= > Aja? dp-t_pi + 
j=0 
n-i : n-1 ; pA 
D ajax? dyi YA Aaa 


j=0 j=0 


= JOA jx” (dyp-1_pi-t)? + Bje?™'). 
j=0 
In particular, by restricting to F,[V,-1(p)] we see that when j # 0 the restriction 
of the coefficient of x?’ is die pit Thus, since there is only a one dimensional 


set of invariants in F,[V,(p)] with degree p” — pÍ we obtain the result for all the 
lower coefficients. But the top coefficient is + Į | v where v € V,(p) and v 4 0. The 
inductive step follows. O 


Corollary 1.15. Write V (p) = Vn—1(p) x Z/ p, then the lowest dimensional GL, ( p) 
P r $ =| j 

invariant can be written dnp- = È j0 eP’ dyn-t_pi + dnl gr? 

(Just expand out the coefficient of x?” ~ in the expression above.) 


Corollary 1.16. dj, _,-1 is contained in the image of the restriction map, im( res *), 
from H*(Syl,(8)). 
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Proof. Indeed, dyn px-1 = res *(Mdyn—i_pr-2) £1@ b”"-”"', (or 1 @e" | when 
p = 2) but if n: Syl,(S,n-1) ? Z/p—Z/p is the projection onto the new Z/p and 
e = m*(e) then res *(e) = e in the expression above for p = 2 and similarly for b 
when p is odd. O 


This shows, since the dj» __j are all Steenrod P powers of d pa—pn-1, that when 
p = 2 the entire invariant subalgebra is in the image of the restriction map and when 
p is odd, the entire invariant polynomial subalgebra is also in the image of restriction, 
but it leaves open the question of the part which involves the exterior terms. Here we 
follow the discussion in [Ma]. Define 


i! aj 
Gr g 


i.e. the k, j entry of L; 


1.17 
Le Gy is b?,(<r <i-1). Mee 
bi . bi 
Similarly, set 
i-1 -1 
bP... bP 
a p” pP i.e. the b”’ row is 
a t 
a E . | omitted (1 < j < i — 1). 
Di sau ib 
ei ej 


We have PP’ (bP) = b?’*! but PP’ (b) = 0 forr < p/. From this we find 


Mj; = pri +++ Mia), 
Li = pPitP++P' CM; i), 


while 
E bP 
Lis = lop... op] = PPP E La). 
By sas b; 


Note that dim(Mj,i+;) = p(dim(Mj_1,;)) — p+3 so we have, setting q = (p—3)/2 = 
m-l, 
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ii i 
res *(I(Mj-1i1)) = + (Evm = Lt = Miabi 
jo (1.18) 


up to a sign. Here the restriction is from $ „i ?Z/p to V;41(p) = A?(Vi(p)) x Z/p and 


the classes bj), e are associated to the rightmost Z/ p. Moreover, pr M; i416? yi = 
Mi- iibl A similar calculation shows that res *(IXL;)) U bj41 = Li41. Also 
we should note that each of the matrices above is invariant under SL,(p) but that 
gJ = det(g)J for g € GL,(p), so any product of p — 1 of them is invariant under 


GL, (p). 


Example 1.19 H*(§,2; Fp). The following calculation is due to H. Cardenas. We 
have 

by bz ie 
€] €2 


P pP 
bi b; 
ey € 


bi b3 
bi bz 
(biez — bre) (bfer — e1b5)(b? bz — bibh) ™ 
(bibh — b? b). ey en 

(b? — bib’) Peb b! ez 


+ res *(I(b))?~* res *(I(e)) bee. 


Mi 2Mo2 L8? = 


and we see that the GL2(p)-invariant class M, 2Mo2L8 ~ isin the image of restriction 
from H*(Syl,(5,2); Fp). Thus, applying 6 we have that M 12LP =? is in the restriction 
image, and applying P'B we have Mo 2L? ~ is also in this image. The polynomial 
algebra F ,[d p d p- = LS me ] is also in the restriction image, and, from (III.2.9), 
we see that this is the entire GL2(p) invariant subalgebra of H*(V2(p); Fp). 

The groups H* (S 22; Fp) are detected by restriction to H*(V2(p); Fp), 
H*(Vı(p)”; Fp). From (IIL.4.2) and (1.8) above it follows that the image of this 
restriction for V; (p)? is 


F,[s},..-,Sp]@ Elfi =--> fp) 


where dim(s;) = 2i(p — 1) and dim(f;) = 2i(p — 1) — 1. Also, the only gen- 
erating class which restricts to H*(V2(p); Fp) non-trivially and also restricts to 
H*(Vi(p)?; Fp) gives the pair (o,, d,_ »). 


The remarks preceeding (1.19) show that more generally 
IMi- i Mj-2:L?*) = +Mi ini Mii ini 


and so this element is in the image from the restriction of H*(S,;; Fp) for each i. 
Applying Steenrod p-power operations and Bocksteins we obtain the following table 
of further elements 
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Mj-| M;_-2L?-3 
pe? 


i-2 
ppl 
Mi- Mi-3LP> —> Mj_2Mj_3L?-3 


pri~’ pit 


pp? pi~? 
M;-1Mj-4L?-3 —> Mj_2M,-4L?-3 —> 


pr pr 
pp 
+ —> MyM, LP 
P’ P! e P’ 
po? př? pr? 
Mi-iMọoLP —> = Mj_2MoL?-3 —> +++ — MML’? 


p B k B 


j-2 


pe pi? pp? 
Bathe Ml a 


- —> MLP? 


Lemma 1.20. For each i > 0 and every odd prime p we have 


Mi-1Mj-2---Mo = te1e2---eLi-' . 


Proof. One has an expansion for each j, 


i 
My = 4)" gL 
r=0 
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Further, one can verify that M; = 0,0 < j <i—1 but Mj_\ Mj-2--- Mo Æ 0. Thus, 
there are further products that we can write down and [Ma] shows, using a counting 
argument depending on the homology of symmetric products of spheres, that the 
image of the restriction map is exactly the free module over the Dickson algebra of 
GL, (p)-polynomial invariants generated by 1 and the elements together with their 
distinct products above. It is possible to give an algebraic proof of these results thus 
avoiding any reference to topology. Here are details for these last two steps. 


where L/’ is the (j, r) minor of L given as (—1)"+/Det(V/") where V$” is the matrix 
obtained from the matrix, £, with determinant L by deleting the (i — j) row and 
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the r column. But then it is easy to verify that 


Mi- ++- Mo = ee) --- e;Det (L) . 


On the other hand 
L O m 0 
. O L w 0 
#'. (L) = 
O -O ... É 


so taking determinants of both sides (1.20) follows. o 


Finally, to complete the demonstration that the elements above generate the entire 
image of res * we proceed by induction using the factorization 


( res )id 


AP xid 
ViP) =S Via (P Z/p —> Spi Z/P > Sp 
for the restriction map. The details are direct. 


Remark 1.21. The entire ring of invariants has been discussed in (III.2.9), and for 
p > 3 andn > 3 also, Mann [Ma] shows that the classes above generate a proper 
subalgebra of this ring. 


VI.2 Hopf Algebras 


An augmented, graded, algebra over a field F is an associative, graded, unitary 
F-module together with a ring homomorphism €: A —F, where F is thought of as 
concentrated in degree 0. Here, to be precise the multiplication 4: A @r A >A 
is given and the unit corresponds to a graded homomorphism 1: F— A so that the 
compositions F Qr A © A @p A —“>A and A Qr F-25 A @r A —>A are both 
the identity maps, as is the composition €1: F—> A —F. The associative condition 
can be written diagramatically as saying that the diagram 


A@ABALS ABA 


lj 


AQA —-> A 


commutes. 
A graded coassociative, counitary, coaugmented, coalgebra over a field F is 
a graded F-module, B, together with a coproduct map 


¢:B—>BerB, 
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counit, i.e. a graded F-module morphism | 
1* : B—>F 
i that (id @ 1*)@ = (1* ® id)@ = id, and coaugmentation map 
e* : FB 
which is also graded and satisfies the condition that the composition 
(€* Qr €*)id : FSF Qr FB 8r B 


is just pe*. As before the coaugmentation and counit are related by 1*e* = id: F>F. 
The coassociative condition is that the diagram below commute. 


B Ér B &r B 


T 


B Or B S BorBOpB. 


Definition 2.1. A Hopf algebra (A, u, >, €, 1) over a field F is a graded, associative, 
unitary, augmented algebra, together with a counitary, coaugmented, coassociative, 


coalgebra map ġ so that ġ is a homomorphism of graded algebras for which the 
counit is € and the coaugmentation is 1. 


Example 2.2. Let A be the polynomial algebra on an single variable x of dimension 2i 
over the field F. Then the coproduct structure is determined by $(x) = x@1+1@x 
so $(x') = Diino (x @ x'-J, Thus, in the dual algebra the product is given by the 
rule 


(x/)* . (xk)* = Oe oa ; 


It follows that if F has characteristic 0 then A* is also isomorphic to the polynomial 
algebra on one variable x* in dimension 2i, but if char(F) = p then a direct exercise 
with binomial coefficients mod(p) shows that 


A* = F[X*, Yp, -s Ypi --- OP = ++ = = +++ =0), dim(y,j;) = 2ip’ . 


In case A is of finite type, i.e. A; is finite dimensional over F for all i these 
notions are self dual, A = Homp(A;, F), (A*, ġ*, €*, 1*) becomes an associative, 
unitary, augmented algebra and (A*, u*, €*, 1*) becomes a coassociative, coaug- 
mented, counitary coalgebra. In particular, (A*, @*, 4*, 1*, €*) is also a Hopf algebra 
and (Am eee. 1) E (A, Ld, é; 1). 

The Hopf algebra (A, u, ¢, €, 1) is said to be connected if A! = 0 for i < 0 and 
1: F— Ao is an isomorphism. A is said to be commutative in case u: A@ A >À 
satisfies (a @ b) = (—1)!#lll u (b @ a) for all a € Ajaj, b € Ay. 
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Example 2.3. Let G be a group and F(G) its group ring, then 
$: F(G)—>F(G) 8 F(G) 


is defined by ¢(g) = (g Q g) for all g € G, so ġ } figi = } fi(gi Q gi). This is 
also a unitary, coconnected Hopf algebra, but it is not connected unless G = 1. 


In the sequel all the Hopf algebras we consider will be connected, commutative, 
and even cocommutative of finite type. So we assume these conditions in the remain- 
der of the section. Hopf algebras arise for us as follows. We are given a sequence of 
groups and injective homomorphisms 


Gn, O<n < œ, Go= {I}, (n,m): Gn X Gm —> Grim 


for which the u(n, m) are associative up to conjugation, i.e. for any triple (n, m, /) 
we have that there is an element g(n, m, 1) € Gn+m+ı So that 
a(n, m, D7" (u(n +m, D(u(n, m)(a, b), c))g(n, m, 1) 
= u(n,m +) (a, (m, 1)(b, c)) 


for all (a,b,c) € Gan X Gm x Gi. We also assume the u(n, m) are commutative up 
to conjugation. This means that for each pair (n, m) there is g(n, m) € Gn+m so that 


g(n, m)! u(n, m)(a, b)g(n, m) = u(m;n)(b,a) Y(a, b) € Gn X Gm . 


For example if G, = Sn, the symmetric group and the pairing u(n, m) is the usual 
inclusion of Sn X Sm C Snim, With §, acting on the first n elements and §,, acting 
on the last m, then these conditions are satisfied. Here the g(n, m, [) = id but the 
a(n, m) are non-trivial. 

Of course | [{° H.(G,; Fp) is only an associative, commutative, graded algebra, 
but not a Hopf algebra since the diagonal map A: Bg—> Bg x Bg which, on passing 
to cohomology, is supposed to give the coproduct, ġ, has the form 


Aslan) = On Ot" +t" @ On +) a; Bal 
i 
where a, € H,(Gn; Fp) and t” € Ho(Gy; Fp) is the element given as the image of 
a chosen generator t € Ho(G1; Fp) under the iterate of the multiplication map, 


Gi x- x Gi >G. 
—1—— ed 


n times 


Next, adjoin a unit 1 to the algebra and note that the quotient of this algebra by the 
ideal (1 — f) is a Hopf algebra. In dimension i we have, clearly, that this quotient is 
given as lim, (H;(G,; Fp)). 


Lemma 2.4. Let G = lim G, where the inclusion Ga C Gy+, is u(n, 0), then 
n> 


H,(G; Z/p) = lim Hx(Gn; Z/p) . 
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(Any chain in the bar construction for G appears in the bar construction of G,, for 
some sufficiently large m.) 

In particular, while the maps u(n, m) need not pass to limits to define a “reason- 
able” homomorphism G x G— G, in homology the maps do pass to limits to define 
a pairing 


u: H,(G; Z/p) @ H,(G; Z/ p)—>H,(G; Z/ p) 
which, together with the diagonal map 
A: H,(G; Z/p)—> H,(G; Z/p) ® H(G; Z/p) 


gives H,(G; Z/p) the structure of a commutative, cocommutative, connected Hopf 
algebra. Of course, it is not always going to be true that the Hopf algebra is of finite 
type but this does turn out to be the case for the symmetric groups above and the 
other cases we consider, finite groups of Lie type which are studied in Chap. VII. 

Thus, associated to | | S, is the Hopf algebra H, (Soo; Fp). In §3 we will show that 
the restriction map res x: H4(Sn; Fp)—> Hx(So0; Fp) is injective for all n, and we 
will determine the Hopf algebra structure on H,(S..; Fp) completely. As a result we 
will obtain the groups H,(S,; Fp) by simply describing the image of the restriction 
map in the resulting Hopf algebra. 

Before we can do this we need to discuss some basic structure theorems for 
commutative and cocommutative Hopf algebras and for this we need to discuss 
sub-Hopf algebras and quotient Hopf algebras. 

The notion of sub-Hopf algebra is evident, as is the notion of quotient Hopf algebra 
and Hopf algebra map à: A — B of Hopf algebras. Duality connects these notions 
together very nicely. Given a sub-Hopf algebra A’ C A, note that Aj = Ag = F 
by our assumptions and let JA’ = Ker(e|A’). (JA is called the augmentation ideal 
in A.) Then AJA’A is a two sided ideal in A and B = A/AIA'A is written A //A’. 
B inherits a unit, augmentation, product and coproduct from A, and so becomes 
a Hopf algebra. It is the quotient of A by the Hopf subalgebra A’. Dually, B* C A* 
is a Hopf subalgebra of A* and A*//B* = A”. 


Proposition 2.5. Let B C A be a sub-Hopf algebra of the commutative Hopf algebra 
A, and C = A//B be the quotient. Let e: A —> A Qr C be the composition 


ASAQASA GRC 
where p: A —C is the projection. Then e(0) = 0 @ 1 if and only if 6 € B. 


(The kernel of p has the form /(B) A and can be written }_ /(B)w; where the wj map 
onto an F-basis for C since A is commutative. But from this the result is direct.) 

An element œ € A; is said to be primitive if (a) = a @ 1 + 1 Q æ. The set of 
primitives, P(A) is a graded F-submodule of A and is closed under the p’*-power 
operation, £: a +> a@?, if char(F) = p. It is always closed under the Lie bracket 
operation [æ, B] = aß — (—1)'#''6l Bæ. Thus the set P(A) is a (restricted) Lie algebra 
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where “restricted” means the existence of the operation £. A very important property 
of P(A) is that P(A r B) = P(A) @ P(B) where A and B are Hopf algebras. 

A dual notion to being primitive is being indecomposable. The set of indecom- 
posables @(A) for A is the quotient 7A /(7A)? of [A by the square of its augmentation 
ideal. The lifts of a basis for Q(A) to A form a set of algebra generators for A. 


Proposition 2.6. Let v: A — B be a surjection of Hopf algebras with A connected. 
Let u € Ker(v) have minimal dimension then u is primitive. 


(v @ v(ġ(u)) = 0 since v is a map of Hopf algebras, but (4) = w@14+1@ut+ 
> p’ ® u” and the connectedness of A implies that dim(’), dim(w”) are both less 
than dim(,), thus the sum term is identically zero.) 


The Theorems of Borel and Hopf 


A Hopf algebra is said to be primitively generated if the lifts of its indecomposables 
can be chosen to be primitives. For example, this is the case with F,[x] where 
(x) = x®@1+1@x. But note that itis not the case for F,[x]* where only x*, among 
the indecomposables, can be taken to be primitive. We have 


Proposition 2.7. Let A be a connected Hopf algebra of finite type which is commu- 

tative and primitively generated. Suppose also that F is perfect if char(F) < ox. 

Then as an algebra, A = Q); M(i) where each M(i) has the form F[x] / (x") andr 

is constrained by the following conditions: 

1. r = 2 if dim(x) is odd and char(F) # 2, 

2. when dim(x) is even r = 0 if char(F) = 0 and has the form p! (or zero) if 
char(F) = p. 


Proof. Order the generators of A, fi,..., fn,... so that if i < j then dim(fj) < 
dim(f;). We prove the result by induction. Set A(i) to be the subalgebra of A 
generated by fi,..., fi. Since the f; are primitive A(z) is also a Hopf subalgebra 
of A. Clearly, the proposition holds for A(1). We assume it for A(i) and consider the 
surjection 


Ali) Qr Fl fiz] AG + 1) 


where me +> fi+ı. The primitives in A(i) @ FL fis] are P(A(i)) @ TA EE 
0, 1,...). Let @ be an element of minimal degie j in the kernel. Then @ is primitive 


and so can be written as ( Ko et F Dore At fr” ). By the ordering condition s(t) > j for 
all t. Since F is perfect it follows that there is 5 so that pe = i, for each t. Replace 
fin by fii = fir - De p" P= Then f= = 0, A(i + 1) is the surjective image 
of A(i) @r Fl fiy] / ( FP) and there is no longer any primitive in the kernel so the 
surjection is an isomorphism. O 


This last result generalizes to the important theorem of Borel and Hopf. 
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Theorem 2.8. Let A be a connected Hopf algebra of finite type over the perfect 
field F. If the multiplication in A is commutative then, as an algebra A is a tensor 
product A = Qi M;i where each M; is of the type above. 


Proof. Define A(i) C A to be the subalgebra of A generated by all the elements of 
dimension < į in A. It is a sub-Hopf algebra. Since A(1) is primitively generated 
we can begin an induction. Assume the result proved for A(i). Set W C Aj+; to be 
a complementary F-subspace to A(i) N Aj+;, and choose a basis x;,...,x, for W. 
We have the sequence of Hopf-subalgebras 


A(i) C (Ai), xı) C (AQ), x1, x2) C- C AGF 1) 


and we assume the result for (A(i), x1,..., xj). Thus we are reduced to considering 
the situation (A, b) where the indecomposables of A all have dimension < dim(b) 
and there is an exact sequence Q(A)—> Q((A, b))—>(b). 

We have that (A, b)//A is primitively generated and thus has the form F[b]/ (bP! ) 
(or F[b]/(b?) when dim(b) is odd, but since this case is easy we assume for the rest of 
the proof that dim(b) is even). Consider, as before the surjection A ®f Fb] (A, b) 
and let b?’ + w be the least dimensional element in the kernel. If w is zero we are 
finished since the composite map 


A @ F[b]/(b”’)—>(A, b) > (A, b) @ (A, 5) //A 


is clearly injective so e is an isomorphism of algebras. 

In case w # 0 we proceed as follows. Let B C A be the sub-Hopf algebra of A 
consisting of p/-powers. (This is where we use the fact that F is perfect.) Consider 
(A, b)//B = C. Since (b) = b@1+1@b+ > vi @v; with © v; Q v. € AQ A we 
have that (£f (b)) = £f (5) @ 1 + 1 @ E/(b) in C. We need to show that this implies 
&/(b) = 0 in C and this follows from 


Proposition 2.9, If A is a connected Hopf algebra over a field of characteristic p > 0 
and the multiplication in A is commutative then if 


1. Q(A), =0forr > n, and 
2. f (IA) = 0 for some integer f, 


it follows that P(A), =O for r > p/—'n. 


Proof of 2.9. Suppose that the assertion is proved for Hopf algebras with q or less gen- 
erators as an algebra and A has q + | generators. Choose a set of g + 1 generators for 
A and let X be one having highest degree. Let A’ be the sub-Hopf algebra generated 
by the remaining generators, and let A” = A//A', so A” is a Hopf algebra with 1 gen- 
erator that satisfies (1) and (2). We have an exact sequence P(A’)—> P(A)—> P(A”). 
Now we can apply the inductive hypothesis. O 


Returning to the proof of the theorem, we have that f(b) = bP! = 0 under 
projection onto C. Thus (id ® pebr) = £f (b) @ 1. Consequently bP’ € Band 
there is an element v € A so b?’ = v?” and if we set b' = b — v we are in the 
previous case and the result follows. O 
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VI.3 The Structure of H,(§,; Fp) 


The element in H* (Spi-1 ? Z/p; Fp) which restricts to L; (defined in (1.17)), which 
we write as L when there is no possibility of confusion, has the form I{L;—1) U 
z* (b). Consequently it restricts to 0 in H* (SF-1 ; Fp). It follows that all the elements 
described in (1.14)—(1.20) which restrict to the ideal 


z= Fp[dpi_pi-t,--- pid pi_1, MoL., ees „M Le, (3.1) 
-,Mo---M;-1L”) 


all restrict to 0 in H*(S,i-1; Fp). Also, by (1.9(1)) they survive non-trivially to 
H,(So0; Fp) as do the classes 


0909-90 (3.2) 
— ee’ 


p/ —times 


for 0 € T; and dim(6) even (by (1.9(2))). In particular, if 6, is the dual of any such 
even dimensional element in 3; it has image an indecomposable in the Hopf algebra 
H, (So; Fp), £/(0,) Æ 0 for j = 1, and is independent of E'(A,) for any other À € Tg. 
Thus the dual groups M; = Tř generate a polynomial algebra on even dimensional 
generators tensored with an exterior algebra on odd dimensional elements which is 
a split summand of H,(S.0; Fp). Letting A(N;) denote this algebra we have from 
(1.8), the discussion after (1.19), and the Borel-Hopf theorem (2.8), that 


Hy (800; Fp) = R) A(N). (3.3) 
0 


Moreover, applying (1.8) again we see that the map 
res «: Hy(Sy; Fp)—> He (Soo; Fp) 


must be injective since the Weyl group of a group of the form appearing in (1.3) is 
a product of the Weyl groups for the 


V- (p) x =- x V,(p) 


separately and this Weyl group is GL,(p) 2 §;,. Thus the homology images of tensor 
products of elements in W;, surject onto H,(S,; Fp) and, since these elements last to 
H, (So; Fp) subject only to the same symmetrizing conditions imposed in H,(S§,; Fp) 
— namely symmetry under §;, — the injectivity follows. 

We specify the image of H,(S,; Fp) more precisely by giving a second degree 
to each monomial generator of N;, deg2(0) = p'. Then to each monomial in (3.2), 
01 @ --- 0; E€ H,(S.0; Fp), we assign the second degree 


deg2(O; Q --- @&) = degr(O;) + --- + deg2(01) , 
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and it follows that H,(S,;F,) C H.(S.0; Fp) is the additive subgroup spanned by 
the tensor product monomials having second degree < n. 

When p = 2 we have a very convenient method for indexing these classes. 
Let I = (i; < i2 < --- < i,) be a sequence of non-negative integers, not all of 
them zero. Then there is a unique generator Q; = Q;,Q;,--- Qi, € M, having 
dimension i, + 2i2 + - + 2’~'i, corresponding to it. It is the image of the class 
D ez tir, There are similar descriptions for the generators of N; for odd 
primes, but the conditions on the sequence J = (i; < i} < -+< < i,) are more 
complex. 

For notational convenience, when p = 2 we write the product in homology as 
a * B. thus a typical monomial in H,(S,9; F2) will have the form 


Q1,* Qi, *-:-* Qi, . 


It should also be pointed out that there are significant differences between the 
dual algebras. The following result is direct when we check the p'” power operation 
on the subrings of the H*(V;(p); Fp) given as the images of res *. 


Theorem 3.4. 


1. H*(S50; F2) is a polynomial algebra on generators in one to one correspondence 
with the generators for H,(So0; Fp). 

2. For each odd prime p H*(S.; Fp) is a tensor product of a polynomial algebra 
on classes indexed by r-tuples (i,, i2, ..., ir) with i, < iz < ---i, and dimension 
2(p — 1)(i; + piz +--+ + p"'i,) together with an exterior algebra on odd 
generators dual to the odd generators for H,(So0; Fp) together with a divided 
power algebra on generators indexed by the remaining elements in the union of 
the Nj. 


Remark. For p = 2 the cohomology generator which corresponds to D* where 


D = d}i_ı ++ +d} € Ñ is actually the element which restricts to 


D@D®---@ DE H*(V;(p)” ; Fə), 


2 times 


and a similar discription is given for the elements corresponding to p'* powers of 
Dickson elements at odd primes. 


By divided power algebra on an even dimensional generator y, we mean the 
tensor product 


F,ly]/(v?) 8 Fpi ]/VF) 8 --- @ Fplyrl/(y?) 8- 
where dim(y,) = p” - dim(y). Then classes of the form e. g., 


y= (a paced) M;M;LP} 
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together with the classes restricting to 


Y@:--y 
S a 


p” times 


generate the divided power algebras. 

The structure of H,(S,;F,) was first discussed by Nakaoka [Na]. Later 
H. Cardenas [Card] determined the cohomology rings H*(S,2; Fp). Nakaoka’s idea 
was to determine H,(S,; Fp) using the cohomology of symmetric products of spheres 
which he had determined previously, but which were also determined by Steenrod 
(unpublished) at about the same time using a key result of Dold and Thom, [DT]. 
Cárdenas’ ideas were very much in the spirit of the development in §1. Perhaps 
the interest in these groups was prompted during the 1950’s by J. Adem’s thesis 
[Adem], where he used preliminary information about H*(§S p2; Fp) to obtain the 
Adem relations in the Steenrod algebra. 

From another point of view Bs,, occurs in an essential way in the study of infinite 
loop spaces. Recall that the n-fold loop space 2” X is the space of based continuous 
maps f: (S",0o)—>(X, *) with the compact open topology. If X is a space with 
basepoint, the natural inclusions 


S28 SX. 2 Sy) 


on passing to the limit define the space Q(X) = lim, oo 2” S" (X). Q(X) depends 
functorially on X and 2;(Q(X)) = z7 (X), the i-th stable homotopy group of X. 

Now Q(S°) has a “loop sum product”, which is given as the limit of the 
R”! (x): 27S" x Q"S"—+ Q"S" where *: QS" x NS”—NS" is the loop sum. 
We have the following fundamental result of E. Dyer and R. Lashof 


Theorem 3.5. There is a map e: Z x Bs,,—> Q(S°) which induces isomorphisms in 
homology with all (untwisted) coefficients and which is additive in the sense that the 
diagram 


exe 


(Z x Bs,.)? —> Q(S°) x Q(S®) 
u * 
Zx Bs% ==; Q(S°) 


homotopy commutes where the product on the left is addition in Z times the product 
discussed in §2 on Bs,- 


Although the language was different, this result first appeared in the original 
1960 preprint of [D-L] which was widely circulated at the time but not published. 
It later was independently rediscovered by Barratt—Priddy, [BP], and Quillen, also 
unpublished, and has been of fundamental importance in algebraic topology since. 
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VI.4 More Invariant Theory 


As we saw in §3, the additive structure of H*(S,,) has been completely understood 
for over 20 years. In (1.13) the ring structure of H*(S4) was determined to be 
H* (84) = Ploy, 02, ¢3)/(o1c3 = 0). 

It was assumed that the same type of simple relation would hold for symmetric 
groups of higher degree. In this section we will use invariant theory to show other- 
wise. In fact we will exhibit numerical evidence that indicates the presence of very 
complicated relations, rich with symmetry, that build up successively. We will use 
these to give complete descriptions of the rings H*(S,,) for n = 6, 8, 10, 12 in §5. 

As in §1, let j: V,(2) = (Z/2)" > Z/22---2Z/2 — Sn denote the embedding 
where we consider S2n as the automorphism group of the set $] Z/2 and V,,(2) as the 
set of translations. Its normalizer is the group of affine transformations, A f fn (Z/2). 
Therefore N (V,(2)) /Vn(2) = GL, (F2) and we have seen that in fact imj* = 
H*(V,,(2))S'" 2), the ring of invariants. For n = 2, we obtain that imj* = P[xo, x1], 
deg xo = 2, degx; = 3. 

For n = 4k, we have a natural inclusion 


i: (Va) > (84) > S, . 


In cohomology, the image of i* lies in (8%; P[xo, x1 1)*, where Sx acts by permuting 
the polynomial generators. We will now analyze this ring of invariants, which is, as 
we have seen in §3, a homomorphic image of H*(S,,). 

We start with the case k = 2: 


Theorem 4.1. The Poincaré series of (P{xo, x1] ® P[xo, x1 })® is 


1E 


AO = 0AA) 


Proof. As we are taking two-fold symmetric tensors, there are two types of invariants, 


x @y+y@x and x @ x. The latter are counted by the Poincaré series aa 


Consequently, the former are counted by the series 5 Las = re |: and 
doing an easy manipulation we obtain : 


no=3|(q—aa—s) + 
ne aac) dg —1)0 —?) 


l 1 1 l 
=p a -°A = F =F =2*) j d+ z5) 


=}( 1 )( 24215 
~ 2\a-A0-8)/ NA = A — 6) 


E 1+ 
A-AA- P) — rt — 1) 
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Examining this series, we deduce the existence of a five-dimensional class, which 
satisfies a quadratic relation. This is the first indication of the occurrence of relations 
which are not of the form seen before, the products of two generators being zero. 


Theorem 4.2. 


(Pixo, x1]@P[x0, x1) = 
P (dos, doz, di1, d22] (x5)/ (x3 + xsdoidi; + dz2d*, + dood?, = 0) 


where 


doy = x9 @14+ 1 @ xo, dj; =x, @1+1O@x) 
dor = xo ® xo, dz = xı @ xı 
xs = Xp ® xı + xı @ Xo 
Proof. The elements do), doz, di;, dz2 are independent, generating a subpolynomial 


algebra. Verifying the relation, we conclude that together with xs they generate 
a subalgebra with the same Poincaré series as 


(Plxo, x1] Q Plxo, x1))® . 


The relation in 4.2 will pull back to H* (Sg), as will be shown in §5. 
Next we analyze the case k = 3, denote 


P; = (Plxo, x1] ® Plxo, x1] ® Pao, x1))® . 
Theorem 4.3. The Poincaré series for P, is 


A) = 1+ 4e? +284 104 25 
ww 0-0 -Ad-Ad— PPA —P) 
Proof. Denote 


abe = (1/0 — AA- 6) -1)° 
a’b = (1/0 -Ñ*A — #*) — 1) (1/0 -A — ê) — 1) 
a = (1/0 —#°)(1 —#°) — 1) 
The letters denote the type of products they represent. Let 


e3 = @ < cubes 


ei2 = a’b — e3 < products of type a?°b which are not cubes 
€111 = abc — 3e12 — e3 < products of type abc not of two other types. 
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As we are taking symmetric invariants, the formula for the desired Poincaré 
series is 


l 
Pst) = zem terte + (1/d— AA -f)) 


The term on the extreme right records the 3—fold symmetrization of the generators 
of P[xo, xı]. 
Using macsyma, this simplifies to the asserted Poincaré series. O 


As before, we use the numerator to deduce the relations. Let S(u; Q u2 Q u3) 
denote symmetrization. 


Theorem 4.4. 


P; = Pld, dp, do3, dii, dn, d33, X5, X7, Xg]/(R) 


where 


do, = S(xo @ 1 Q 1), dor = S(xo Q xo @ 1), doz = xo Q xo ® xo 
dii = S(x: 8 18 1), dz = S(xı @ xı Q 1), d33 = x1 @ x1 @ xı 
xs = S(x @ xı @ 1), x7 = S(xo @ xo @ x1), xg = S(xo @ xı @ xı) 


Relations: 


x3 + doox2 + dordoixg + (dozdiı + dordoidi1)xs (d) 
+ dhadi, + deidz2do2 + dosdoid22 


xg + dnx? + dod) 1x7 + (dz3do1 + dz2d11do1) xs (2) 
+ d&d, + dj, do2d22 + d33d)1do2 


x5x7 + dox? + (do, + dozlxs + doy diixs + dp, doo (3) 
+ dosd?, + doxdz2 + doidord?; 


xsxg + dyyx2 + [d?, + doo|x7 + d?,doixs + di; doo (4) 
+ dy3dé, + da3do2 + diid22d?, 


x3 + dijdoix2 + x7xg + did, xg + dord? x7 (5) 
+ (ddn +do2d?,) xsi 4 
+d}, d33 + dì do3 + dosd33 


202 VI. The Cohomology of the Symmetric Groups 


Proof. The elements dj i = 0,1, j = 1,2,3 are algebraically independent, and 
generate a polynomial subalgebra. We examine the numerator of the Poincaré series 
for P3: 


IEE 4e +P or +, 


The quintic term must come from xs = S(xp ® x; @ 1) and similarly x7 = S(xp Q 
X9 @x1), xg = S(x0 @ xı @ x1) account for t”, t. Likewise x2 explains the occurrence 
of t!°. (One checks that xs does not satisfy a quadratic equation.) 

There must be relations involving Kas Xis Res X5Xx7 and x5xg. Finding the exact 
relation is a rather tedious task, which involves taking all possible products of the 
right dimension involving x5, x7, xg, xe and expressing their spill over in terms of 
the dij. Knowing the exact formulas, their verification is a lengthy but straight forward 
calculation, which we leave as a horrible exercise to the reader. Note that relation (2) 
is obtained from (1) by exchanging xo and xı; likewise we get (4) from (3) in this 
manner. Relation (5) is invariant under this exchange. 

To complete the proof we just compare Poincaré series. O 


For the cases k = 4, 5, 6 we do not have the algebra structure, only the Poincaré 
series. These can be obtained in a combinatorial way extending the methods used in 
4.3; we used macsyma to perform the simplifications. As the denominators of these 
series are clear, we only give the numerators: 


Theorem 4.5. The invariant algebras P4, Ps, Pg have the following polynomials as 
numerators of their Poincaré series: 
Na(t) = O 4 05 + 23 4 2? 4 27! 4 24 4 219 + (1) 
HeT Hei US H t 4 fl? + ol! 
$24 Pe P4174 41 


Ni =? 419 49° 42% +" +2 +279 +2” (2) 
+ 2457 + 3436 + 3155 4 344 + 3479 + 40°? + 46°! 
447° 4. 5429 + 5278 4 5277 4.5778 +. 64> + 51 
+ 5173 + 51? + 517) + 4179 + 41! + 4218 + 3217 
en 4. 32! 4. 3p!* 4. 2718 4 apt? + ett 4. 97! 
+P HBH 441 
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Na = 0% 4? 08 7 1 eS + 29 4 7 4p gp? gl (3) 
$41 4. 5059 4 5258 + 6157 + 745 + Br + 10254 + 10299 + 110°? 
+ 132°! + 142° 4 15249 + 17148 + 18047 + 194% + 201% + 2174 
+ 22r + 2324? + 2344! + 244° + 2379 + 24278 + 24097 + 236 
+ 2415 + 23234 + 23153 4+ 22152 + 2117! + 201° +. 1917? + 18278 
+ 17177 + 15176 + 14425 + 1374 + 1113 + 10172 + 1017! + 810 
+ Te'? + 61l8 4 5217 4 5216 + 415 + ar! 4 3213 + 211? 4 29" 
+294 P4844 +1 
Let P[x,,... ,X,] be a polynomial algebra which has an S$, action defined by 
permuting the n generators. A fundamental result in Galois Theory is that the ring 
of invariants of this action is also a polynomial ring, on the symmetric generators 
01,... On. We have shown that this result does not extend to invariants of the 
form (8% Plxo, x1])*. As more variables are introduced, the complexity of this 


ring of invariants increases and this will be reflected by interesting relations in the 
cohomology of the symmetric groups. 


VI.S H*(S,), n= 6, 8, 10, 12 


In this section we will combine the well-known additive structure of H,(S,,) with the 
invariant theory of §4 to obtain precise descriptions of the cohomology rings H*(S,) 
n = 6,8, 10, 12, as well as the action of the Steenrod algebra on them. We start by 
describing H*(S¢): 


Theorem 5.1. 
H* (8S6) = Ploy, 02, 03, €3]/(c3 (03 + 0102) = 0) 
dego; = i, deg c3 = 3 where 
Sa'o = 0102 + 03 + C3, Sq! c3 = 0, Sq*c3 = 0263 
Sq'o3 = (c3 +03) 01, Sq?o3 = 0302 + c307 
Proof. From §1, we see that H, (S6) has a basis given by elements 
{Qi * Qj * Qr, Qs * Qi} 


where 1 < r < s,dimQ,, = 2s + r and Qo; = Qs * Q;. We now consider the 
sequence of inclusions 


(82)? EEA x 5 > 8 


Using a basis dual to the one above, we have that if k = j - i, 
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k* ((Qi *1*1)*) =o 
k* ((Qi * Qi * 1)*) = 02 
k* ((Q) * Qi * Q1)*) = 03. 
Using the symbol g; to denote the cohomology classes identified to symmetric classes, 
the above implies that 
i* ((Q) «1 *1)*) =9, @14100 
J* ((Qi * Qi *1))=0 80 +081 
j* ((Qi * Qi * Q1)*) = 80. 
Note that the 3-dimensional generator c3 in H* (84) restricts to zero. As j,(Q);@1) = 
Qi; * 1, we conclude that j* ((Q1; * 1)*) = Q1 @1=c3@1. 
The elements o; Q 1 + 1 @ 01, 0; @o; +02 Q 1 and o2 Q oj are independent, as 
they map to the symmetric generators under i*. Recalling that in H* (84) c30; = 0 


is the only relation, we obtain a unique relation in the subalgebra generated by the 
above elements together with c3 @ 1: 


(3 ® 1) [(o2 @ a1) + (0) 914+ 1] 041); @o; +02 @1)]=0. 


Hence observing that j* is a monomorphism and that this subalgebra has the same 
Poincaré series as H* (Sg) (which is 1 + x3/(1 — x)(1 — x?)(1 — x3)) we conclude 
H* (S6) = Plo, 02, 03, ¢3]/(c3(o3 + 0102) = 0) . 


Here we identify o @1+1@0,— 0), 0; Q01, +02@1— a2, 02801 >03, C38 l>c3. 
For the action of the Steenrod Algebra, we apply the Sq' in H* (84) @ H*(S2) 
and use the relations there: 
Sa'o = Sq\i* (oy ®1l+o, 80) = i*(Sq'o2 @1 +o? 8&0 +0 @ a7) 
= i*(c3 @ 1 +0102 @1 +07 @a +01 @ a?) 
= i* (0 @14+ 1801) 8o +028 1) +0280,+08 1) 
= 0102 + 03 + C3 


Sq'c3 = Sq'i*(c3 81) = i*(Sq'(c3@1)) = 0 
Sq?c3 = i*(Sq?(c3 Q 1)) = i*(02¢3 @ 1) = o2¢3 
Sq'o3 = Sq'i*(o2 Q01) = i*(Sq'a2 Q 0; + 02 Q 0?) 
= i*(c3 @ 01 +0102 Q 0) + 02 @G?) 
= (c3 + 03)01 
Sq?o3 = i*(Sq°02 Q 01 + Sq'02 @ Sq'o1) 


= i*(02 Q0, +6390? +0102 80o?) 
= i*((o1 @ 01)(o2 8 1 +01 Q01) + (c3 Q 1X01 @1 +1 @a)*) 
= 0302 +0? 
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Next we consider Sg: From this point forward we will omit details and just 
describe the results. Full details can be found in [AMM1]. 


Theorem 5.2. 
H* (Sg) = Ploy, 02, 03, €3, 04, de, d7](xs) /(R) 


where deg o; = i, degc3 = 3, degd; = i, deg x5 = 5, and R is the following set of 
relations: 


dso, = d603 = 

d0; = d102 = d)03 = d7c3 = djx5 = 0 
X503 + C3040; = 0 

c3(03 + 0102) + 01x5 =0 


xe + x502¢3 + deo; + oac =0 


The following tables describe the action of the Steenrod algebra 


ae oe 
Sq? 0 o2 


m O4 X5 dy 

o| stam | as | a [o] 
SF ao m [eat To 
s raa a 


ee kw 
o | a [u 


Here m7 = d7 + c304 + 0304 + 02x5, and ng = 04x5 + c3 (de + dixs). From this 
a relatively direct calculation gives the cohomology of $10. Indeed, going from S§4; to 
S4i42 only has the effect of freeing up products with o1, and adding a new generator 
O2i+1- We omit the A(2) action as it can easily be obtained using the embedding 
H* (S10)—> H* (Sg x $2). 
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Theorem 5.3. 


H* (S10) = Plo), 02, 03, 04, 05, C3, X5, de, d7]/(R) 


where R is the set of relations 

02d7 = 03d7 = c3d7 = xsd; = 0 

(a5 + o104)d7 = 0 

(03 + 0102)d6 = (a5 + o104)de = 0 

X5 = 02¢3X5 + C304 + o3ds 

(03 + 0102)x5 = c3(05 + 0104 + 0203 + 0103) 
(05 + 0104)x5 = €3(03 + 0102)04 


Theorem 5.4. 
H* (S12) = Ploy, 02, 03, C3, 04, 05, 06, de, d1, do] (x5, x7, xg) /(R) 


where deg o; = i, deg c3 = 3, deg d; = i, deg x; = i and R is the set of relations 
x + 04x2 + 0204X8 + (06C3 + 020403) X5 + o? + g + o204d6 + 0602d6, 
xg + d6x5 + c3dęx7 + (d902 + c3dg02)x5 + d2o3 + chosde + doc302, 
X5xX7 + ox? + [o3 + o4] Xg+ OF 3x5 + o3ds + O6c% + osde + 020463, 
X5Xg + 3x2 + G + de] xı + chonxs F ho + doo? + dga4 + c3d602, 
X3 + C302X2 + x1x8 + c302x8 + 02c2x1 + (02de + a4c3) x5 
+o3do + C306 + o6do, 


d901, d903, doos 
d103, d1x5, d70\C3, d7 (x7 + 0403), d7(a5 + 0401), d1(06 + 0402), 
dy (xg + d602) , dz (do + dec3) , 


x101 + x5 (0102 + 03) + c3 (0203 + 0201 + 0104 + 05) , 
X703 + X5 (05 + 0104) + €3 (0106 + 0304 + 010204) , 
X105 + X50106 + €3 (0306 + 010206) , 

Xg01 + de (03 + 0102) , 

x803 + de (05 + 0104), 

X805 + d60106 . 


The action on the Steenrod Algebra on H* (8,2) is determined by the following values: 


Sa'o = 0102 + 03 + 63, 

Sq! c3 =0, Sa?c3 = 0203 + Xs, 

Sq?03 = C30; + 0203 + 0104 + 05, 

Sq! o4 = x5 + 0104 + 05, Sq?04 = 0204 + 06 + de + c3 (03 + 0102) , 

Sq?os = deo, + x50? + c3 (0103 + 0202) + 0205 + 0106, 

Sqtos = C303 + 0405 + 01X503 + 0306 + C3010203 + €30105 + jo}, 
Sq*x5 = 02x5, 

Sq'og = x7 + 0106, Sq*o6 = xg + x70; + 0206, 

Sq*a6 = 0406 + x103 + deo} $ xe + X502¢3 + cho4 + ¢3x7 + €30106, 
Sq'de = d1, Sq?°de = xg + o2d5, 
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Sq*d¢ = 0406 + x502¢3 + dood + o4c} + x2 + x103 + xg02, 
Sq’ dı = Sg?d =0, Sqfdı = 04d}, Sqfd = ded}, 

Sq'xg = dg + 02d7 + 03d6 + a1 02d5, Sq’ xs = xg (04 + C301) 
Sq’ dọ = d7c3, Sq?do = d9, SqÈdo = d7x703 + xgdo . 


Motivated by these calculations, M. Feshbach (see [F]) has answered most of the 
questions about the structure of H* (Sm, F2) for general m that we have studied in 
the specific cases above. He has obtained explicit generators for these rings, and, at 
a minimum, the dimensions of the relations. As a consequence he also obtains the 
generators and most of the structure of the rings of invariants F2[x;, . . . , Xn] S, 

To give an idea of these results, here is the indexing of the generators for all 
the H*(S,,, F2) which appears in [F]. Let n > 0 be an integer, and consider the 
set of (n + 1)-tuples of non-negative integers (n, fo, t1,...,t—1) with at least one 
of fo, ...,%%—-1 Odd. Denote this set $(n). To each element in $(n) we assign two 
numbers. The first is the dimension corresponding to the element, 


n-i 
Dim (n, to, .--4tn—1) =) ti(2" — 2'). 
0 
The second is a preliminary measure of the symmetric group where the generator 
corresponding to (n, to, . - - , tn—1) occurs, defined as 


ite if the dyadic expansions of all 
pairs {t;, t;} do not share 
aih P, any common power of 2, 
s t0, -+s ln-1) = 


2! + jew2! otherwise, where / and W are 
defined below. 


We define / as the greatest power of two that occurs in two or more of the dyadic 
expansions of the f;, and d € W if and only if d > l, and there is a t; with 24 in the 
dyadic expansion of t;. For example, for the element (3, 3, 4, 10) € $(3), / = 1 and 
23, 3, 4, 10) = 2! + (2! + 2? + 23) = 16. 
Using u(n, to, ..., t,) we obtain a generator with dimension 
Dim (ny ilos: -ss fsi); 
and the first time this generator occurs is for the symmetric group S,, with 
u = F tN, 0, 0.005 Tends 


Moreover, once it occurs, there will be a corresponding generator in this dimension 
for each S,, with m > w. 
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V1.6 The Cohomology of the Alternating Groups 


Animportant class of simple groups whose cohomology rings have not been computed 
are the alternating groups A,. The absence of proper normal subgroups makes the 
cohomology of simple groups particularly inaccessible, but in our situation we can 
make good use of H*(S,,). The Gysin sequence, as in II.5, allows one to relate the 
cohomology of a group to that of an index 2 subgroup. For convenience we recall its 
statement and give an independent proof. 


Lemma 6.1. Let v € Hom(G, Z/2) non-trivial, with H = ker v. Then there is a long 
exact sequence 


- — H(G) HH (G) HHH) HG)... 


Proof. (Compare [DM2], Appendix 1). The fibration Z/2 —> By —> Bg is the 
sphere fibration of a line bundle. Consequently MC(p) = Bg/ By is the Thom space 
of the line bundle with first Stiefel-Whitney class v. Now apply the Gysin sequence. 
Transversality identifies 


Bo/Bu — SBy 


with the transfer. This can also be proved algebraically using the short exact sequence 
of G—modules 


0— Fz a i F2[G/H] = F: — 0. 
[m] 


We apply this lemma to the situation A, C S,, with [S,: An] = 2. We know 
H'(S,) = F2, generated by the symmetric class g}; hence 
Theorem 6.2. There is a short exact sequence of H*(S,)—modules: 
0 — H*(S,)/(o,)—> H*(A,)—> Ann(o,) — 0 


From the considerations in §1, it is not hard to see that the ideal J, = Ann(o,) 
is generated by “pure” Dickson classes. These can be described as follows: let 
n=2/1+---+2s, where 1 < jı <--- < j, (the case jı = 0 can be reduced to this 
situation); the pure Dickson classes are those of the form (Q;, * --- * Q;,)*, where 
2 < length(i,) = ję for all k =1,..., rand each i = (1,..., I) 


An immediate consequence of this is the following 


Corollary 6.3. [fn is congruent to 2 or 3 mod 4, then the restriction map H*(S,) > 
H*(A,) is onto, and 


H* (An) = H*(Sn)/(01) . 
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We remark that the results in §1 together with the preceding discussion can be 
used to completely determine the additive structure of H*(A,), any n. The ring 
structure is of course much harder, but we can recover the rings H*(Ag), H*(Ag), 
H*(Ajo) and H*(Aj2) in what follows. From 5.1 and 6.3 we have: 


Corollary 6.4. 

H* (A6) = Plo2, 03, c3]/(c303 = 0) 
with Sq'o2 = 03 + c3, Sq'c3 =0, Sq?c3 = 02¢3, Sq'o3 = 0, Sq?o3 = 0302. 
Proof. By 5.1, Ann(o;) = 0, hence 


H* (A6) = H*(S6)/(o1) 


Applying 6.2 to Ag, we obtain the following 
Corollary 6.5. 
H* (Ag) = Plo2, c3, 03, 04, de, e6, d7, €7)(x5)/(R) 


where dego; = i, degc3 = 3, degd; = i, dege; = i degx; = 5, and R is the 
following set of relations: 

dea = 0, dedy + deer + ese7 = 0, dz + dees + e = 0, 

d102 = d103 = dıc3 = d1x5 = 0, ded; + dre6 + e6e7 = 0, 

d + dre, + e = 0, e603 = 0 

€702 = €703 = e703 = e7X5 = 0 

x503 = 0,0303 = 0 

a + x502¢3 + (de + e6)o2 + oach = 0. 


The action of the Steenrod algebra on the generators different from es, e7 can be read 
from 5.2 using the restriction map; for es, e7 the action is identical to that on dg and 
dı substituting es, e7 for dg, dy throughout. 


Proof. Using 5.2 and 6.2, we have a short exact sequence 
0 + H*(88)/(01) > H*(Ag)—> (de, di) > 0 . 


Here (dg, d7) is the ideal generated by de and d7 in H*(Sg), and res is an isomorphism 
until degree 6, where a new class eg appears in HÉ (Ag); similarly there is a new class 
e7 € H’(Ag), and we have tr(eg) = de, tr(e7) = d7. Note that tr(xy) = tr(x) - y for 
y € H*(Sg)/(o;), hence we need only adjoin es, e7 and their products with elements 
in im res to obtain H*(Ag). It only remains to determine the multiplicative relations 
involving these two classes. 

Let Ns,(V3), Nag(V3) be the normalizers of V3 in Sg and Ag respectively. 
Then [Sg: Ns,(V3)] = 2[Ag: Na,(V3)] as there are twice as many conjugates of 
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V3 obtained -by using elements in Sg as those obtained by using only elements 
in Ag. Hence there exists 1 # 2 € Sg/Ag such that V3 and gV3g~! are not con- 
jugate in Ag. The classes e¢,e7 will be detected on gVg~!. For this note that 
Na,(V3) = Ns,(V3) = Aff3(Z/2); similarly Na,(gV3g~') = Ns,(V3). We have 
a diagram of restriction maps 


H* (Ss) os H*(As) ma H*(gV3g7!)Sl3®2) 


* 


j 
H*(V3)GL32) 


The maps j* and £* are onto: as noted before their images will be subpolynomial 
algebras generated by the Dickson invariants D4, Dg, D7 and E4, E6, E7 respectively. 
The classes D4, E4 are identified with o4 € H*(Ag) and we obtain dg, e6, d7, e7 € 
H*(Ag) with j*(ds) = De, j*(d7) = D7, £* (e6) = E6, £* (e7) = E7. 

Theelement g € Sg/Ag induces an involution on H* (Ag) with g*d; = ei, i = 6, 7; 
also note that res d; = di + e;. Now tr ((e; + d;)e;) = tr((res d;)e;) = di - tre; = d? è 
Therefore 


tr (e? + (e; + di)e;) = 0 and ed; € imres . 
Using the restriction to V3 and gV3g7', it follows that 
eidi = res d? 
yielding the relation 
e + ed; +d? =0. 
The same procedure yields the relations 


e6e7 + dse7 + dedı = 0 
e6€7 + d1e6 + ded] = 0. 


The other relations, involving e6, e7 and the other generators, follow from the cor- 
responding relations for de, d7. The remaining relations follow from applying res to 
relations in H* (8g). O 


The explicit calculation of H* (Ag) is particularly interesting in light of the fact 
that Ag = GL4(F2). This isomorphism, due to Jordan and found in Dickson [D], can 
be described by the following correspondence of generators: 


EM DF 0 1 0.1 
OTOL 0 1 0 
(23)(12) => 110 0° (34)(12) BH 0100 
0) <7 40: «Tt 101 0 
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o1141 | Oot + 
0190 1 Ok 0.8 
(45)(12) > 1100 , (56)(12) > D a he 
000 1 0101 
001 0 oO tf T-2 
© 1 0,1 0 0 1 0 
0 oO O°] tT i110 


A calculation for H*(GL4(F2)) was first attempted in [T-Y]; there was an error 
which was corrected later. However, at best their approach led to a listing of elements 
without giving any insight as to their significance or explicit multiplicative relations. 


Corollary 6.6. The Poincaré Series for H*(GL4(F2)) is 


(141) (t!5 thel p12 4g 794 84 974-276-4974 73 4-292 144-1) 


P(t) 


(7-1) -1)(3 —1)(¢4#-1) 
Using an analogous approach, we obtain 


Corollary 6.7. H* (A10) = P[02, 03, 04, 05, C3, X5, de, d7]/(R) where R is the set of 
relations 

asdı = 03d7 = 03d7 = c3d7 = xsd7 = 0 

o3d, = asdg = 0 

x = 02C3X5 + chos + ards 

05X5 = C30304 

03X5 = C3(05 + 0203) 


(As for Ag the 4(2)-module structure follows directly from that of H*(Sj0).) 
Finally, we have 


Corollary 6.8. 
H* (A12) = Plo, 03, C3, 04, 05, 66, de, d7, do, eg, e10] (x5, x7, x8) /(R) 


where deg g; = i, deg cz = 3, deg dj = i, deg x; = i, deg e; = i and R is the set of 
relations 
x2 + 04X2 + 0204X8 + (06¢3 + 020403) X5 + o? F e + oso4ds + 0602d6, 
xg + dex; + c3d6x7 + (Leo + dolor + c3dea2)x5 + dio? 
+c3o4de + [e9 + do]c302, 
x5x7 + 02x32 + [02 + 04] xg + oF c3x5 + ode + o6c3 + osde + 02043, 
xsxg + 03x3 + [c3 + de] x7 + chozxs + c304 + [eo + dolo? 
+[e9 + dglo4 + c3d603, 
x + 302Xx2 + x7xg + c303x8 + 02¢3x7 aa (02de + oach) xs+ 
o3[e9 + do] + c306 + o6le9 + do], 
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d 903, d905, €903, €905 

d103, d1x5, e1004 + d7(x7 + 0403), d105, d1 (06 + 0402), d7 (xg + d602) , 
dy (e9 + do) + de(d7c3 + e30) , 

X503 + €3 (0203 + 05) , X703 + X505 + €30304, X105 + €30306, 

d503, X803 + das, X805, 

d + doeg + eb, (d7c3)* + d7c3e10 + efo» 

dod7c3 + deig + €9€10, dgd7c3 + d7c3e9 + e9€10. 


The action of the Steenrod Algebra on generators different from eg, eio can be 
obtained from 5.3 using the restriction map; for é9, e;ọ the action is identical to that 
on dg and d7c3 doing the appropriate substitutions. 


VII. 


Finite Groups of Lie Type 


VII.1 Preliminary Remarks 


One of the most remarkable results of this century in mathematics has been the 
classification — completed in 1980 — of all the finite simple groups. This took over 
20 years and occupies almost 5000 pages in the literature, and it is conceivable that 
there are some errors there, so the details of classification are not really available to 
us, but the main results can be summarized. There are 17 families of simple groups, 
the alternating groups and 16 families of “Lie type”. These in turn are broken up 
into subfamilies in several different ways. There are, first, the historical breakdowns, 
6 families of “classical groups”, the projective special linear groups over finite fields, 
the orthogonal groups, (three types), unitary groups, and the symplectic groups. Then 
there are the 5 families of groups of “exceptional types”, the groups G2(q), F4(q), 
Es(q), E7(q), and Eg(q), the q denoting the order of the finite field over which they 
are defined. Finally, there are five special families, the groups of “twisted type”, the 
Suzuki groups Sz[2*"*'], the Ree groups 7G2[3"*!] and ?F,[27"+'], the twisted 
exceptional groups ? E6[2?"+!], and the groups °? D,(q), the “triality twisted D4(q)’s”. 
Of course, the most natural classification of these groups is via Lie theory and Dynkin 
diagrams. A complete discussion can be found in R.W. Carter’s book [Carter]. 

In each family the first few groups are somewhat exceptional: they may not be 
simple, for example A, or GL2(F2) = 53, Sp4(F2) = S6, or they are not distinct, 
PSL2(F4) = PSL2(Fs) = As, PSL4(F2) = Ag. Additionally, the situation for some 
of these groups at the prime 2 seems to be much more involved than at other primes. 
For these reasons and probably others there arise 26 further simple groups, the 
sporadic groups. The first five of these, the Mathieu groups M11, Mi2, M22, M23, and 
Moa, have been known and explored for about 100 years. The remaining ones have 
been known for less than thirty years. The first of them J; — the first Janko group — 
has already been discussed in Chaps. II, III and V. A good discussion of these groups, 
their construction and history, can be found in Gorenstein’s book [Gor]. 

In this chapter we describe the main features of the classical groups of Lie 
type and discuss some aspects of Quillen’s calculation of the cohomology of these 
groups. The most striking of his results appears in his paper in the Proceedings of 
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the International Congress of Mathematics, Nice, 1970 [Q2], where he indicates 
the existence of a spectral sequence for groups sufficiently closely related to the 
continuous Lie groups G with E2-term 


E2 = H*(G; Fp) @ H* (BG; Fp) > H*(G(q); Fp) 


where G (q) is the group defined by the same (integral) equations over the finite 
field F, and q is prime to p. He also indicates there how to use this result to get 
information about the groups of twisted type. However, the indicated proof, using 
Etale techniques from algebraic geometry is far removed from our discussion. Rather, 
we give proofs of most of his results here but use the more elementary techniques 
discussed here. An alternate source for much of this discussion is [FP]. 

It should be emphasized that the groups we are actually studying are not the 
simple groups, generally quotients of the groups here by their centers, but the full 
groups, described as the groups of automorphisms of a finite dimensional vector 
space over a finite field, in the case of the general linear groups, or which preserve 
a bilinear form in the case of the orthogonal and symplectic groups, or which preserve 
a Hermitian form in the case of the unitary groups. In brilliant work of Quillen in 
the early 1970’s these groups and their cohomology played an essential role in vital 
questions in homotopy theory some of which we will also outline in the introduction 
to Chap. VIII and in Chap. IX. 


VII.2 The Classical Groups of Lie Type 


Given a field K and a vector space Vi. of dimension n over K we have the group 
GL, (K) of invertible linear transformations a: Vz — Vk. GL,(K) has a center 
C(GL,(K)) = K° and there is a determinant homomorphism Det: GL,,(K)— K° 
— 0. The kernel of Det is the special linear group SL,(K) and 


SL, (K) /SLn(K) N C(GLn(K)) = PSL, (K) 


is called the special projective linear group of rank n over K. It is simple except for 
K =F), F3, and n = 2. As K runs over the finite fields F; (where q = p”, p a prime 
in Z*) we obtain in this way the finite simple groups L,(q) = PSL, (F,). This is the 
first family of finite simple groups of Lie type. 

Next, suppose Vj is given together with a non-singular bilinear form b. 
A bilinear form can be thought of as a K-linear map B: Vk — (Vk)* where 

%)* = Homx (Vi, K). There are natural isomorphisms e: (V;,)** — V'ę (for 

n # ©, e( f) is given by w(e(f)) = f(w) for w € Vz), and given B there is the 
induced map B*: (Vi,)** —> (Vi,)* defined by B*(f)(w) = f(B(w)). Consequently 
B induces a map Be™!: (V%-)* — V», which we again write as B* using a mild abuse 
of the language. B is symmetric or anti-symmetric according to whether B* = B or 
B* = —B respectively. B is said to be non-singular if B is an isomorphism. 

B is equally well determined by the bilinear form ( , )g: Vk x Vk > K, 
(, )a(v, v’) = (v, v')g = B(v)(v’). We have 
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Lemma 2.1. 


a. Bis symmetric if and only if (v, v') g = (v’, v)g for all v, v' in Vz. 

b. Bis skew symmetric if and only if if (v, v')g = —(v', v)g for all v, v' in Ve. 

c. B is non-singular if and only if, given any v € Vi, there is a v' € Vk so that 
w, v) £0. 


Proof. (a), (b) are direct. To see (c) note that B is a linear map of finite dimensional 
vector spaces over K having the same dimension. Consequently B is invertible if and 
only if Ker(B) = 0. But v € Ker(B) if and only if (v, v')g = B(v)(v’) = 0 for all 
v eV- O 


Two non-singular bilinear forms B and B’ are said to be isomorphic if there is an 
isomorphism g: Vi — Vk so that the diagram 


v > (v4) 


| g* (*) 


vi. 2s vy 


commutes. Isomorphism is an equivalence relation. Moreover, to each non-singular 
bilinear form B there is associated its group of isometries G g: 


Gp = {g: Vk > Vk |g € GLK), (g(v), 9(v’))a = (v, v') 8} 


for all v, v € Vy. (g,h € Gg implies that (gh(v), gh(v’))a = (h(v), h(v'))g = 
(v, v’)g for all v, v’ in Vz so Gg is closed under composition. Also 


(v, v')e = (g(g'(v)), 8(8'(v’))) a = (87 0), 8’) 2 
so Gg is closed under taking inverses and G g is a subgroup of GL,,(K).) 


Remark 2.2. If B is isomorphic to B’ then Gg = G p, since if g takes B to B’ in the 
sense of (*),then gG g'g! C Gp, and g~'Ggeg C Gp. 


Examples 2.3. Over K any bilinear form B is given by (k,k’)g = kk’b for some 
b e K using the usual identification K* = K (b €e K* is the map k +> kb.) Then 
(*) says that two forms xb and xb’ are equivalent if and only if there is a k € K° 
so that b’ = k?b and the equivalence classes of non-singular forms on K (they are 
all symmetric) are the elements of K*/(K °)? where (K*)? denotes the multiplicative 
subgroup of squares in K*. The group Gg in each of these cases is K°. 

In particular, if K = F}, (q # 2”) there are 2 equivalence classes of forms, the 
first represented by (k, k’), = kk’ and the second represented by (k, k')a = kk’a 
where a € K° is any non-square. 
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Next, passing to based vector spaces, given Vi, together with a basis (¢), ..., €n), 
there is a dual basis for (Fi,)*, (e!,...,e") where e is defined as the homomorphism 


: a : With respect to these choices for bases B is represented by 
a matrix (which we again denote B) where the entries B; j satisfy Bj; = Bj, if 
B is symmetric or B;,; = —B;,; if B is skew symmetric. Also, if g € GL(V{) is 
represented with respect to (e1, .. . , @,) by the matrix (g;, j) then g* is represented by 
the transpose of g with respect to the basis (e!,..., &") for (Vi,)*. It follows that in 
matrix notation our equivalence relation becomes 


e (ej) = 


B ~ gBg' 


for g € GL, (K). 
It follows that g € Gp if and only if B = gBg'. In particular for B = (1) L (1) 


the matrix is t 4 so g € Gp if and only if gg’ = I. Consequently Det(g) = +1. 
In general, for 2 x 2 matrices L, 


pt fe ht fa 
~\e d} ~ Det(L) \-e a 
so L7! = L' if and only if c = —b, a = d if Det(L) = 1, and c = b, a = —d 


if Det(L) = —1. Denote by so? (K) those elements of Gg with determinant +1 
so, if Char(K) is not 2 SO? (K) is normal in Gg with quotient Z/2. Summarizing, 


6 € SOF(K) if and only if 0 = = d with Det(0) = a? + b? = 1. 


If B: Vk > Vk. B': Vk > (Vp) are given non-singular bilinear forms then 
BOB: Vk OVE > (VE)* S (VK)* = (Vk ® Vk)” is a non-singular bilinear form 
on V+”. It is symmetric or skew-symmetric according as B, B’ are, and it has the 
property of orthogonality, (v, v’)g@a = 0 if v € VE while v’ € V%. This direct sum 
form is usually written B 1 B’. If B is isomorphic to Ê then B L B’ is isomorphic 
to Ê L B’, and similarly for B isomorphic to B', B ® B’ is isomorphic to B L B. 


Theorem 2.4. Let K = V4, (q # 2”) then there are exactly two equivalence classes 
of non-singular symmetric bilinear forms on V'ķ, the first equivalent to (1) L (1) L 
«+» L (1) and the second equivalent to (1) L --- (1) L (a) with a any non-square 
in K. 


Proof. We need a splitting principle. 
Lemma 2.5. Let v € Vi and let B be a non-singular symmetric form on V'x. 
Suppose (v, v)g = b # 0, then there is an n — | dimensional subspace W C Vk 


so that Ve = (v) ® we as K-vector spaces, and with respect to this splitting 
B= (b) 1 B. 
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Proof of 2.5. Let W = (v)+. That is to say, w € W if and only if (w, v)g = 0. Let 
| € Vi be any non-zero vector. Then 


_(,_ ave), deve 
1=( b v) + b v 


and | — Ly is contained in (v)+. Consequently V% = (v) + W and, since b Æ 0 it 
is clear that (v) N W =O so the sum is direct. O 


(More generally, if L C V is a sub-vector space of Vk then the same proof shows 
that if the restriction of B to L is non-singular there is a splitting F} = L @ L+ and 
B splits as (B|L) L B.) 


Lemma 2.6. Let Vi, be given with K = Fp, p odd, and B symmetric and non- 
singular. Then there is a vector v € Vk so that (v, v)g #0. 


Proof of 2.6. Choose v # 0, v € Ve and suppose that (v, v)g = 0. Then, by the 
non-singularity of B, there is a v' € V% with (v, v’)g # 0. If (v’, v’) A 0 we are 
done. If not, then 


(utu,utu’)e = (v, v)g +2, v'e + (v',v')p 
= 2(v, v')p 
#~ 0 
so the proof is complete. O 


At this point we have proved that B is isomorphic to (bı) L --» L (bn). It 
remains to show that all but one of the b; can be chosen equal to 1. To do this we 
study non-singular forms on V2. 


Lemma 2.7. Let B be a non-singular symmetric form on Vi where K = F y with p 
odd, then B is isomorphic to (1) L (1) or (1) L (a) where a is a non-square in K°. 


Proof of 2.7. After diagonalization B ~ (1) L (1), (1) L (a) or (a) L (a). We now 
verify that (a) L (a) is isomorphic to (1) -L (1). By the pigeon hole principle there 
are k, k’ in K so that k? + k? is a non-square in K*. Then (k? + k”)a is a square in 
K*, and the two vectors (k, k’), (k’, —k) are mutually orthogonal in (a) L (a) and 
provide an explicit equivalence with (1) L (1). o 


Iterating the lemma above shows that there are at most two isomorphism classes, 
(1) L +++ L (1), and (1) L --- L (1) L (a). It remains to show that these two forms 
are not isomorphic. Suppose then that we have an isomorphism between them for 
some n > 2, and suppose that g is a map which effects the equivalence. Then 


l OO rap. @ 
010.. 00 
0 


O 1 + O00 
Soe = ; ; 


oo 
© 
= 

© o 
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and Det(gg') = b = Det(g)Det(g') = (Det(g))* which is impossible. The theorem 
follows. o 


In a similar way we can analyze skew-symmetric forms. On vi we see from our 
previous discussion that there are none. On Vz, we have (v, v)g = O for every v € Vz, 
but by the non-singularity of B given v # 0 in V there is a v' so (v, v')g = 1. It 


follows that, with respect to the basis v, v’ the form B is given by the matrix (2 0) i 


Iterating this argument we have 


Theorem 2.8. Let B be a non-singular skew-symmetric form on F'g where the char- 
acteristic of K is not 2, then n is even and 


B ~ (S) L--+ L (S) 
where S is the form on Vi, given above. 


Remark 2.9. Note that when n = 2m + 1 is odd and K is a finite field of odd 
characteristic we have that 


(a) Les Lla) = (I) Le LD La). 
-= ee 
n times n—1 times 


But this implies that for such n, K, the groups for the two forms are isomorphic since, 
if A represents the form with all ones, while B represents the form with all a’s, we 
have (v, v')}g = a{v, v’) 4 for all v, v’ in Vi so g € Gz if and only if g € Ga. 


Lemma 2.10. Let K = F} be a finite field of odd characteristic. 


a. Ifq =3 mod 4 then SOf(K) = Z/(q + 1). 
b. Ifq =1 mod 4 then SOF (K) = Z/(q — 1). 


Proof. Suppose that g = 3 mod 4, then —1 € K isanon-squareandF2 = F,(/—1). 
Write a € Fz ask+k ./—1. Then we have that the norm of æ is k? +k. Moreover, 
since Norm is an onto homomorphism Foz = Z/(q* - 1) > Fy = Z/q — 1), its 
kernel is Z/(q + 1). Finally, for this case, if N(@) = 1 where 0 = k + k’./—1, then 


E i) € SO4(K) 


and conversely, so SO#(K) = Z/(q + 1). 

To prove (b) note first that now —1 = k? for some k € K so there are two 
lines (1,k) = h, (1, —k) = h and only two so that (/,l)4 = 0 for / € J;. Also, 
since (1) L (1) = (a) L (a) it follows that there is a one to one correspondence 
between those lines /; for which A restricts as (1) and those for which it restricts 
as (a). Consequently, since vi. contains exactly q + 1 lines there are (q — 1)/2 lines, 
l4 1,- - -» l4 g-1)/2 Where A restricts to (1). Each such line has exactly two vectors 
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a and —a so that (£, 8), = 1, and each vector can be written with respect to the 
original basis as (kı, k2) with k? + k3 = 1. This gives that |SO#(K)| = q — 1. 
It remains to verify that SO} (K) is as claimed. To see this consider 


We have 
k 1\ fk £ 
a =(i ') F 
eA UE 
0 


so g gives an explicit isomorphism (1) L (1) ~ l . Hence SO4(K) is 
1 0 = 


isomorphic to the subgroup of Aut (; Hi having determinant 1. However, here we 


= (e aro) a) 


z ( 2ab sT 


have 


%9 
= © 
O = 
nw” 
oo 
| 


bc + ad 2cd 


=(1 o) 


= p . O Ty. i a 0 n 
and this implies that g € Aut ( o) if and only if g = (i bi fora e K* or 
0 a a 0 0 1 i 
s= (, Ja 3) = k 1 a Y a) But the latter terms have determinant — 1 so 


they do not occur and the result follows. O 


D = 3 mod 4 
Corollary 2.11. O}(K) = ae ci e B f 
2(q— ) = 


Proof. For q = 1 mod 4 this follows from the calculation above with the group 
0 1 m 1 0 ‘ 0 1 
Aut (; a For q = 3 mod 4 the element $ be acts to invert (2 0) and 


fixes p p). Thus 
1 0 A 1 0y , 
(i Serem (! °)<0-“v 


and this is just inversion on the elements of norm 1. The corollary follows. O 


Next we consider the case B = (1) L (a). 
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Lemma 2.12. Let K have odd characteristic. Then 


Z/(q+1) wheng = 1 mod 4, 


B = 
S07 (K) = ‘epee when q = 3 mod 4. 


Proof. If q = 1 mod 4 then (1) L (a) has no isotropy vectors and on every line the 
restriction of the form is either (1) or (a). But the interchange mapping (k, k’) <> 
(k', k) has the effect of exchanging such lines so there are exactly (q + 1)/2 lines / 
with B|l = (1). Consequently B|/+ = (a), and as before there are 2 transformations 
B, —B taking (1,0) +> Lo € l, (0, 1) + Lı € l+ and preserving the form. It follows 
that |SO3(K)| = q + 1 if q = 1 mod 4. On the other hand if J = K(,/a) and 
k +k’./a nas norm 1, then 


k K 
bs v i) € SO}(K) . 


Moreover, the correspondence above is a homomorphism since 


k K k K'\_( kekeca ke’ + kk 
—ak' k} \—ak' xk) \—atke’ + ke) kk —ak'k'}) ` 
The first statement follows. The proof for q = 3 mod 4 follows the lines of proof of 


the previous lemma (for SO#(K) in the case q = 1 mod 4. O 


Similar considerations show 


Dyg+1) whenq = 1 mod 4, 
Corollary 2.13. 02 = 3 
ii 2 (K) Nee when q = 3 mod 4. 


(In the case q = 1 mod 4 we have 


(o DCi DC D) = Ge F)=(Ce 8) 


When q = 3 mod 4 we have that B = (1) L (—1) and 


oes ml 9 


and now the calculation follows.) 
This completes the discussion for the orthogonal groups of rank < 2. We now 
turn to the symplectic groups. 


Proposition 2.14. Aut, | ( a) | = Sp, (K) is the special linear group SL3(K). 
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Proof. We calculate 
a b 0 I\fa e\ _ (—b-a}fare 
c d/\-1 0/\b d} \-d c)\b d 
0 ad — bc 
bc — ad 0 


ee Oe? “TN. À a b 
which is k a if and only it De((? pat Oo 


VII.3 The Orders of the Finite Orthogonal 
and Symplectic Groups 


Definition 3.1. A quadratic form on K” is hyperbolic if and only if n = 2l and 


a~ (G oG o) 


| times 


In what follows we denote this form as (H2). 


(1) L (1) forg =1mod4 


Remark 3.2. (H2) = (1) L (1) = i: 1 (a) forg =1 mod 4. 


Assume that K is finite of odd characteristic. When n is odd we know there 
is only one orthogonal group so we may as well study it in the case of the form 
Hoy 1. (1) = (A). 


Proposition 3.3. Let |K| = q < œ be of odd characteristic. Then we have 


a. The set of v € K” so (v, v)(H,,) = & has cardinality 


qa! +q"—- gq when a = 0, 
gq" (q" —1) otherwise, 


b. The set of v € K*"*! so that (v, v)(4) = a has cardinality 


q” —q" whena € K° is anon-square, 

gq" +q" whena € K° is a square, 

"i when a = 0. 
Proof. We begin with the case n = 1. Then (a, a) (a, —a) are the only vectors of 
length zero (called isotropy vectors). Hence there are 2q — 1 isotropy vectors. Next, 
since 


(a) L (~a) ~ (1) L (-1) 
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the cardinality of the set of v so that (v, v)(4,) = À is the same as that for (v, v)(#,) = T 
provided A, t are both non-zero, it follows that this cardinality is 

qg?—2q+1 _ 

g= 


Thus (a) is verified in the first case. Now we proceed by induction. First we show (a) 
for Hj with j < n implies (a) for H2,42. 
Since (H2n42) = (Hn) L (H2) we can count isotropy vectors as 


(™ +q" —q""')(2q — 1) +ga" — I)(q—- 1)? 


q-1. 


which directly expands out to g”"*! + g"*! — q". As before the cardinality of the sets 
SO (v, V)(H5,,) = À with à Æ 0 are all equal, so this cardinality is 


(q+? _ quit! _ gt! +q") = 
g= 7 
and this case is complete. 


We now verify that (a) for (H2,) implies (b) for (A) = (Hn) L (1). First we 
obtain the count of isotropy vectors as 


gan =q" =q" (q"*! _ 1) y 


ig +q" —q""') 4. q = 1)g”!(q" ni 1) = q” =g =q" +g 
"T u +g -q 


n=l 


=q”. 


Suppose next that æ is a non-square, then a = (a — k?) + k? anda — k? £0, so as k 
runs over K this gives q x q"~!(g" — 1) = q"(q" — 1) solutions. 

Finally, suppose that œ is a square. Then a — k? = 0 for two values of k so the 
count is 


q" +q" 
q"(q" + DI 


q — 2)q"""(q" =1) + 2g"! +q" pe gaY 


ll 


so the induction is complete. O 


We now turn to the calculation of these numbers for the other even dimensional 


form 
I © 
(B) = (Han-2) 1{(j ua) 


where œ € K° is a non-square. 


Proposition 3.4. The form (B) satisfies the condition that the cardinality of the set 
gF! a q’*! + q" when À = 0, 


that (v, =hi 
of v so that (v, v)(p) = À is g'(g"*! +1) when à Æ 0. 
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Proof. Clearly yD has only the 0-vector as an isotropy vector. Consequently, 
0 -a 


the remaining cases, all having the same cardinality, are g + 1. Now consider the 
general case. Here the number of isotropy vectors is 
qh +q"—q™' +q""q" — 1g +1q—-1) 
= q”! +q" q! 
ua i iai — 1) 
q +q" q! 
+g" (q" t — g" -g +1) 
= q+ -gt 4q". 


From this the number when À Æ 0 is 


q+? < (q+! = eo + q") 


ai = qt! 4q" 


and the result follows. oO 


Now write SO}, (K) for the group associated to the hyperbolic form (Hzn) and 


SO;,,(K) for the group associated to the form (H2,—2) L (o 2) Then we have 


Theorem 3.5. 


a, ISOR (O = 9") q? — 1) ---(q"? — Diq" — 1), 
b. |SO3,(K)| = 4" (8? — 1) -++ (q=? — Iq" + 1), 
c. |SOon+1(K)| =q” (q? — 1)(q* — 1)--- (q” — 1). 


Proof. We prove (a), (c), together. Clearly 
|SOan41(K)| = 9"(q" + 1)|SOF,(K)| 
since it suffices to map the generator i of (1) to any element v of length 1 in 
K*"+! = (Hm) L (1). Then (v)+ = (Hn). Next note that (H2) = (1) L (—1) so 
(Hon) = (—1) L (1) L (Hn-2)) so 
ISOR (OI = q"~!(q" — 1)|SOzn—1(K)| . 
From these two formulae (a) and (c) follow. 


Finally we prove (b). Since 


a 


(Hon-2) 1(( be )) = (Hay-2) L (1) 1 (-a) 


we have |SO,,(K)| = q” (q"~' + 1)|SO2,_;(K)| and the theorem follows. O 
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Let K be any finite field (here characteristic 2 is allowed). We consider K?” with 
the skew form 


B = ($) L- L ($) 


where S = (5 ak In particular, we have a basis e1, ..., €n, fi,..-, fn for K?” 


so (e1, €j)B = (fis fj)a = 0, lér, fi) =—1 fjs ei) = Sy. 


Lemma 3.6. Let v € K*" with v £ 0. Then (v, v) 3 = 0 and there are precisely q?"~' 
vectors w € K” so that (v, w)g = 1. 


Proof. Write v = } viei + Aj fj, w = p 
(v, vja = J (Wii — hivi) = 


(v, w)g = J vib: -J ài Wi 


and since v # O there is a v; or A; which is not 0. Say v; # 0, then (v, + fi)g = 1 sothe 
set of w with (v, w) = 1 is non-empty. On the other hand if (v, w)g = (v, w’)g = 1 
then (v, w — w’) = 0 and w — w is contained in the hyperplane 


J vio — Do hiwi =. 


Conversely, if y is contained in this hyperplane, then (v, w + y)g = 1. Since any 
hyperplane has q7"~! elements the lemma follows. o 


Corollary 3.7. Let Sp,,,(K) be the group of B, those g € GL2,(K) so that 
(gv, gw) p = (v, w)g 


for all v, w, in K”. Then 


2 = 
SPa (O| = q" q” — D”? —1)---(q? - 1). 
Proof. Given g € Sp>,,(K), g can take the non-singular subspace (e1, fı) to a new 
non-singular subspace (in a form preserving manner) in exactly 
q?"!(q" — 1) 


ways. Hence, since it also maps (e), f;)+ to the perpendicular complement of 
g((e1, fi)) we have 


ISP (K) = 4” (q™ — 1)|Sp2y-2(K)1 - 
Also, as we have already seen, Sp,(K) = SL2(K) which has q(q? — 1) elements. 
Now, note that 


2n(2n +1) _ ann +1) 


(2n — 1) + (2n -3 F-n t I = 5 3 


= n?, 


so the corollary follows. O 
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Remark 3.8. Let K/F be an extension of degree d, then 
Spx (K) > Spry (F) 
by forgetting the K-structure. As an example 
SL2(F4) = Sp,(F4) = As C Sp,(F2) 


and we note that the index of this inclusion is 12. But the normalizer of As in 
Sp,(F2) is generated by the Galois automorphism of F4 over F7, and this gives a copy 
of Ss C Sp,(F2) having index 6. In turn, this gives, via the action of Sp4(F2) on 
cosets, a homomorphism Sp,(F2) — S6. Moreover, the kernel is contained in $5 
and hence is either As or 1. But since the normalizer of Sp2(F,) in Sp4(F2) is Ss it 
follows that the kernel is a proper subgroup of As and is thus 1 (since it is normal). 


Finally |Sp,(F2)| = |S6| so the coset representation constructs an isomorphism 
Sp4(F2) = S6. 


VII.4 The Cohomology of the Groups GL, (q) 


The group GL, (q) is a model for our calculations, so we study this case in detail now. 

Theorem 4.1. 

a. Suppose that p divides q — 1. Then Syl,(GL,(q)) is the p-Sylow subgroup of 
Z/p" ? Sn C GLp (q) 


where q — 1 = p'@ with (8, p) = l andr > 1. 
b. If plq then 


Syl, (GL, (4)) = UT, (q) 


is the subgroup of upper triangular matrices with ones along the diagonal in 
GL, (q). 

c. If (q, p) = 1 but p does not divide q — 1 then there is a unique non-negative 
integer s, s < p — 1 so that q*’ = 1 mod (p) and 


Syl,(GLn(q)) = Syl,(GLy24(q")) . 
Moreover, if që — 1 = p'®@ then 
Syl,(GLn(q)) C (Z/p’ xr (Z/s)) ? $52) 
where Z/s acts on Z/p" by T(x) = x? for T a generator of Z/s. 
Proof. We need a lemma. 


Lemma 4.2. Let q — 1 = p’w, r > | with (w, p) = 1 and suppose either p is odd 
or p = 2 andr > 2. Then q? — | = p’*‘w!' where (w’, p) = 1 and j = p*v with 
wp = 1. 
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Proof of 4.2. Write (q?” — 1) = (q” — 1)(1 +q” ++--+q?-). Since q = 
1 mod (p) the second term is congruent to v mod (p) and so is prime to p. Thus we 
need only analyze q” — 1), and this, in turn, reduces to studying q? — 1. Write 


q=1+pA 
with (A, p) = 1. Then 


q? 1+ppA+ (2) peat prar 
1+p*'A+p”*'B 


1+ p'+' (A + p'B) 


provided p is odd. If p = 2 then ($) = 1 and 
14+27+ A 4.27" A? = a2 aso At 


and if r = | this is 1 + 2"+?W while r > 1 implies that (A + 2’~' A?) is odd. The 
lemma follows. oO 


We now prove (a) of the theorem. Note that 
Z/p’ C Z/q —1 = Gli) 


so (Z/p’)” C GL, (q) as a subgroup of the diagonal matrices. The normalizer of this 
group in GL, (q) is Z/(q — 1)? §, where §,, is embedded as the permutation matrices 
and Z/(q — 1) embeds as the diagonal matrices. Now the power of p which divides 
the order of this group is 


pit (in/eltini ph 1) 


but from the lemma this is the p-order of 
gh? @ = 1)q""' P 1) o. -(q =. 1) p 
(b) and (c) are similar. O 


Corollary 4.3. Let q — 1 = p’w, r > 1 if pis odd orr > 2 if p = 2. Then 


Qi 

Syl, (GL,(4)) = | | (zz Z/P x) 

ee eae 
i20 i 

where a; is the coefficient of pi in the p-adic expansion of n; n = ag + aip +-+ 

aip +- 


The cohomology of Z/p’ : Z/p } ---Z/p is detected by groups of the form 
(Z/p’)® x (Z/p)! as we see from the discussion in Chap. IV. On the other hand we 
have 
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Theorem 4.4. Let E = [],(Z/p/') C GLy(q) with q — 1 = p’@ and each ji < r. 
Then E is conjugate to a subgroup of the diagonal (Z/(q — 1))”. In particular, 
H* (GL, (4); Ep) is detected by restriction to the diagonal subgroup (Z/p")”. 


Proof. Since p"|q — 1, a primitive p’th root of unity is present in F, so each element 
x € E is conjugate to a diagonal matrix. Next, since E is commutative, it follows that 
we can simultaneously diagonalize all the elements of E, and the result follows. O 


Corollary 4.5. Let q — 1 = p@ with p an odd prime and 8 prime to p, then 
H* (GLa (4); Fp) = H*((Z/p)"; Fp) . 


Proof. Note first that the subgroup of the diagonal (Z/ p)” C Syl,(GL,(q)) is normal 
in |] Z/(q — 1) 2 Sn, and, indeed, it is the only elementary subgroup of this order in 
this wreath product. (This depends on the fact that p is odd.) Consequently (Z/p)" C 
(Z/ p)? 8, C GLp(q) is a closed system. From our discussion of the cohomology of 
wreath products with $, it follows that the restriction map from H*(Z/(q—1)?Sn; Fp) 
to H*((Z/p)"; Fp) is surjective onto the ring of $, invariants. The Cardenas—Kuhn 
theorem now gives the result. O 


Remark. The condition that p? not divide q—1 in (4.5) is, in fact, satisfied in the major 
application of this calculation in Quillen’s original proof of the Adams conjecture 
[Q6]. However, it is clearly desirable to have the general result. In fact we have the 
following theorem of Quillen, 


Theorem 4.6. Let p be an odd prime and suppose q — 1 = p'@ withr > 1 and @ 
prime to p. Then the restriction map 

H*(GLn(q); F p)——> H*((Z/ p)"; Fp)” 
is an isomorphism onto the entire ring of invariants. 


(The proof of this result does not appear to be a formal consequence of the Cardenas— 
Kuhn theorem when r is greater than 1. Quillen’s original method involved the use 
of the Adams operations in K-theory and is described in considerable detail in [FP]. 
However, it is also possible, using 4.4, III.4.3, and the results on Hopf algebras of 
VI.2, to give another proof, starting with G L; (q), and using the Hopf algebra structure 
of the disjoint union of the H*(G L, (q); Fp).) 


Remark 4.7. The situation where p does not divide q — 1 is not much different. Here 
the action of (Z/s) described in (4.1) gives that the invariants are in 


{@}H*(Z/p'); Fp}. 
But 
H*(Z/p'; Fp)” = F [b] @ Ebe) 


so the rings are formally the same as those before and, except for the evident change 
in dimensions of generators the arguments go as before. Thus we have 
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Corollary 4.8. Suppose p does not divide q and q° — 1 = p’@ as in (4.1(c)). Then 
H*(GL,(q); Fp) = H*((Z/p’)'"/5!; Fp) Shs and this invariant algebra is the 
tensor product of a polynomial algebra on generators in dimensions 2si and an 
exterior algebra on generators in dimensions 2si — 1, 1 < i < [n/s]. 


(Of course, we have only given a proof in case pP does not divide q° — 1, but (4.6) 
gives the proof in the general case.) 


VII.S The Cohomology of the Finite Orthogonal Groups 


Lemma 5.1. For the orthogonal groups O;, (q) and Oon+1(q) with q odd a copy 
of Syl,(G) is always contained in the normalizer of a maximal torus. These tori 
normalizers are given as follows. 


1. For gq = 1 mod (4) the maximal tori normalizers are 
OF (q)? Sm G O},,(q) 
Oy x (OF è Sm-1) & Oz, (9) 
Z/2 x (Of 28m) G Orm+i(q)- 
2. For q =3 mod (4) and m odd the maximal tori normalizers are 
OF (q) x (OF (4) ? Sm-1) | OF,,(9) 
O; ? Sm C Oml) 
3. Forq = 3 mod (4) and m even the maximal tori normalizers are 
OZ (G)? Sm G OF, (9) 
Ož (q) x (O30)? Sm-1) | Oml). 
4. Forq = 3 mod (4) the maximal tori normalizers are Oy ? $m x Z/2 G Orm+1(q)- 


(This is a direct counting argument.) 


Corollary 5.2. The groups H* (OF, (q); F2) and H*(O2m+1(q); F2) are detected by 
restriction to elementary 2-subgroups for q odd. 


Proof. From 2.13 and 5.1 we see that 


Syl, (O%, (q)) = [ | Doi ? Z/2: 2/22 -- -22/2 
——$— mm 
l 
l 


where the / run over the powers of 2 appearing in the dyadic expansion of m or such 
a group times (Z/2)?. Similarly, Syla (O2m+1(4)) = Z/2 x Syl, (Ox, (q)). But we 
have already seen in Chap. IV that the cohomology of such groups is detected by 
restriction to elementary 2-subgroups. O 
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Now we want to understand the conjugacy classes of elementary 2-subgroups 
in OF, (q) and O2m+1 (4). Consider an elementary 2-subgroup (Z/2)’ = (t,...,t-) 
contained in one of these orthogonal groups. For ease of notation we assume for the 
moment that we are dealing with one of the groups it (q). Since q is odd we can 


choose an orthogonal basis e}, . . . , €2m SO that the t; become diagonal with only +1’s 
along the diagonal. Suppose ft; (e;) = —e,. Then we can choose new basis elements 
for (Z/2)", ti, t3, ...,%,, SO that t/(e;) = e;,2 < i < n. Then V = (e2,..., eam) is 


taken to itself by (Z/2)". Write V = Vt ® V~ where x € V is contained in V+ if 
and only if tı (x) = +x. Then (t},...,¢/)(V*) = V* and if we define t by 


ej- ifx=e, 
tx) = {x ifxe Vt, 
—x ifxe V7, 


then t € ož, (9) and t commutes with (Z/2)”. Consequently either t € (Z/2)" 
or we can adjoin it obtaining an extension (Z/2)"+! C OF (q). By repeating this 
construction we obtain 


Lemma 5.3. Let G = (Z/2)" C Ož, (q) or Om+1 (q), then G is contained in a maxi- 
mal subgroup (Z/2)>" or (Z/2)™+!. Such a group splits the form uniquely as a sum 
of 1-forms (1)°1(B)?"+*-’ and s is a complete characterization of the conjugacy 
class of a maximal 2-elementary subgroup of OF, (q) or Orm+1(q)- 


Proof. The argument above shows that (Z/2)" is contained in a subgroup (Z/2)?”"*¢ 
= (t,...,tam+e) and there is an orthogonal basis e),..., €2m+e for the vector space 
so that t;(e;) = ej if j Æ i, and t;(e;) = —e;. Since the (—1) eigenspace for t; is 
orthogonal to the (+1) eigenspace it follows that e; is not an isotropy vector for the 
form and so the e; give an orthogonal splitting of the form into a sum of 1-forms. 
On the other hand it is direct to see that among the 27”*+* elements of this group 
exactly 2m + € of them have 1-dimensional (—1) eigenspaces. Hence, this splitting 
is intrinsic to the group and the result follows, O 


In particular there are exactly two conjugacy classes of elementary 2-groups 
(Z/2)? c OF (q). Indeed, we have 


Lemma 5.4. The dihedral group Dan = {x, y | x? = (xy)? = y” = 1) has pre- 

cisely 2 conjugacy classes of maximal elementary 2-groups (Z/2)°, the first conjugate 
gn-2 r gn-2 

to (x,y ) and the second conjugate to (xy, y~  }). 


Proof. The elements of order 2 are precisely the classes xy’, 0 < i < 2”-! — 1 and 
y”"*. y" is central and xxy'x = xy~!, y~/xy! yÍ = xy'+2/. Thus there are precisely 
2 conjugacy classes of non-central elements of order two, the first represented by x 
and the second by xy. Also, xy'xy/ = y/-! and we see that xy’, xy/ commute if 
and only if j = i + 2"~*. Hence there are two possibilties for conjugacy classes of 
EWR = (Lx, wy, and (xy, 97°") = (xy, ey HH PY 
and these are clearly not conjugate. O 
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As an example of how 5.3 works we have 


Example 5.5. Let B be a non-square in F, and suppose q = 1 mod (4). Then the two 
subgroups (Z/2)? C OF (q) described above are 


(GD (G9. 


For /] the eigenvector splitting is (e; —e2, e; +e2) which corresponds to the splitting of 
the quadratic form as (—2) 1. (2). For Z the eigenvector splitting is (Be; +e2, Be; — e1) 
which gives the form (28) 1 (—28). 


Corollary 5.6. The normalizer of the maximal elementary 2-subgroup of Ox, (q) or 
O2m+1(q) with splitting space (1% (B)?"**- is 


(Z/228;) x (Z/22 Sam+e—s) 
so the Weyl group is Ss X Som+e—s. 
Corollary 5.7. The restriction map taking H gba (q); F2) to 
H* (OF (q) x (OF (q))”" |: F2) whenq = 1 mod (4) 


H*(O#(q) x (O7 (a))"!; F2) q =3 mod (4), m odd, 
H* (OF (q) x (oza) ;F2) q =3 mod (4), m even, 


or H* (O2m+1 (4); F2) to 
H*(O}(q)" x Z/2; F2) forq =1 mod (4), 
H* (O3 (q4)” x Z/2; F2) forq = 3 mod (4) 
is injective in cohomology. 


We now wish to precisely determine these images. The result will be direct from 
the Cardenas-Kuhn theorem once we have proved 


Lemma 5.8. Let G = (Z/2)™" C Doan? Sm. Then G C (Dan)™ C Do? Sm. In 
particular G C OF (q) ? Sm C OŻ (g) when q = 1 mod (4) and + is + or q = 
3 mod (4), + = — and m is odd, or + = + and m is even. 


Proof. Consider the projection 
1: Doan? §m—>Snm 


and look at x(G). It is clear that any 2-elementary subgroup (Z/2) C Sm must have 
r < [$]. Thus Ker(x) N G = (Z/2)” with v > m + [3]. In particular G N (Dn)™ 
must contain a subgroup of the form (Z/2)”" = (f1,..., tm) with ż; contained in the 
i't copy of Dy in (D2n)™ and (G) must centralize this group. But this is impossible 
unless 2(G) = {1} and the first statement of (5.8) follows. 
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To see the second statement we use (5.3), (5.4), (5.5) to assert that G has the form 
Vi X++- X Vm C (Don)” where each V; is either conjugate in Dan to (x, yy or 
(xy, yy, Moreover, within (Dn) ? Sm each such group is conjugate to 


Vi x- x Vx Vu x ++) x Vu 
—— m 
s m—s 


for a unique s, and (5.3) shows these groups are not conjugate in ož, (q) for distinct s. 
Thus the closure conditions are satisfied. O 


Corollary 5.9. Under the conditions of (5.8) 
H* (Oj, (q); F2) C H*(Dan; F2)* 
consists of exactly those elements 0 which satisfy 
res *(6) € H*((Vj)> x (Vi)"~5; F2)®*82m-9,  O<s<m. 


Example. The case q = 1 mod (4) 
We now assume that q = 1 mod (4) and £ will represent the a non-square in F}. 
The inclusions 


j: OF,,(¢) — Om (0) 
iay» ip: O2m+1 —>O}Z,,49(9) 


induce injections in homology and surjections in cohomology. Here i; is the inclu- 
sion induced by regarding O2m4+1(q) as the group of the form (1)... 1(1) and 
—— am 


2m+1 


HL (osu) = {ijpl...1L(1) 
ee! et 


2m+1 2m+2 


while ip) is the inclusion obtained by regarding O2,,41(1) as the group of the form 
(B)...1(B) and noting 
—_ 


2m+1 


(By LLB} = (YL. LCT) . 
a —— 
2m+2 2m+1 


i;p) j is conjugate to iq) j but jip) need not be conjugate to ji). Hence, to be definite 
Ot (q) neven 


On(q) nodd, 
On (4)—>On+1 (q) is j if n is odd and iy) if n is even. We have 


we define O(q) = lim_, (On (q)) where O, (q) = and the inclusion 
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Theorem 5.10. 

a. H,(O(q); F2) = | |Z; Ae(On(q), On—1(q): F2) so the map taking 
A, (On (q); F2) > H,(0(q); F2) 


is an inclusion for all n. 

b. The inclusions On (q) x Om(q)—>On+m(q) induced by orthogonal sums of vector 
spaces fit together on passing to limits to define a unitary, commutative and 
associative multiplication 


H,(O(q); F2) 8 H.(O(q); F2)—> H.(O(q); F2) 


and gives H,(O(q); F2) the structure of a biassociative, bicommutative Hopf 
algebra 
c. As an algebra 


H,(O(q); Fo) = Faler, €z -o en,» ---] @ E(hy, Ras ..., Ans eoe) 


where the subscripts denote the dimensions of the generators and e; is the non- 
zero element of dimension i in Hj(Q,(q); F2) = Fz while h; € H;(O2(q); F2) is 
the sum ei + ip) (é;). 


Proof. (a) has already been discussed in part. To see that the homology of the limit 
is the limit of homology groups is standard since homology is carried by chains with 
compact support. 

To see (b) note that the inclusion fy m: On(g) x Om(q)—>On+m(q) has images 
with A n x n and B m x m. But the 


all orthogonal matrices of the form * B 


element k o) € On+m(q) now acts to congugate Hn,m and Hm,n T where 


T: On(q) X Om(q)—>Om(q) x On(Q) 


is the interchange. Consequently, this pairing is commutative. Also, a similar con- 
jugation shows that the multiplication fits correctly with inclusion so that, on the 
level of homology groups it passes to the limit groups and defines the desired algebra 
structure on H,(O(q); F2). 

Finally we verify (c). Here, note that from our description of 


H* (Dy; F2) = F[a), by, w2]/(ab = 0) 


we have res *(w) is the same in both conjugacy classes of subgroups (Z/2)? C Dy. 
From this, if we set f; = iig)(e;), then a! is dual to e;, bÌ is dual to f; and both e? and 
f? are dual to w;. Consequently we have h? = 0. On the other hand it is clear that 
the e;, h j generate H,(O(q); F2) and are independent. Hence by Hopf’s theorem that 
commutative associative Hopf algebras over a field are tensor products of monogenic 
algebras it (c) follows. O 
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Examples 5.11. H*(O2(q); F2) = H*(Dy;F2) = Fala + b, w](b) where b? = 
(a + b)b gives the extension data and the Poincaré series is 


l+x 


Poxa Œ) = 0-0- è 


Now we describe H*(O3(q); F2). There are two conjugacy classes of (Z/2)? in O(3), 
the first associated to the form (1) (1) (1) and the second to the form (8) 1 (8)1(1). 
The first contributes a polynomial algebra H*((Z/2)?; F2) = F2[01, 02, 03] and 
the second contributes F2[o), 02]o; ® F2[o;]. This can be seen since the terms in 
homology are all of the form f; fj Q es with 0 < i < j. Consequently its Poincare 
series is 


1 x 
-s0 -0-A U- PA 
(+90 +22) 
(l—x)(1 —x2)(1 — x3) 


Pog x) = 


Finally, we consider O4(q). Here there are three conjugacy classes of subgroups 
(Z/2)* with contributions respectively F2[o;, 02, 03, 4], elements dual to f; f j Beres 
with 0 < i < j and duals to elements of the form fj fj fkfı withO <i< j<k<l. 
Consequently the Poincaré series is 


1+ x® x 
d—-nd-x)0—-)—x) a x)? 
(1+x)(1 +2x7)(1 + x) 
~ (l=x)( = x2)(1 x) — x4) 


Poso) (x) = 


The restriction map 


H*(Om(q); F2)—> || H/D» @ HZD- (5.12) 


O<i<¥ 
is onto those elements which evaluate equally on monomials of the form 
ei B+ O êi @ ein, B Cin, De 
and 
ĉi, @ +++ @ Eiza @ Cin B Ciya D 
Examples of such elements are easily constructed. Note that 
H*((Z/2)")**8m-r = Fali, ..., Wp] Q Folwi,..., Wmr] 


where i; is the i symmetric monomial in the first r coordinates and w j is the j’ 
symmetric monomial in the last m — r coordinates. Then set 
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UD zj @ wra-», 


Xx- = U bD W2p ® Wg-1, 
p+q=k 


Xu; =U >. W2p-1 @ Wg. 
p+q=k 


X2k 


This notation is meant to indicate that the restriction of the element to each of 
the conjugacy classes of elementary 2-groups has the indicated form. These elements 
satisfy the constraint conditions and consequently are in the image of H* (OF, (q); F2) 
or H*(O2;41(q); F2). Indeed one has the following theorem. 


Theorem 5.13. H*(O2,41(q); F2) is the subring of 6.8 generated by the elements Xp, 
X,. Similar generation results hold in the remaining cases. In all cases the Poincaré 
series of H* (OS, (q); F2) is 


(1 +.x)(1 +x?) (1 +271) 
(1 —x)(1 — x?) --- (1 — x”) 


Further details, including the relations between the generators are explained in 
[FP]; pp. 264-277. 


VII.6 The Groups H*(Sp27(q); F2) 


The symplectic groups differ from the orthogonal groups we have been considering in 
one important respect. It turns out that H* (Sp, (q); F2) is not detected on elementary 
2-subgroups. But there is an important similarity. Using the inclusion H” C H" LH 
we obtain inclusions Sp,,,(q¢) C Sp2,,,2(q), and passing to limits as in the orthogonal 
case we obtain a group Sp(q) = lim_,(Sp,,,(g)) together with a bicommutative, 
biassociative, Hopf algebra structure on H,(Sp(q); F2). The Hopf algebra structure 
here forces the structure of the groups H,(Sp(q); F2), and by restriction, the groups 
H* (Sp, (4); F2) as well. 

We have already seen that Sp} (q4) = SL2(q) and we have for all odd q the result 
H*(SL2(4); F2) = E(e3) @Fa{b,], [Q3]. Sp, (q) contains the subgroup Sp, (q)’S, = 
SL2(4)?S„ and this subgroup always contains a Sylow 2-subgroup for q odd. It follows 
that the detecting groups for H*(Sp,,,(q¢); F2) have the form SL2(g)’ x (Z/2)* with 
r+s <n. Moreover, following the lines of argument in §5 we have that each of these 
groups is conjugate to a subgroup of SL2(q)” C SL2(q) ? Sn. In particular 


Lemma 6.1. The two inclusions 


Spo, (4) x 2/225 Span (q) ? Z/2— Spin (Q) 


and 
Span (1) x Z/2—> Span (4)? C Span (4) ? Z/2 C SPan (0) 


are conjugate in Sp4„ (q). Here (9, T€) = (0, 0t€) where t is the non-trivial element 
in the center of Spa, (q). 
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Proof, The +1 eigenspaces of T give a splitting of F* into F” LF” and the action 
of A(Sp»,,(q)) is diagonal on these two subspaces. On the other hand T acts as +1 
on the first summand and —1 on the second. In view of the fact that Sp,,,(q) ? Z/2 is 
exactly the stabilizer of such an orthogonal splitting, the result follows. O 


Lemma 6.2. The restriction map 
H* (Sp, (q); F2)— H*(SL2(q)"; F2) = E(ei,.--, €n) Q Falbi,.--, bn] 
with dim(e;) = 3, dim(b;) = 4, 1 < i < n is injective in cohomology. 
Dually, this gives 
Corollary 6.3. In homology the product map 
H,(SL2(q); F2)®” — H, (Spa, (4); F2) 


is surjective, In particular H,(Sp>,(q); F2) is a quotient of the subset of elements in 
F2[b4, bg, ..., ] @ Foes, e7,..., €4i—1, ... ] consisting of products of n or less terms 
where the subscripts denote the dimensions of the generators. 


(The mapping H,(SL2(q); F2)" —> A. (Sp>,,(q); F2) factors through the $, invariants 
and they have the description given in (6.3).) 


Lemma 6.4. The elements 7 ME are zero in H,(Sp4(q); F2), so it follows that there is 
a surjection of the products of n or less terms in the algebra F2[b4, bg, ..., b4i, ...]® 
E(e3,...,€4;-1,.-.) onto H,(Sp>,(q); F2). 


Proof. (6.1) shows that the two inclusions 4: SL2(q) x Z/2—>SL2(q) 2 Z/2 and 
A x id: SL2(q) x Z/2—+SL2(q) ? Z/2 are conjugate in Sp4(q). Consequently, 


0 € im(H*(Sp,(q); Z/2) C H*(SL2(q) ? Z/2; Z/2) 


only if u* (80) = (A x 1)*(). l l l 
In particular consider the elements [(e3b’). We have u*(I(e3b') = u*(e3b' @ 
e3b') = 0, but 


(A x id)*(1(e3b')) = e3b! @ e+? + higher terms 


which is certainly not zero. It follows that /(e3b’) is not in the image of H* (Sp4(q); F2) 
so dually e4;43 Q e4;43 maps to zero in H,(Sp4(q); F2) and e; 43 = Oas asserted. O 


We now turn to the proof of the main theorem 


Theorem 6.5. 
H,(Sp(q); F2) = Falb4, se , bán, se 4] & E(e3, sey C4n—lys> .) ’ 


and H, (Spam, (4); F2) injects into H,(Sp(q); F2) as the suspace spanned by all mono- 
mials b} +++ byes! ...eg_, with ij + ej <m. 
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Proof. The main step in the proof of (6.5) is the following preliminary result. 
Lemma 6.6. 


a. There is a unique conjugacy class of maximal elementary subgroups (Z/2)" C 
Sp, (q) for each n and any elementary 2-group (Z/2)° in Sp>,,(q) is contained 
in a subgroup (Z/2)". 
. (Z/2)" x (Z/2)" C Spo, (gq)? Z/2 C Spy, (q) is a closed system for n > 1. 
c. Forn = there are two conjugacy classes of subgroups (Z/2)* C Sp,(q) | Z/2. 
The first V; is the center of Sp>(q)* and is normal in Sp, (q)? Z/2 while the second 


Vu C Spp(q) x 2/22 Sp)? Z/2. 


Proof. (a) Given (Z/2)” C Sp»,(q) we argue as in (5.3) using the +1 eigenspaces 
for generators of (Z/2)” to show that if w < n then there is a subspace V C F?n with 
the restriction of the symplectic form non-singular on V and V is a —1 eigenspace 
for tı, but a +1 eigenspace for the other generators, and dim(V) > 4. This allows us 
to split V non-trivially as the orthogonal sum 


V =(S)L--+ L(S) 


and extend (Z/2)” to a subgroup (Z/2)”*! C Sp,,,(q). This process stops only when 
w = n. In particular, every (Z/2)" C Sp2,(q) is associated uniquely with a splitting 
of the symplectic form 


Fo" = (Sj L- LS), 


and from this it is direct that any two such subgroups are conjugate in Sp}, (q). 

(b). Let W = (Z/2)” C Spù(q) ? Z/2 and consider the projection 2: Sp}, (q)? 
Z/2—>Z/2. If im(|W) Æ {1} then there is at € W with t of the form (6, 6’, T). 
Since 


1=? = (6,6', 7)(0, 0’, T) = (00’, 0'0, 1) 


it follows that t = (0, 07}, T) for some 6 € Sp, (q). Thus, when we conjugate W by 
(07!, 1, 1), t is conjugated to (1, 1, T), so we can assume (1, 1, T) € W. 
On the other hand, the centralizer of (1, 1, T) in Sp,,,(q) ? Z/2 is 


A(Sp>,,(q)) x Z/2 


which, by (a), has exactly one conjugacy class of elementary 2-groups (Z/2)"*!. 
Since n > 2 it follows that n + 1 < 2n and we assumed w = 2n. Thus, W C 
ker(z1) = Sp,,(q) x Sp, (q) and (b) follows from (a). 

(c). The proof of (b) actually shows that for all n, Spy, (q) ? Z/2 contains exactly 2 
conjugacy classes of elementary 2-subgroups, the first of the form (Z/2)”" C ker(z) 
and the second of the form (Z/2)"*! which is not in the kernel of z and which is 
conjugate to a subgroup of A (Sp, (q)) x Z/2. (c) is a special case of this. o 
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Note that we can regard Sp,(q) ? Z/2 as the normalizer of a Z/2 x Z/2 C Sp,(q) 
and the (Z/2)? is contained in Sp,(g) ? Z/2 as the normal subgroup Vz. 


Lemma 6.7. Nsp,(q)(Viz) O Nsq4iq)(Vi) is a split extension of the centralizer of Vi, 
A(Sp2(q)) x Z/2 in Nsp) (V1) by a copy of Z/2, 


Nspqiqy (Vir) N Nspyiqy(Vi) = (A(Sp4(q)) x Z/2) xr (C1, —1, 1)) . 


Proof. The Weyl group Wsp,(4)(Vi) = Z/2 C GL2(2) = 83. (1, —1, 1) normalizes 
Vy and acts non-trivially on it so is contained in the intersection. Hence the intersec- 
tion above is the extension of the centralizer of V;; in Sp,(q) ? Z/2 by (1, —1, 1) as 
asserted. O 


We now consider the double coset decomposition 


Sp4(q) = Lf (Sp2(q) 2 Z/2)gi(Sp2(q) ? Z/2) . 
For certain g; we have the composite 


Vi — Sp(4):Z/2 


eee 


Sp2(q) ? Z/2 N g; 'Sp,(q):Z/2g; —> g;'Sp2(q) ? Z/2g; 


|. | 


giSp2(q)?Z/2g7' MSp,(q)?Z/2 >  Sp(4): Z/2 


and the resulting image of Vz; will be a copy of V;;, hence by modifying g; it will be 
V, except in the one case covered in (6.1) where it will be V;. Let gı = 1 and g2 
give the coset where this interchange happens. 

Consider the composite map 


E: H*(Sp,4(q) .Z/2;F2)—> H* (Sp4(q); F2) 
res res 


—> H* (Sp (q) ? Z/2; F2)—> H* (Vr; F2). 


By applying the double coset formula to the first two maps E can be rewritten as 
a sum of maps of the form 


res 


H* (Spy(q) ? Z/2;F) > H* (Li; Fz) H* (L); F3) 


res 


5 H*(Sp2(q) ? Z/2; F2) > H* (Vr; F2) 
where L; = g;Sp,(q) ? Z/2g7' N Sp(q) : Z/2. Again, each of the composites 


res 


H*(L!; F2)— H* (Sp,(q) ? Z/2; F2) H* (Vr; F2) 
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can be rewritten using the double coset formula as a sum of composites 


res , 


Qij: H* (Li; F) H* (L; j; Fa) H* (LY j; Fo) H* (Vr; F2) 
and Lij = 8 Lig; N V,. In particular ġ; j = 0 if Li; Ç Vı, so the only terms which 
can enter non-trivially into the sum above are ¢),; = res and the terms ¢p j. 

In the case of ¢2,; we can choose the g; giving the double coset decomposition 
Sp2(q) ? Z/2 = UV g;L, = Ug;L so that c} = id for each j since L5 is given 
by (6.7) and this group surjects onto im(Nsq,(q) (Vr)  Aut(V77)). It follows that the 
sum )° ; $2,; = |Sp2(q)? Z/2, L5| res = 0 since the index of L3 in Sp,(q) ? Z/2 is 
even. 

Thus we have proved that E is just the restriction map 


E = res : H*(Sp)(q)?Z/2; F2)—> H* (Vr; F2) 


and the image of H*(Sp,(q); F2) in H*(V1; F2) is F2[b4, bg]. 

Now, to complete the proof of (6.5) we can proceed by induction, (6.4) and the 
result above providing the theorem for Sp,(q). By Hopf’s theorem on commutative 
Hopf algebras the only possible truncations on the polynomial parts would be relations 
of the form bi; = 0 for some /. So it suffices to show that no such truncation can 
occur. Thus, assume there are no such trucations for H* (Spy (q); F2), / > 2. But 


(Z/2) x (Z/2)” C Spy ? Z/2 C Spa (q) 


is a closed system satisfying the hypothesis of the Cardenas—Kuhn theorem for / > 2 
and the inductive step is direct. O 


VII.7 The Exceptional Chevalley Groups 


The exceptional Chevelley groups are of two types. First there are the groups 
G2(q) C Fs(q) C E6(q) C E7(q) C Es(q) which are analogues for finite field 
of the exceptional classical Lie groups. Then there are the groups corresponding to 
the “graph automorphisms” of the Dynkin diagrams. Classically, only the unitary 
groups have this type of description, but for finite fields (and other fields with similar 
automorphisms) there are further types. In particular the groups O}, are associated 
to graph automorphisms. There are two further families of this type which were dis- 
covered by Steinberg, the first associated to the rotation through 27/3 of the Dynkin 
diagram D4, 
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written ° D4(q), and called the “triality twisted” D4(q). The second is associated to 
the flip of the Dynkin diagram for E¢(q), 


<— flip — 


Then there are three further exceptional families, associated to graph automorphisms 
which are only valid at certain primes, the Suzuki groups Su(2?"*!), and the two Ree 
families, *>G2(3°"*!), ? Fy(2?"*!). The groups *G2(3"*") have Syl, (?G2(32""')) = 
(Z/2)° with Weyl group the semi-direct product (Z/7) xr Z/3. Consequently 


H* ?-G2(3°"*!); Fo) = Folx, y, 22/727 | 


Aside from this and Quillen’s general result mentioned in the introduction to this 
chapter not too much is known about most of these groups. However, recently, the 
situation for the groups ° D4(q) and 7G2(q) has begun to become much clearer, and 
there is related work by T. Hewett which promises to also clarify the situation for 
F4(q). 

The groups *D4(q) and G2(q) are simple for odd q and are characterized by 
a result of P. Fong and W.J. Wong, [FW], 


Theorem 7.1. Let G be a finite simple group with one conjugacy class of involutions. 
If the normalizer of an involution is the central product 


SL2(q) * SL2(q") xr (n) 


where v is I or 3 and n acts on each SL, as conjugation by ix, ei with u 
a non-square in F4, then G = G2(q) if v = 1 and? D4(q) if v = 3. 


It follows that Syl, (G) C SL2(q) * SL2(q”) xr (n). From this Syl, (G) = Qom * 
Qym xr (n), and this group, in turn, is isomorphic to 


(Z/2"-')? xr (y, v) 


where y acts to invert the elements of (Z/2"-!) while v interchanges them. In 
particular, this representation shows that G has 2-rank 3, so the largest 2-elementary 
subgroups are of the form (Z/2)?. For example, if a, b generate the two copies of 
Z/2™-' then I = (a"~", b?""*, y) and IT = (a2”"*, >" *, aby, ) give two distinct 
copies of (Z/2)? C Syl,(G). 
For simplicity, in the rest of this section we assume that q = 1 mod (4) 

The involution j which is centralized by SL2(q) *SL2(q”) xr (n) is (ab). With 
this notation results of [FW], [FM], show that G has 2 conjugacy classes of (Z/2)?’s, 
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the first represented by (j, a”), and the second by (j, aby) and 2 conjugacy classes 
of (Z/2)>’s, the first represented by / and the second by //. In particular, every (Z/2)? 
is contained in a (Z/2)°. Further, in [FW] it is proved that the normalizer modulo 
the centralizer for each (Z/2)* is GL2(2) = $3. Then in [FM] it is proved that the 
normalizer of J is given as a non-split extension 


I—+ E—+GL3(2) 


where GL3(2) acts in the usual non-trivial way on /. (There are exactly two extensions 
of this type, one of which is split and one not split.) Finally, it is shown in [FM] that 
the normalizer of 77 is a non-split extension of the form 


Hi—+wWw—+ 8, 


where S4 C GL3(2) is the parabolic subgroup of all matrices in GL3(2) of the form 


(o 2 with A e GL2(2). We write H3 for the group 


Hy = (Z/4)* xr Z/2 


{a, b, y |a* = bt = y? = 1, ab = ba, ay = ya™!, by=by"} 


and H for the extension Hz xr Z/2 = Syl,(G2(5)). 


Remark. Itis also shown in [FM] that when we include G (q) C G (q?) then both the 
image of Icq) and the image of IIG) are conjugate to [¢(,2). 


Remark. W also occurs as the normalizer of a (Z/2)° in the Mathieu group M12. It 
is discussed in Chap. VII. 


The data above gives a complete determination of the poset space for G in [FM]. 
The quotient of the poset space by the action of G is given below with the isotropy 
groups of the faces indicated. 


y  SLa(q) * SL2(q’):2 Ho 


Here the labels in smaller type are the isotropy groups of the edges. Also, N; = 
(Z/(q — 1) x Z/(q — 1)) xr (Z/2) since q = 1 mod (4). 
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There are two useful cancellation rules that can be used to simplify the diagram 
without changing the homology type of the associated classifying space. If a “free” 
edge, i.e. an edge incident on only one face, and the corresponding face have the 
same isotropy group then we can remove both edge and face. Likewise, if a free 
vertex, i.e. a vertex incident on only one edge, and the corresponding edge have the 
same isotropy group we can again remove both the edge and the vertex. By iterating 
these reductions the homotopy type of the resulting classifying space corresponds to 
the diagram 


SL2(q) ak SL2(q’): (n) E el . L3(2) =E 


Thus we have the following theorem which reduces the determination of H*(G; F2) 
to a much simpler problem. 


Theorem 7.2. The intersection of E and SL2(q) *SL2(q") xr (n) in G is isomorphic 
to W = Ng(ID). Moreover the homomorphism 


$: SL2(q) * SL2(q”) xr (n) x*w E—>G 


is surjective and induces isomorphisms in cohomology with (Z/2) coefficients. Here 
A *p C is the free product of A and C, amalgamated over the common subgroup B. 


These groups are studied as follows. First Syl,(G) © Dən ? Z/2 as an index(2) 
subgroup, and from the Gysin sequence for this pair together with the fact that 
H* (Dy 2Z/2) is detected on elementary 2-groups it follows that H*(Syl,(G)) is also 
detected on elementary 2-groups and its cohomology can be explicitly determined. 
In summary one has the results of Fong and Milgram, [FM], [M2], 


Theorem 7.3. 


1. H*(Syl,(G)) is detected by restriction to its maximal 2-elementary subgroups 
(Z/2)°. 

2. The Poincaré series for Syl (G) is independent of G and given as a 

3. H*(Syl,(G)) = Faler, T4, Th]. li, y2, u3) ® Faler, T4, e1](e1, e1y2) with the 
subscripts denoting the dimensions of the generators. The key multiplicative 
relation is eT, = 0. 


Since E contains representatives of both conjugacy classes of (Z/2) in G it 


follows that H*(G)——> H*(E) is injective. Moreover, applying the Cardenas—Kuhn 
theorem to the closed system J < Syl (G) C E we have 


Lemma 7.4. image( res *: H*(E)— H*(1)°3)) is exactly H*(D%3@ = Fz[d4, 
de, dj). 


But the system / < E C G is a closed system as well, so we can again apply the 
Cardenas—Kuhn theorem and F3[d4, de, d7] is the restriction to H*(J) of H*(G) as 
well. 
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Under the inclusion G (q) C G (q°) the groups / and I in G(q) become conjugate 
in G(q’). (They are said to fuse.) It follows that 


image( res *: H*(G)— H* (ID) 


contains Fz[d4, de, d7] as well. It remains to understand the remaining terms in 
the image of H*(G) in H*(JJ). In particular, it turns out that only the term v3 in 
dimension 3 must be determined by direct calculation as the generator in dimension 5 
can be given as Sq? (v). 

This was done in [M2] by completing analysis of H*(E) and its restrictions to 
the three non-conjugate (Z/2)°’s there, then applying Webb’s theorem to A2(G) 
to obtain the Poincaré series of H*(G), and finally applying an invariant argument 
to determine the exact class in 3. This gave a direct calculation without relying on 
Quillen’s general result alluded to in the introduction. 

If we use Quillen’s result, then we only have to determine an element in H*(//)*4. 
But a direct calculation (or a general theorem of T. Hewett [He]) shows that 


H*(ID)* = Fo[dp, d3, D4) . 


Hence there is only one possible element in dimension 3, and the calculation is 
complete. The exact results, from [M2], are 


Theorem 7.5. 


1. Let G = G2(q) or? D4(q) with q = 1 mod (4). Then the Poincaré series Pg(x) 
is independent of q and equals 


(1+ x3)(1 +x5)(1 + x®) 
(1 — x4)(1 — x6)(1 — x7) ` 


2. H*(G) is free (and finitely generated) over a subpolynomial ring 


F2[d4, de, d7] 


and if q' = q” then G(q) C G(q') and the resulting restriction map takes the 
subpolynomial algebra for G(q') isomorphically to the subpolynomial algebra 
for G(q). 

3. Asaring H*(G) is generated by d4, dg = Sq? (d4), d7 = Sq! (ds), a generator B in 
dimension 3, and f = Sq*(B) in dimension 5. The relations are B* = dz f +d’, 
f? =d4B* +47, both of which are implied by the formula Sq*(f) = d4 f +doB. 


Remark. The Poincaré series in 7.5.1 is exactly the same as the Poincaré series of 
the sporadic group Jı studied in II.6.9 and II.1.9. We will try to explain the relation 
between J; and G2(q) in Chap. IX where we use the plus construction. The group E 
studied above will play a crucial role in this analysis as the next remark will help to 
explain. 
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Remark 7.6. The group E also appears as a maximal finite subgroup of the topological 
Chevellay group G2 of dimension 14 given as the automorphism group of the Cayley 
plane. G2 is a subgroup of the orthogonal group O(7). This embedding of E in was 
given by H.S.M. Coxeter, [Cox], and a particular representation is given in [CW], 
pg. 448, as the span of the permutation matrices (1, 2, 3, 4, 5, 6, 7), (1, 2, 4)(2, 6, 5), 
and the matrix 6(1,2,4,7)(1, 2)(3, 6) where 5(a,»,c,a) is the diagonal matrix in O(7). 

In fact, under this embedding / turns out to be a maximal torus in G2 and E 
is its normalizer. Thus, by a general theorem of Borel, the inclusion induces an 
isomorphism 


H* (Bg, ; F2)—> H*(1; F) , 


An independent verification of this isomorphism is given in [M2] by using the explicit 
embedding to evaluate the composition 


H* (Bom; F2)—> H* (Bazi F) — H* (I; Fx) 
on the Stiefel-Whitney classes (which generate H* (Bom; F2), [MS]). 


Remark. It is not hard to see that H*(G2(F pœ); F2) = lim (H"(G2(p"); F2) and 


that 7.4, 7.5 show that this limit is exactly F2[d4, ds, d7] which is, by 7.6 also equal 
to H*(G2; F2). This result, due originally to Grothendieck is an aspect of his theory 
of Etale cohomology. A discussion of this remarkable theory lies outside the scope 
of this book however. 


We refer the reader to the work of Kleinerman [K1] for more on this topic. 
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Cohomology of Sporadic Simple Groups 


VIII.0 Introduction 


In this chapter we will describe progress towards understanding the cohomology of 
the sporadic simple groups. Briefly we recall that from the classification of finite 
simple groups, [Gor], it was shown that there exist 26 simple groups not belonging to 
infinite families (i. e. not of alternating or Lie type) and we study ten of these groups 
here: four of the five Mathieu groups; the Janko groups J), J2, J3; the O’Nan group 
O'N; the McLaughlin group McL; and finally the Lyons group Ly. 

Here are some of the reasons, (aside from pure curiosity), for understanding 
the cohomology of these groups. As we will see in Chap. IX, we can add two and 
three dimensional cells to the classifying space of a perfect group to obtain a simply 
connected topological space, BZ, with the same homology as Bg, and the homotopy 
groups of these spaces are of basic importance in homotopy theory. The symmetric 
groups build up Q(S®), a process discussed in the introduction to Chap. VI and proved 
in [X.3. The general linear groups over a finite field similarly build the classifying 
spaces Bo and By as well as certain fibers of “Adams operations”, W* — 1, known as 
Im(J)-spaces (IX.3 again). Indeed, in IX.3.2 we point out that these lead to a product 
splitting Q(S°) = Im(J) x Coker(J) with the Im(J) space completely understood. 

It is natural to expect that the sporadic groups should play a role in the structure of 
the Coker(J) space, though we are only beginning to understand some of the smaller 
sporadic groups in this framework. The group M,; which has 2-rank two has been 
studied by F. Cohen and the three 2-rank three sporadic groups M12, J; and O'N are 
currently being analyzed from this point of view. We only have partial information 
about O'N, but both J; and M12 are closely tied to the exceptional Lie group G2, facts 
which are still slightly mysterious, but which we will explain in Chap. IX. Among 
the rank four sporadic groups we have determined the cohomology of M22 and M23 
and the cohomology rings are discussed in §5. Neither one is Cohen—Macaulay so 
the rings are quite complex, but M23 turns out to be the first example of a finite group 
for which H! (G; Z) = 0 fori < 4. Indeed, it had been conjectured by C. Giffen 
[Gi] that the only finite group for which this is possible is the trivial group. Also, 
the Coker(J) space is 5-connected with H¢(Coker(J); Z) = Z/2, and the natural 
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inclusions M23 C S23 C Soo induce an isomorphism of H¢(M23; Z) with the Z/2 
which generates H¢(Coker(J); Z) in this dimension. Again, we expand on these 
remarks in §5 and Chap. IX. 

Likewise, from the point of view of modular representations, the sporadic groups 
are key examples and it is apparent that cohomological invariants play a fundamental 
part in recent and ongoing research in this field. As was mentioned in our introduction 
to this book the ideas here are discussed in the books of Benson and Evens. 

What we shall concentrate on is furnishing detailed calculations of the cohomol- 
ogy of a few of these groups. We will apply all the different techniques described in 
the previous chapters, hoping perhaps that this will serve as an additional justifica- 
tion and description of our methods. In particular, our calculation of H* (M11; F2) in 
§1 completely replaces the much more complex original calculation by Benson and 
Carlson. Also, our calculation of H*(Mj2, F2), where M2 is the Mathieu group of 
order 95,040, replaces the less natural and longer original calculation in [AMM2]. 

We use F2 coefficients throughout, so they are often suppressed. At some points 
we use the ATLAS notation for groups, extensions, etc. In most cases it is self- 
explanatory. 


VIII.1 The Cohomology of M11 


Let G = Myj,, the first Mathieu group having order 7920 = 24 3? 5 11. Mj; has 
2-rank two with one conjugacy class of groups (Z/2)* and one conjugacy class of 
involutions. From the Atlas, [Co], N(2A) = 2 - X4 = GL2(F3), (that is to say, the 
normalizer of an involution is the non-split extension of the form 


Z/2 < N(2A)—> 84 


isomorphic to GL3(F3)), and we can also check that N((Z/2)*) = 4. Thus the 
quotient |A2(Mj,)|/Mj; has the form 


Apply V.3.3 to obtain the formula 

H*(M,;) ® H*(Dg) = H*(GL2(3)) ® H*(Z4) 
We already know from IV.2.7 that H*(Dg; F2) = F2[%1, F1, w2]/(*¥ = 0) which has 
Poincaré series 


2 l 1 


Po) = G =yu-x) l-2 (i—x* 


Similarly, using VI.1.13, the Poincaré series for 34 is +4" —. From VIL4.5 and 
TII.4.2 the Poincaré series for H* (GL2(F3)) is 


VIII.2 The Cohomology of J; 247 


(+jd+e)  1+t+P+h+Ate 
=P=, =P 


and so the Poincaré series for Mj, is (as first computed in [We], compare [BC3]) 


IFP 
(-#8)d — 4) ° 


The group GL2(F3) contains a Sylow 2-subgroup of Mj); and has its mod(2) coho- 
mology detected on its elementary 2-subgroups. Consequently the same is true for 
M},. More restrictively it follows from VII.4.4 that 


H* (M11; F2) © Fa[x, x22 = Foo, ds) , 


(the Dickson algebra described in III.2.3) and since there is only one element in each 
of the dimensions 3, 4, and 5 in this ring we see that H*(M,,) = F2[d3, a\(1 , dzd3). 
Hence we have 


Theorem 1.2. 
H*(Mj;) = Falus, va, v5]/v304 + vg = 0 


. . z . 5 
with Poincaré series p(t) = a=: 


Remark 1.3. From the action of the Steenrod Algebra on the Dickson algebra, we 
have the following table giving the action of the Steenrod algebra on H*(Mj)), 


VIII.2 The Cohomology of J; 


J) is the first Janko group, of order 175,560. It has a 2-Sylow subgroup isomorphic 
to (Z/2)>. Using this, we have already calculated its cohomology in II.6.9 using the 
invariant ring determined in III.1.9. For further remarks on H*(J,) using a poset 
decomposition see V.2.11 and V.3. For convenience, we recall the result from II.6.9, 


Theorem 2.1. 


H* (J1) = Falxs, ya, 27](ys, Hs) / y? + yutaxz=0 
w+xt+xuty+yz=0. 
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with Poincaré series 


AAAH = +x) +x5)(1 + 2°) 
Pied =P al - A= 27) © 


The action of (2) can be computed directly from the explicit form of the 
generators given in II.1.9, particularly x given in (II.1.10). We make the following 
remarks anticipating our discussion of the relation between J; and the exceptional 
group G2 which we will give in Chap. IX. First H*(J;; F2) is Cohen—Macaulay over 
the Dickson algebra F[d4, dg, d7] and can be rewritten in the form 


pi) = 


Fz[d4, de, dy}(1, x, Sq?(x), x”, xSq?(x), x°, x°Sq?(x), x°Sq?(x)) 
In particular the quotient algebra by the ideal generated by the Dickson elements is 


H* (Ji; F2)/(d4, de, d1) 
= Fa[x, Sq?(x)]/(x* = (Sq?(x))? = 0, x? = Sq! (Sq?(x))) 
(*) 
and this is exactly H*(G2; F2), a “coincidence” which we will try to explain in 


Chap. IX. (We are indebted to F. Cohen for this description of H*(J,; F2) and the 
geometric explanation which we give in Chap. IX.) 


VIII.3 The Cohomology of M12 


In this section we study the Mathieu group M12. It is considerably more complex than 
Mj, and J; and we begin with a detailed analysis of the structure of its elementary 
2-groups. We explicitly construct subgroups of Mj2 with respect to which each 
conjugacy class of maximal elementary 2-groups is weakly closed. Then we prove 
that H*(Syl2(Mj2); F2) is detected by restriction to its elementary 2-subgroups and 
from that the determination of its cohomology is fairly direct. The discussion here 
is a modification, based on ideas in [FM], [M2], of the work of [AMM2] where 
H*(M}j2; F2) was first determined. 


The Structure of the Mathieu Group M,2 


The Mathieu group M12 is the subgroup of $12 generated by the following 6 elements 
as given for example in [Ha, pp. 79-80]: 

(1, 2, 3)(4, 5, 6)(7, 6, 9) 

(2, 4, 3, 7)(5, 6. 9, 8) 

(2,5, 3, 9)(4, 8.7, 6) 

(1, 10)(4, 5)(6, 8)(7, 9) 

(1, 11)(4, 6)(5, 9)(7, 8) 

(1, 12)(4, 7)(5, 6)(8, 9). 


I 


ll 


NS & & ARQ ES 
Ii 
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It is 5-fold transitive and has order 26 33 5 11 = 95,040. Note that (a,b) = Qg 
while (x, y, z) = 84. When we conjugate a, b by x, y, z we obtain xax = b, xbx = a, 
yay = ba, yby = b™', zaz = a~', and zbz = ba, so Qs is normal in the subgroup 
W = (a,b, x, y, z) which consequently has order 2° 3 = 192 and contains a 2-Sylow 
subgroup of M12. In particular 


H = Syh(Mn) = (a, b, d, k) 


where 


Il 


d = xyz (1, 10, 11, 12)(4, 8, 7, 6) 


(1, 12)(5, 9)(6, 8)(10, 11). 


k = xyxz 


Note that bd = db so (b, d) = (Z/4)?, and kok = 07! for each 8 € (b, d). Likewise, 
ka = ak, ada! = b~'d, so setting s = ad? we have s? = 1, (s, k) = (Z/2)? and we 
can write H as a split extension (Z/4)* xr (Z/2)? where the twisting by s is given 
by sds = b~!d, sbs = b=". 

There are seven conjugacy classes of elements of order two in H, the central 
element a? = (2, 3)(4, 7)(5, 9)(6, 8), one having two elements and representative 


d* = (1, 11)(4, 7)(6, 8)(10, 12), 
four with four elements in each conjugacy class having representatives 


k = (1, 10)(4, 7)(5, 9)(11, 12), 
(1, 12)(2, 6)(3, 8)(4, 5)(7, 9)(10, 11), 
(1, 10)(2, 5)(3, 9)(4, 6)(7, 8)(11, 12), 
(1, 11)(2, 6)(3, 8)(4, 9)(5, 7)(10, 12), 


and finally one class with eight elements and representative z. The centralizers of the 
elements in the last 5 classes are given as follows, four copies of Dg x Z/2 for the 
four classes with four elements and (Z/2)> for the class with 8 elements. In S)> the 
involutions contained in M42 lie in two conjugacy classes, the class {4} consisting 
of elements which are products of 4 disjoint involutions and {6} consisting of those 
elements which are products of six disjoint involutions, so there are at least two 
distinct conjugacy classes of involutions in Mp. In fact, it is well known, [Co], that 
there are exactly two. 

From the structure of the centralizers in H it is easy to see that every elementary 
2-subgroup of H is contained in a (Z/2) and that there are exactly 8 distinct (Z/2)°’s, 
three of the form 47 (by which we mean that each non-identity element is in the class 
{4}), three of the form 4°64, and finally two of the form 4'66. These last two are 
conjugate in H and consequently weakly closed in H C M12. In the other two classes 
two of the groups are conjugate and the third is normal in H. 


Remark 3.1. These (Z/2)>’s are given as follows. The normal subgroup of type 47 is 
V, = (b’, d?, k) and the two other subgroups of this type are Vz = (b?, d*, bd~'k), 
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(b?, d*, d~'k). The normal subgroup of type 4°6* is V3 = (b?, d?, bk), and the two 
non-normal subgroups of this type are V4 = (b*, k, s}, (b*, d?k, bs), while the two 
subgroups of type 4'6° are V5 = (b?, bd?k, s) and (b?, bk, ks). 


Set Hz; = (a,b,k,dkd~'!) = Qg xr K where K C Sz is the Klein group. 
Since k and dkd~' act on @g by conjugation with a, ab respectively, it follows 
that (ak, abdkd~') = @g commutes with (a,b) and H2; is the central product, 
Qs * Qs = Dg * Dg, an extra special 2-group. H21 is also the subgroup of H which 
is spanned by the three groups of the form 4°6*, and the element of order three, 


xy = (1, 10, 11)(4, 9, 8)(5, 6, 7) (3.2) 


which normalizes H2; permutes the three subgroups cyclically. Thus these groups 
form a single conjugacy class in M)2 and are weakly closed in W C M)2. Hz; also 
contains the normal 4’ subgroup, and xy normalizes this group as well. Hence, W 
can be rewritten (Z/2)° xr S4. Finally, Hz; contains both of the 4166 subgroups, and 
each is normal in (H), xy). 

The subgroup, H22 C H which is spanned by the three subgroups of the form 
4’ also has order 32. It is (b, d, k) so Hx = (Z/4)? xr Z/2 with the element of 
order two acting to invert the elements in (Z/4)?. Consequently there are exactly 
four subgroups of the form (Z/2)? C Hn, (b*, d?, k), (b?, d?, bk), (b*, d?, dk) and 
(b*, d*, bdk). The first, third, and fourth each have the form 47 and the second has 
the from 4°6*. Also, the element 


T = (1, 4, 2)(3, 11, 7)(5, 10, 6)(8, 9, 12) € Miz (3.3) 


normalizes H22 and cyclically permutes the three 47 subgroups while normalizing 
the 4364. Finally, the element d?a = b?s € H satisfies d?aTd?a = T—', so 


W’ = (H, T) = Hn xr $3. 
and V; is weakly closed in W’ C Mj2. Summarizing the discussion above we have 


Theorem 3.4. 


a. There are precisely three conjugacy classes of groups (Z/2)> contained in Mp2. 
Under the inclusion My2 C Sı2 they remain non-conjugate. The first, I, has the 
form 4’, the second II, has the form 4°64, and the third, III, has the form 4'66. 

b. There are subgroups W and W' of Mın described above so that W N W' = H 
and I C W', II C Wand III C H are all weakly closed in Miz. 

c. The Weyl group of I in My and the Weyl group of II in My2 are copies of $4. 

d. The Weyl group of III in Mj is Ag, the Weyl group of II] in W. 


(There isn’t much to add to the discussion above to complete the proof. In the Atlas, 
[Co], it is noted that the centralizer of the involution of type {4} is W, and the 
centralizer of an involution of type {6} is Z/2 x Ss and from this the result is direct.) 
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For later reference we give the explicit actions of xy and T on the eight (Z/2)*’s 
in H now. The notation is that the element in the n position in the image group is 
the image of the n element in the domain group. First the normalizing actions. 


T: (b’, d?, bk) —>(d?, b?d?, d*bk), xy: (b?, d?, k) —> (b?, k, ka?) 


(3.5) 
The action of d?xy on a representative group Vs is 
(b?, d°bk, s) —> (b°, b?d*bks, d*bk). (3.6) 
Next we give the action of xy on the three subgroups of type 4°6* 
(b?, d*, bk) —> (b°, k, b? sk) —> (b?, d’k, bs), (3.7) 
and the acton of T on the three subgroups of type 4’, 
(b?, d’, k) —> (d?, b’d*, bd~'k) —> (b?d*, b?, d~'k). (3.8) 


Using the results above, and, for example, the detailed subgroup results in 
[AMM2] or [BR] we have the following picture of the poset space 


3.9 |A2(Mj2)|/Mi2 


S3 x Ad 


Ww’ 2x Ss 


There are 9 vertices, 17 edges and 9 triangles in this orbit complex. We have only 
shown the isotropy information for the vertices and a few edges. The full details are 
given in [AMM2, p. 106]. In Webb’s formula, V.3.3, most of the groups cancel out 
and we are left with only 


H* (M12) ® H*(H) = H* (W) ® H*(W’). (3.10) 


Additionally, a close analysis of the structure of the finite Chevellay groups G2(q) 
shows that for q = 3,5 mod (8), Syl2(G2(q)) = Syl2(Mj2), and the configuration 
W Uy W” is also contained in G2(q). See, e. g. [M2]. 
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This completes our discussion of the subgroup structure of M12. We now turn to 
the cohomology ring. 

Write Dg = {x, y | x? = y? = (xy)* = 1}. Then Hz) C Dg x Dg with embedding 
given by b + ((xy)7!, xy), d + (1, xy), and y +> (x, x), and this extends to 
a map m: H— Dg? Z/2 by m(s) = E, the element which exchanges the two copies 
of Dg. 


Theorem 3.11. H*(H 2; F2) is detected by restriction to its four maximal elementary 
(Z/2)> subgroups. In particular 
H* (Hn; F2) = F2[wi, w2, cl(1, x1, x2, x1x2) 


with relations x} = x\c, x3 = xc where the w’s are two dimensional and the 


remaining generators are one dimensional. 


Proof. Recall from IV.2.7 or IV.1.10 that H*(Dg; F2) = Fo[x, y, w2]/(xy = 0), 
where 


H! (Dg; F2) = Hom(Dg, F} ) 


with generators x(x) = 1, ¥(y) = 0, (x) = 0, (y) = 1. In H*(Dg x Dg; F2) write 

x =X@Ol,xw.= 18%, y = 78 l, = 1 Q ğ, w = w® l and w = 1 Qw. 

Then in the Gysin sequence for the inclusion H22 C Dg x Dg we have that the map 

Ux: H*(Dg x Dg; F2)— H*+!(Dg x Dg; F2) is just U(x; + xı + yı + y2). We have 
H*(Dg x Dg; F2) = F2[x1, yi. X2, y2, W1, W2)/ (x11, ¥2Y2) 


and this can be rewritten as 
Folx, x1 + y1, X1, X2, W1, Wel /(xx2 = x3 + x2(x1 + y1), x11 + y1) = x7). 


In particular, multiplication by x is injective, and from this the result is direct where 
cı is the image of x} + yı. O 


In IV.7.3 a special class, I(x) € H”! (G 2 Z/2; F2) is constructed for each x € 
H'(G; F2). Moreover, these classes, their cup products with e! where e € H! (G? 
Z/2; F2) is dual to E, and classes of the form tr (y), y e H*(G x G; F2) generate 
H*(G?Z/2; F2). Also, in the Gysin sequence for the inclusion 


m: H— DgirZ/2 (*) 
the map H*(Ds 2 Z/2; F,)- H**'(Ds ? Z/2; F2) is multiplication by tr (x; + yı) 
which restricts to H*(Dg x Dg; F2) as x; + x2 + yı + y2. We can now state 


Corollary 3.12. 


a. H*(H; F2) is detected by restriction to the cohomology of its 5 conjugacy classes 
of maximal elementary two groups. 
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b. Up to extensions, 


H*(H; F2) = Fale, 2* tr (wi),2* Tw), 2* tr (x1), w* TX), n* tr (x1 w2)) 
@ e;Fale1, c, m* Mw) (1, r* IX) 


where e, is one dimensional and dual to E. 


Proof. We begin by consdering the Gysin sequence for the inclusion (*). The 
kernel of Ux is (e) = eF2[7(*), NS), Tw), e]/(7(x)I(y)), but note that the 
square of any element in (e) is again a non-zero element of (e). Now, the trans- 
fer, tr : H*(H;F2)—>A*(Dg? Z/2; F2), while it does not commute with cup 
products, does commute with squares (since they are stable cohomology opera- 
tions), so there are no possible nilpotents in the cokernel of the restriction map 
H* (Dg 2. Z/2; F2)—> H* (H; Fo). 
Next we need H*(Dg 2? Z/2)/(Ux). We have an exact sequence 


O—>(e) > H* (Dg ? Z/2; F,) > H*(Dg x Dg; F2)”/? 0. 
When we cup this sequence with x we obtain an exact sequence 
O— (e)— H* (Dg : Z/2; F2)/(x) 
—> H*(Dg x Ds)? /(xH* (Ds x Ds)””)—0, 


and since the right hand quotient is easily seen to have no nilpotent elements the first 
statement follows. 

We now use the spectral sequence of the extension H22 < H +Z/2 with £-term 
H7(Z/2; H*(H2; F2)). Here the action of Z/2 on H*(H22; F2) is given by T(c) = c 
since c = xj +y) ~ x2+ y2, T(x1) = x2, T(w1) = w2. Consequently we can calculate 
the E2-term explicitly as 


E = Fc, wy + w2,wyw](1, x1 + x2, x1 x2, x1 w2 + x2W)) 
@® eF [e, c, wy w)(1, x1x2). 


But each of the generators above, except c is in the image of z* and hence is an infinite 
cycle, while c is also an infinite cycle, since H! (H; F2) = Hom(H, F}) = (Z/2)°, 
and the spectral sequence collapses. This proves the second statement. O 


From 3.12 it follows that the restriction images of all the generators to the five 
conjugacy classes of (Z/2)*’s are explicit. They can be determined as follows. From 
IV.7.1 and IV.7.2 we obtain the restrictions of T(0) to the basic subgroups K x K, 
Sx K, K x S, S x S, (A(K), E) and (A(S), E), and the image of tr is zero 
when restricted to these last two groups. But also, under 2 we obtain the following 
inclusions where A = (xy)*: 


te d, k) > (Ai + A2, A2, x1 + x2) C K x K 
= (b?, d?, bd™'k) > (A; + Az, A2. yi +22) CSx K 
v= te d?,bk) > (Ay + Az, A2, yi tH ¥2+A2) CSxS (3.13) 
= (b*,k,s) > (A; + A2, x1 + x2, E) = (A(K), E) 
= (b? bd?k, s) +» (A, + A2, yı + y2, E) = (A(S), E). 


x 
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For definiteness, assume that w is given so that res *(w) = a? + ah in both H*(K) 
and H*(S) where a is dual to A and h is dual to x in K, y in S. In the each of the 
groups V; write À as the dual to b?, t is dual to the second generator, and h is dual to 
the third. Also, write n = T? + th, v =A4 +A? (T? +h? + th) +A(t7h + th?). Then 
we have the following table for the restrictions to the five (Z/2)’s in 3.13. 


i A RRA A 
w | oe fol 0 Tol 


E 
ae 
m'm) | h+ ahaj 0 | o fo) 
E AA boos, bel ade. 


From this the detailed structure of H*(H; F2) can be easily obtained. 

However, we now have a simple criterion for determining the cohomology of 
Mj2, W, and W’ directly from the table above by using the actions of T and (xy) 
detailed in 3.5-3.8, which lead to the following maps in cohomology: 


[> pl 0 fo] 


Map On Elements 
(xy)*: H*(V,\)— H*(V) hreh4+ttrehard 
T*: H*(V2)—> H*(V)) he h, Te +T, >T 
T*: H*(V3)—> H*(V3) h hte h+t+à, àrt 
(xy)*: H* (Va) > H*(V3) h> h,t > t+h,àÀ 1 À +h 
(d?xy)*: H*(Vs)>H*(Vs) hte r,t h+Tt,à À +T 


(3.15) 


Now the stability conditions for elements to be in H* (W), H*(W’) and H* (M12) are 
easily written down. 


Theorem 3.16. 


a. a € H*(H; F2) is contained in the image of res *: H*(W; F2)— H* (H; F2) if 
and only if res *(a) € H*(V\)2”, and also in H*(Vs)”/*, while the map above 
from H*(V4) to H*(V3) stabilizes res* (a). 

b. œ e res *(H*(W’; F)) if and only if res *(a) € H*(V3)"? and the map from 
H*(V2) to H*(V) stabilizes a. 

c. œ € res *(H*(Mj2)) ifand only if the conditions in both (a.) and (b.) are satisfied, 
i.e., if and only ifa e H*(W) N H*(W’') C H*(H). 


Remark 3.17. n* (w)+c4+e*+(ce)?+2* tr(w})? restricts to the Dickson element d4 
at each of the V;. From this and the fact that dg = Sq?(d4),d7 = Sq! (dg) it follows that 
H*(M)2; F2) contains a copy of F2[d4, de, d7]. In fact it turns out that H* (M12; F2) 
is actually Cohen—Macaulay, that is to say, free and finitely generated, over this 
subalgebra. 
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Remark 3.18. Vs is weakly closed in H C M12 and, from 3.14, the image of 
res*: H*(H; F2)—> H* (Vs; F2) 


is F2[A, t, v4] in H*(Vs). From 3.15 the action of (d?xy)* fixes v4 and acts on 
F>[h, t] in the same way Z/3 acts in III.1.3. Consequently, H*(Vs)2/3 = F2[h? + 
ht+t?, h?r+hr?, d4)(1, h?+h?t+1°) is the image of restriction from H*(M1; F2). 
Thus, besides the copy of the Dickson algebra there is one two dimensional generator 
a and there are two three dimensional generators, Sq! (a) and l3 in H* (M12; F2). They 
are constructed as follows: a = (s*tr(x,)? + m*I(X) + e? + c? + ec which restricts 
to (0, 0, h?, h?, h? + th + t?) and Jy = c + @ + n*tr(x1)? + (c + e)a* NE) + ec 
which restricts to (0,0, h?, h3, h? + h?t + t°). 


Remark 3.19. The map T~*(xy)*7*: H*(V2)—> H* (V2) is given on elements by h +> 
h+d,trh+A+17,A4 A, so r*tr(x\wz2) is stable for T* and is also Z/3 
invariant in both H*(V2), H*(V,). Consequently, since it restricts to 0 in the remaining 
groups it is in the image from H*(Mj2). This gives us a third independent generator 
m3 € H3(Mj2), and a generator Sq?(m3) € H>(M}j2). 


The remaining details of the determination of H*(Mj2; F2) are direct and sim- 
plified considerably by the weak closure conditions of 3.4 as 3.18 shows. We leave 
them to the reader and content ourselves with quoting the result from [AMM2]. 


Theorem 3.20. H* (M12; F2) has the form F2[a2, x3, y3, z3, d4, Ys, de, d7]/R where 
the di are described above and R is the relation set 


a(x+y+z)=0 xX? = ox + ad4x + xde 
E e + y? xz = 03 + y? 

x?y = a2z + adsz + yds + ad; yz = a3 + x? 

dix = dax? + ax? ay =a’y 


dry = ade + ay? + dax? + day? yy =ay? 
diz = y? + a7de + ax? + dax? + daz? xy = at + az? 
d? = zy + &?°dade + adg+ 
z* = yd} + x* + ads + 27d zdądı + zdg(y + az) 
+d? (œ? + xz + yz). 


The Poincaré series for H* (M2; F2) is 
1422743 + 144+ 305 + 406 + 217 + 428 + 329 + £10 4 Sell e et 
(i — Aad —1)(1 e) 
and H*(Mj2; F2) is Cohen—Macaulay over F2[d4, de, d7]. 


(Note that all the generators have been constructed in 3.17-3.19 but x, y and z are 
linear combinations of Sq! (œ), L, and m and not these generators themselves.) 

As a test the reader should calculate the Poincaré series for H*(W; F2) and 
H*(W’; F2). Applying the result of Webb’s formula, 3.10, then gives the Poincaré 
series in 3.20. This was a critical step in [AMM2], but here, using the weak closure 
conditions, it only serves the role of assuring us that we have made no numerical 
errors. 
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VIII.4 Discussion of H*(Mj2; F2) 


Given a situation such as that of H, W, and W’, we can find a universal completion 
T = W *y W' which makes the diagram below commute, 


H > W 
yh or 


and such that any J’ (generated by W and W’) that occurs in such a push—out diagram 
is a quotient of I”. I” is called the amalgamated product of W and W’ over H. It is 
well known, (see [Se3]), that an amalgamated product as above will act on a tree with 
finite isotropy, and orbit space of the form 
W e—* ew 
In [Go], Goldschmidt analyzed the situation for actions on the cubic tree (the tree of 
valence 3) and obtained a classification of finite primitive amalgams of index (3, 3) 
(this refers to the indexes [W: H], [W’: H]). He shows that M2 is one of 15 such 
amalgams, necessarily a quotient of the universal one I’. 
From this we deduce the existence of an extension 


1— F’ > F— Myo —> 1 (4.1) 


where I” is a free group (it has cohomological dimension 1). Using the formula for 
Euler characteristics in [Brown], we have, on the one hand 


1 1 1 1 
x0) = 792 * Ton ~ 64 ~~ 192 


(amalgamated product), and also 


Hence x(I”) = 95, 040(—755) = —495 and it follows that I” = ie", the free 
group on 496 generators. 
We can now state 


Theorem 4.2. The natural map '— M, induces an isomorphism 
H* (Miz; F2)—> H* (T; F2). 
Proof. Consider the map 


res @ res Y : H*(W) @ H*(W')— H* (H) . 
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Its kernel is clearly im( res ¥) N im( res ¥') = H*(Mj2). On the other hand, (3.10) 
gives that H*(W) @ H*(W’) = H*(Mn) ® H*(H). Hence res% @ res WW is 
onto. On the other hand, from the structure of the orbit space of the tree described 
at the beginning of this section there is a classifying space for W *+y W’ of the 
form By Ugy By’, and, applying the Mayer-Vietoris sequence we have a long exact 
sequence 


..— Hİ (T)— Hİ (W) @ H'(W’) > H! (H)— H+" (ry — -- - 


As it comes from a Mayer-Vietoris sequence the same map as before arises, hence 
the sequence splits and 


H*(W) @ H*(W’) = HB* (T) @ A*(A). 


Consequently, by rank considerations and the fact that the finite subgroups in I" are 
mapped isomorphically into Mj2 under the projections the proof is complete. O 


Corollary 4.3. H! (I; F2) is an M)2-acyclic F2(M12)-module of rank 496 which is 
not projective. 


Proof. The proof follows from considering the spectral sequence over Fz associated 
to (4.4) below and the observation that 64 does not divide 496. oO 


This representation has radically different cohomological behavior at distinct 
primes dividing |Mj)2|. For example, at p = 3 we have a sequence 


H?~ (Mi; H?! (1; F3))— H? (M12; F3) > H? (W; F3) ® HP (W'; F3) 


and clearly the term on the left must be non-trivial. It appears, however, that this 
module restricted to Mıı C Mı is the same one associated to the poset space for 
M 11- 

To complete our discussion on M2, we will explain the nature of its Poincaré se- 
ries. Recall from 4.1 that H* (M12; F2) is Cohen—Macaulay over the Dickson algebra 
F2[d4, dg, d7]. For any finite group G with Cohen—Macaulay cohomology Carlson 
and Benson, [BC2], have shown that the Poincaré series must satisfy a functional 
equation which in our case is 


Pun lD = (H "2 pu). (*) 
The method they use is to construct a projective ZG-complex P* of dimension 
Eo — 1) (where the {n;} are the dimensions of the generators of a polynomial sub- 
sheen over which the cohomology is free and finitely generated), having the chain 
homotopy type of C* (ii s=). This is done by using cohomological varieties 


[BC1]. 
Then they consider the spectral sequence 
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Ep" = H(G, H"(P*)) =» HPS) 


Let v; € H"—'(P*) be the cohomology generators; by construction they transgress 
to p; € H"! (G) and we have 


Exo = H*((P*)%) = H*(G)/(o)) 
and so if q(t) = P.S. H*(P*®), then 


rkG 


po =a) fT] a-2") 
i=l 


(P*)® is the algebraic orbit cochain complex, and hence will also satisfy Poincaré 
Duality, from wich pg(t) satisfies (x). The construction of a geometric complex X 
satisfying this is more delicate, and obstructions certainly exist in the general case. 

For Mı2 the existence of such a complex can be proved, [M2], by considering, 
besides the map '— M)p of 4.2, also a map '— G2(F 3) constructed in [M2] as 
a consequence of the remark following (3.10). Taking plus constructions as described 
in Chap. IX, we obtain a fibering BE — Be, (mo) and the fiber is a (2-local) finite 
complex with the correct Poincaré series. On the other hand the (2-local) homotopy 
equivalence B}-—> B}, gives the desired map on the fiber complex. We do not know 
if this fiber is a manifold or not though it is a (2-local) finite dimensional Poincaré 
duality complex. 

On the other hand, there is a closely related complex which is a manifold. We 
now elaborate on this. 

Let Y be the graph associated to the Tits Building of L3(F2) first described in 
Chap. V. We recall that one associates a vertex to each proper subgroup in (F2)? and 
an edge to any proper flag. This is a trivalent graph with a transitive L3(F2)-action, 
having as orbit space the edge 


B = Dg 
o—___________e 
Pi = Z4 x4 =P pA 
The Tits Building has the equivariant homotopy type of A2(L3(F2)), and we have 
Za) ® Zo lG/Ds] = Za)[G/ Xs] 8 Zo lG/E4] 9 P (4.4) 


where P = H; (Y, Zo) is an 8-dimensional projective module, the so-called Stein- 
berg representation. 
The above also arises by considering the amalgamated product [ = 24 f E4. 


The graph Y is a quotient of the cubic tree under a free normal group I” C I, with 
quotient L3(F2). As for Mj2, H*(T) = H*(L3(F2)). 
We consider the non-split extension E: 


1 > (Z/2)) > E > L3(F2) > 1 (4.5) 
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E is a group of order 1344 and it contains the subgroups W, W” which appear in M12, 
realized as 


1> (Z/2° +> W> Pj > 1 
1 > (Z/2 > W > Pp > 1 
and Syl, (E£) = Syl,(M12), realized as 
1 > (Z/2? > H > D; > 1 
Denote Q = (Z/2)°, G = L3(F2) as before. Then 


H*(E) = H*(Home(F,, F2)) = H*(Homg(F., F2)®) 
= H* (G, Homọo(F., F2)) 


(4.6) 


where F, is a free resolution of Z over ZE. From this and Shapiro’s formula, we 
deduce 


H*(E) ® H*(H) = H*(W) @ H*(W’) 
® H*(G, Homg(F,, F2) Q St) 
Rearranging, we obtain 
Theorem 4.7. 
H*(E) = H*(Mi2) © (H*(Q) ® S)» 


The group E is the normalizer of a (Z/2)° in the compact Lie group G2, which 
is a 14-dimensional manifold, with 


H*(Bo,) = Fald4,de,d7]  ([B02]) 
Now E acts freely on G2 and one can in fact show 
Theorem 4.8. 
P.S.(H*(G2/E)) = Pe(t)- (1 -AA — #°)(1 — #7). 
In [M2], Pe(t) was determined to be 


141243134214 4415-4519 HAt 4518449427104 39114 p12 4 p14 


Pe = 
EW) (1—14)(1—15)(1—17) 


The numerator represents the Poincaré series of the manifold G2/E, and it clearly 
dominates our answer for Py,,(t), explaining the leading terms. As a corollary we 
obtain that the Poincaré series for (H*(Q) @ St)43) is 


M4 P 414217 + 8419 +210 
(1 — (1 — t6)(1 — #7) 
Algebraically, the denominator is explained by the action of the Dickson algebra 


F[d4, de, d1] = H*(Q)3), 


z(t) = 
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VIII.5 The Cohomology of Other Sporadic Simple Groups 

The O’Nan Group O'N 

The O’Nan group O'N has order 460, 815, 505,920 = 2° 34 5 7? 11 19 31, and 


in [AM3] we determine the poset space |A2(O’N)|/O'N, obtaining the following 
picture: 


(34.4 x Ay) -2 4313(2) 


(4x27)S3 


(4x2 2)-Sq (4x2°)Ds 43 . S4 


From this picture some easy cancellations give 


H*(O'N)®H* ((Z/4)? - Es) 
= H*((Z/4)° - GLa(F2)) © H*(Z/4 - SL3(Fa) xr Z/2). 
Our calculations show that the cohomology will be Cohen—Macaulay. Indeed, in this 
case the cohomology of Syl,(O’N) is already Cohen—Macaulay, but is not detected 
by restriction to elementary 2-groups. We refer to [AM3] for complete details. It is 
worth noting that a key part of the cohomology of O'N is detected by restriction to 
H* ((Z/4)°)&432), which has been analyzed in Chap. III. However, this calculation 


is somewhat delicate since the image is a proper subsect of the invariant ring, though 
the Dickson elements are all present. 


The Rank Four Sporadic Groups 
Perhaps one of the most interesting things about M) is that 
Syla (M12) = Syl2(G2(q)) = SylaC Da(q)) 


for q = 3,5 mod (8). A second group which is the Sylow 2-subgroup of an entire 
series of interesting groups is 


Sylo(Ag) = Sylo(M2) = Syla (Mz) = Syly(PSU4(3)) = Syl(McL). (5.1) 


These are all rank four groups and three of them are sporadics. In fact, there are eight 
sporadic groups of rank four at the prime 2: 
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Order Basic 2-locals, etc. 


2 
| 
: 


McLaughlin 898,128,000 24: A7, L3(4): 22, Ag 
495,766,656,000 McL: 2, HS, M» 
51,765,179,004,000,000 G2(5), 3- McL: 2, Any 


In this section we will describe the calculations of the mod 2 cohomology for the 
groups M22, M23, McL, J2, Jz and Ly. We will present “second generation” versions 
of some of these computations. As a clearer picture has increasingly emerged. we 
feel that they are more enlightening. The cohomology of M22 was determined by 
Adem-—Milgram [AM4], the cohomology of M23 by Milgram [M5], that of McL 
by Adem—Milgram [AMS], that of Ly by Adem—Karagueuzian—Milgram—Umland, 
[AKMU], and that of J2, J3 by Carlson—Maginnis—Milgram. For the Higman—Sims 
group HS, the cohomology of the 2-Sylow subgroup was calculated in [ACKM], and 
the full mod 2 cohomology of HS is now available, albeit not that easy to describe. 
From there an obvious immediate goal is to understand the cohomology of Cos, 
which as we have seen, seems to have an intriguing role to play in homotopy theory. 
Here we should note that the size of these groups and the technical advantages now 
available in computer algebra, via the MAGMA program have led to the development 
of interesting new hybrid techniques, which promise to lead to substantial further 
progress. In particular the cohomology of the final Mathieu group M24 can now be 
determined, as can the cohomology of He (the Held group), which shares the same 
2-Sylow subgroup. The mod 2 cohomology ring of UTs(2), the Sylow 2-subgroup 
of both M4 and He has recently been determined. The biggest hurdle that remains in 
determining H* (M24, F2) and H*(He, F2) is the calculation and close study of the 
various invariant subrings in H* ((Z/2)°, F2), that occur for the different normalizers 
of the two non-conjugate (Z/2)°’s in each of these groups. However, these groups 
represent a new level of complexity and progress along these lines is not expected to 
be rapid. 

The group L3(4) = PSL3(F4) = SL4(F4)/3 and its Sylow 2-subgroup play 
acritical role in studying many of these groups. We have a natural 2? C Out(L3(4)) = 
2 x §3 generated by the element 22 given by acting on the coefficients of the matrices 
with the (non-trivial) Galois automorphism of F4 over F3, x +> x. Similarly, there 
is the standard automorphism, 23: A +> A, taking A to its transpose-inverse. We 
write 2; for the composite of 22, 23 and note that the subgroup (21, 22) = 2? C 
Aut(L3(4)). We have 
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Syl2(M22) = Syl2(M23) = Syl2(McL) 
Syl2(J2) = Syl2(J3) 


Sylz(L3(4)): (22) 
Sylz(L3(4)): (21) 


Sylo(Ly) = Syl2(L3(4)): 2? 

= Sylz(L3(4)): (21, 22) 
Sylo(HS) = 4°: Dg 
Syla(Co3) = Syl(HS): 2 (5.2) 


We also have inclusions of index four Syla (M22) C Syl2(HS), Syl2(J2) C Syl (HS). 
The importance of L3(4) can be explained by the fact that it is really the Mathieu 
group M2). Because it has Lie type it has a simple poset-geometry: 


2244.32 
2* : As e——e2': As 


where we have abbreviated 27+4 = Syl,(L3(4)) following ATLAS notation. Here 
note that SL2(4) = As, and the action of Ss on 24 is, in both cases given by 
regarding 2* as the 2-dimensional vector space over F4, (F4)?, while 22+4: 3? is just 
the subgroup of upper-triangular matrices in SL3(F4) quotiented out by the central 
Z/3. 

We will tie these subgroups together by studying the subgroups of the 3-fold 
wreath product 2 2222. 


The Lattice of Subgroups of 2 2 2: 2 


Write 2? 2 = Dg = {x, y | x? = y? = (xy)* = 1} and 22222 = (Dg)?: 2 with the 
new generator acting to interchange the two copies of Dg. Thus 22222 is generated by 
x, y, s with x’ = sxs, y’ = sys generating a second copy of Dg which commutes with 
the first. In particular the quotient of 2? 2? 2 by the Frattini subgroup is 2? = (x, y, s) 
and the commutator subgroup which in this case equals the Frattini subgroup is given 
as 


(22222)! = (xx’, yy’, (xy)*) = Dg x 2. (5.3) 


Note that there is an outer automorphism of Dg which exchanges x, y that extends 
to an outer automorphism of 2 2? 22 2 exchanging x, y, then exchanging x’, y’, but 
fixing s. We now have: 


Lemma 5.4. There are seven index two subgroups of 2.222: 
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in __— ic = a 
(y, y Gy), @'y’)?, s, xx’) 
(x, x", cy)? WYP, s, yy’) 
tte VR w= Bd 
(xy, xy’, xs) = 47:4 


where the group in question is given as the kernel of a homomorphism a.b: 2222 
2—2 and $a,p,c(x) = a, Pa,b,c(Y) = b, ba,b,c(s) = c with a, b, c € (0, 1) = Z/2. 


Here H = Syl2(Mj2) and the copies of UT4(2) are each isomorphic to the Sylow 
2-subgroup of “Ag; = L4(2). There is a single copy of Qg * Og = Dg * Dg in 22222, 


Qs * Qs = {xx’, (xy)*, yy’, s}. (5.5) 
which is the intersection 


Qs * Qs = HMUT4(2); = H NUT4(2)2 = UT4(2)) N UT4(2)2. 
(5.6) 


We now wish to go a little deeper into the structure of the Sylow 2-subgroup of 
the central extension 2410 = »4)9. For this we need the relatively well known result 
below. 


Lemma 5.7. The wreath product 2 2: 2 has three conjugacy classes of 24's. 
Proof, Since Dg has two subgroups of the form 27, 
K = (x, (xy)’), J = (y, aX’) 


there are at least three conjugacy classes of 24 C 22222 given as K x K, J x J, and 
K x J, all contained in Dg x Dg with the first two normal. To see that there are no 
more than three one can look at the decomposition 


((xy)*, xx’, yy’) =2 x Dg 42:2:2— (x, y', s) = 2? 
and verify that a 2* will either have image 2 or 2? = (x, y’) in the quotient. 
Now, consider the alternating group Æo D Ss. Note that 
SHl Ao) = S(s) = 22222. (5.8) 


Also, Aio has a unique 2-fold cover Ajo with extension data described as follows: an 
involution v € Ajo has v? = z, the new central element, if and only if v = (a, b)(c, d) 
in cycle notation. Thus, for two involutions a, 8, we have af = fa if and only if 
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aß = (a, b)(c, d)(e, f)(g,h) € A10 


for eight distinct elements a, b,...,h. In particular, the three conjugacy classes 
of 24’s in 22222 lift as follows when we set K = ((1,3)(2,4), (1, 2)(3,4)), 
J = ((1, 2), (3, 4)) so their representatives in S\9 are given as 


KxK = ((1, 2)(3,4), (1, 3)(2, 4), (5, 6)(7, 8), (5, 7)(, 8)) 
JxJ = ((1,2)(9, 10), (3, 4)(9, 10), (5, 6)(9, 10), (7, 8)(9, 10)) 
KxJ = ((1,2)3,4), (1, 3)(2,4, (5, 6)(9, 10), (7, 8)(9, 10)) 


and we see that K x K = K x J = Qg * Qg while J x J = Dg * Qg since 
((1, 2)(3, 4)(5, 6)(7, 8), (5, 6)(7, 8)) CJ x J 


is a Dg while ((1,2)(9, 10), (3,4)(9, 10)) = Qg and the two subgroups together 
span the entire lift and are directly seen to commute. 
The group 2+4 has a presentation as follows: 


(x,y,z, t) = le, fiz, t) = 24, 


244 
= [anne fat [xe] = z, lx, fl=t [y, e] = t, [y, f] = tz 


| (5.9) 
and contains exactly two copies of 24, (x, y, z, t), (e, f, z, t), and three copies of the 


group Q; x 2: 


(Qs x 2), = {xe, yef, t}, 
(Qs x 2) = {xf, ye, z}, (5.10) 
(Qs x 2) = {xef, yf, t}. 


Lemma 5.11. The lift of Qg * Qg = UT4(2)ı N UT4(2)2 is just 2?+*. Moreover, 
Syla (Ly) contains a unique copy of 2 +*. 


Proof. One checks easily that the quotient of 2?+4 by a single central element is 
Qs * Qg. Also, the table of index two subgroups of 2 22 22 above shows that there is 
no copy of 27+4 C 22222. Consequently there is at most one copy 22+4 c Syl2(Ly) 
but we already know there is at least one since Syla (McL) C Sylo(Ly). a 


Remark 5.12. The lift of 

27 = ((1, DG, 4)(5, 6)(7, 8), (1, 3)(2, 4)(5, (6, 8), (1, 5)(2, 6)(3, 74, 8)) 
is the first 24 C 2?+4 and the lift of its conjugate, 

2i = (1, 2)(3, 4)(5, 6)(7, 8), (1, 4)(2, 3)(5, 7)(6, 8), (1, 6)(2, 5)(3, 7)(4, 8)) 


gives the second 24 c 2?+4, 
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Now, notice that (Qg * Qg, J x J) is one of the UT;(2)’s while (Qg * Qg, K x K) 
is the other. The lift of the first is Syl2(J2) = 2?+*: 2; while the lift of the second 
is Syl (Mz) = 22+4: 25, and the entire group is Syl2(Ly). Finally, the lift of H is 
PH: 25, 

We will now look at the subgroup structure for the Lyons group L y; the following 
table summarizes the information about maximal subgroups. 


The Maximal Subgroups of the Lyons Group Ly 
Order Group 

5, 895, 000, 000 G2(5) 

5, 388, 768,000 3-McL:2 
46, 500, 000 5° - L4(5) 
29, 916, 800 Att 

9, 000, 000 Si +s 4S. 
3,849,120 35: (2x Mi) 
699, 840 32+4 +: (As). Dg 
1474 67: 22 
666 37: 18 


Consequently, Ly contains the two subgroups 3 - McL and a three extension of 
L3(4): 2; C L3(4): (21, 22), which is a subgroup of 3. McL: 2, but not of 3 - McL. 
However, from our analysis above there are only two possible candidates for the 
intersections of these groups with Syl2(Ly), so 3: McL intersects in the lift of the 
UT4(2) which contains K x K, while L3(4): 2; intersects in the lift of the UT4(2) 
which contains J x J. 


Remark 5.13. Note that the ATLAS table of maximal subgroups of Ly shows that 
G2(5) C Ly is a maximal subgroup, [Co] p. 174. Consequently, Syl2(Ly) must 
contain a copy of Syl2(G2(5)) = Syl2(Mj2). In fact one can show that Syl2(Ly) 
contains a unique copy of Syl2(Mj2) and identify it. 


The Cohomology Structure of 27*4 
We review the description of H *(22+4) given in [AM1] (see also [Mag]): 


(Falx, y] ® Fale, f])C, L3, M3, LM) 


F2[v4, w4] Q kxf, ye, gs xf", xfL, Re) |` 


(5.14) 


The radical is the piece 
Folvg, wal(xf, ye, x? f, x f°, xfL) 
and the restriction to each H*(2*) is the entire invariant subring 
H*(2*)? = Folx, y, va, w4](1, L, M, LM). 


Also, Re restricts to (LM, 0) in the cohomology of the two copies of 2* while 
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> (x,0), 
> (y, 0), 
> (0,x), 
+ (0, y), 
> (L,L), 
M +» (M, M). 


BM aw Y & 


describes the rest of the restriction to the two 24's. 

An essential step in the work of [CMM] was the following sharpening of (5.14). 
It helps clarify the existing results on H*(M22), H*(M23) and makes it possible to 
determine H* (J2), H*(J3) as well. 


Lemma 5.15. The two copies of 2* and the three copies of Qg x 2 contained in 2?+4 
detect H*(2?++4) under restriction. 


Proof. A computer calculation using MAGMA results in the following table giving 
the restrictions of the generators above to the cohomology of the three Qg x 2 C 2?+4. 
We have H*(Qg x 2) = Fo[y4, t:](1, a, b, a”, b*, a*b) where a is dual to the first 
generator in the corresponding group of (2.3) while b is dual to the second and f is 
dual to the third: 


[element | (Qs xD: |  (QsxDı | (Oe x Du | 


Gece ok a 


Consequently we have the following restriction images for the generators of the 


radical: 
| element | (Os x 2). | (Qs x 2 | (Os x Da | 
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and the image of the radical clearly has the form 


F [v4, wal(xf, ye, x? f, xye, x fL) 


as required. O 


Detection and the Cohomology of J2, J3 


The spectral sequence for the group extension, converging to H*(2?*4: 22) collapses 
at E2, as does the spectral sequence converging to H*(2?+*: 21). Moreover, one again 
gets detection theorems for the cohomology of these groups. We obtain the following 
theorem (see [Mag]) 


Theorem 5.16. There is a copy of the group Qg * Dg C 27**: 2; and H* (Qg * Dg) 
H*(2?+4) detect H*(2?*4: 21). 


Using 5.15, this can be immediately sharpened to 


Theorem 5.17. There are three conjugacy classes of subgroups isomorphic to Qg x 2 
and one conjugacy class of 2*’s in 27*4: 2; and restriction to these four subgroups 
detects H*(2?+4; 24). 


In Jy and J; the three conjugacy classes of Qg x 2’s in 27+: 2; all become 
conjugate and we have, with only a little further work (see [CMM]) 


Theorem 5.18. In both H*(J2) and H*(J3) the radical has the form 
F2[dg, dı2](k5, a7, a11) 


while the restriction of the image of H*(J2) to H*(24) is the inverse image in 
H*(24)?:? of the subalgebra H*(2?)® under the inclusion of the center of 27*4 in 
2. Similarly, the image of H* (J3) in H*(2*) is the inverse image in H*(2*)°42 of 
H*(2-)°3. 


The Cohomology of the Groups M22, M23, SU,(3), Mc L, and Ly 
We view Syl, (Mn) as the split extension 27+4: 2 given explicitly by adjoining an 


element a to the presentation of 27+4 above, where a? = 1 and the action of a on 
2?+4 is given by setting 


a 


Vex y = xy 
e =e fi=ef 
z2 =z l =zt 


The group (Qg x 2), is normalized by a while a exchanges the other two copies of 
(Q; x 2). Likewise, a normalizes both copies of 24 in 2?+*. Besides the two 2*’s there 
are now two other conjugacy classes of extremal elementary two groups in Syla (M22) 
with representatives given as follows: 
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2 = 44, xz) 


24 = (a,e,2) 
and we have the following detection result which sharpens the results of [AM4]: 


Theorem 5.19. 


1. Restriction to 2}, 23, and 2?+4 detects H*(2?+*4: 22). 


2. Restriction to the subgroups 2}, 2+,, 2}, 23,, (Qs x 2): and (Qg x 2), detects 
H (GA: 2,). 


Proof. Here, 5.19.1 is contained in [AM4] while 5.19.2 follows directly from 5.19.1 
and 5.15. 


This result allows a direct understanding of the cohomology of M22, M23, PSU4(3) 
and McL. The two 2%’s remain non-conjugate in all four groups, and consequently 
the two pairs 24 C 274: 22, 24, C 2?+4: 2, are weakly closed in each. The Weyl 
groups are given as follows: 


Group V4 W4 
Mn A6 $5 
M3 A7 GL2(4) Pi 
PSU4(3) | A6 As 
McL A7 Az 


It follows from our determination of H*(2?+4) that the intersection of the image of 
H*(G) with H* (24) is the entire invariant subring under the action of the Weyl group. 
Moreover, the invariants for each of the groups above are known, as we mentioned 
in Chap. III. From [AM2] we have that 

Fo[x1, x2, x3, x4]*6 = Fo[ws, ys, dg, di2)(1, yo, bis, yobis) 


A 
Falki, x2, X3, x4] = Da4(1, xig, X20, X21, X24, X25, X27, X45) 


where D4 = F2[dg, diz, di4, dıs] is the rank 4 Dickson algebra. Similarly, the S5 
invariant subring can be described as 


Fp[a, b, c,d)" = 


F2[W3, ys, dg, di2)(1, n6, Ng, Yo, N10, N12, X12, X14, X15, X16, X18, X24) 


where Sq? (n6) = ng, Sq*(ng) = nio, ni2 = nd, x12 = Sq*(ng) and x14 = nens. 
The invariant subring for GL2(4): 2 is more involved and was determined in 
[M5]. The Poincaré series has the form p(x) /q(x) where q(x) is the polynomial 


q(x) = (1 — x) — x!4)1 — x5) — x”), 


and p(x) is 
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1x94 2x8 4x? + ll 4 ayl2 4 134 3yl4 4 ayl5 4 316 
+ 3z'7 + 2x!8 + 2x19 4 4x0 4 3x7! 4 4x? 4 4x7 4 4x74 + 4x? 
+ 4x76 4 4x27 4 5x8 4 5x79 4 4730 4 Axl 4 4x8? 4 4x33 + 4084 
+ 4x95 4 3x96 4 4x37 4 2x38 + 2499 4 350 4 3x41 4 254? 4 3x 
$x 4 2x8 4 6 4 x8 D 4 Pt 4 57 

Expanding out into a Taylor series we obtain 

Corollary 5.20. The Poincaré series for the invariants 


Rlar x2, x3, x4]°L2: ? 


has Taylor series of the form 


Dx? 4 Dx? eg? 4 gg Op ll 4 9,12 
pel? ag Bel 4 Ag 4. gl aT l SE 


It remains to discuss the radicals and the 23’s. In M22 and M23 one of the two 23’s 
becomes conjugate to a subgroup of one of the 2*’s but the other remains extremal. 
Consequently, it is also weakly closed in M22, M23, and has Wey! group L3(2) in both 
M22, M23. However, the intersection is not the entire invariant subring, F2[d4, de, d7), 
but Fala, dg, d7](1, dads, d4d7) so this is the restriction image from both H* (M22), 
H* (Mz). 

For Mn the radical is 


Fo[dg, dı2](a2, a7, a11, 414) 


while M3 has the smaller radical 
F (dg, d)2](a7, arı). 


The image of restriction in each of the H*(2*; F2)’s is the entire invariant sub- 
ring. Thus, to describe the image of H*(M2); F2) in the direct sum H*(V4; F2) ® 
H*(W4; F2) ® H*(V3; F2) we need to describe the multiple image classes, i.e. those 
classes which have non-trivial image in more than one of the three rings. It turns out 
that they are generated by (3, #3, 0), (0, ne, de), (0, ni0, dade) together with the 
polynomial ring F2[dg, dı2], where dg +> (dg, dg, dj), di2 > (di2, diz, dẹ). 

The non-nilpotent part of H* (M22; F2) is given in [AM4] as the direct sum 


H* (V4; F2)*6 © H*(W4; F2)*5 @ d7F2[d4, de, d7] 


where the two copies of F2[dg, dj2](1, w3) in the first two rings are identified. 
The result for M23 is similar. 


Theorem 5.21. For Mzz there is a long exact sequence 
O— F[dg,d)2](a7, a11)— H* (M23) —> 
H*(V)*7 @ H*(W)9'2:? & Falda, de, d7]d] —>F[dg, diz] +0 
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Finally, we have the groups PSU4(3) and McL. In both of these groups the 
remaining 2? becomes conjugate to a subgroup of the other 24 and so H*(PSU,4(3)), 
H*(McL) are completely detected by restriction to the two H*(24)¥a(2") together 
with the determination of the radicals. 


Theorem 5.22. There is a long exact sequence 


0 — Foldg, di2)(a2,47, a11, a14) > H*(PSU4(3)) —> H*(2*)*6 @ H*(2*)*6 > 
F [dg, di2}(1, W3, bis, W3bi5) > 0. 
Here, it appears that the class corresponding to the Lie group PSU4(C) is the 
(double image) bjs. 


In the case of McL the result takes the form below, but note that the class by5 is 
no longer present. 


Theorem 5.23. There is a long exact sequence 


O0—F2[dg, di2](a7, a11)—> H*(McL)—> 
H*(2*)*7 @ H*(2*)*7 —+Fo[dg, di2](1, x18) 0. 


In [AKMU] a calculation was given for the ring of invariants, 
H*(24)'3 = Fo[dp, ds, d4, dgl(1, ag, a9, 210, 411, 412, 213, 421) 


where the action of L3(2) is the twisted action of the Wey] group of either of the 2*’s in 
Ag. Using this, the cohomology rings of Ag, 3g and 10 can be quickly determined. 
It turns out that the rings for both Sg and Ajo are detected by restriction to the two 
maximal elementary 2-subgroups: a 2* and a 23. From this it follows that the same 
is true for H*(Ly) and we have a complete determination of the cohomology ring of 
Ly. 


Theorem 5.24. There is a short exact sequence 


0— H*(Ly)—> H*(24)*” @ Fz[d}, dż, d1)(1, dad, dedz, daded7) 
—> Filds, d\2|—>0. 


Here the elements dg and diz in F2[dg, d\2] are the images of (dg, d?) and (d2, d?) 
in the direct sum above. 


Remark on the Cohomology of M23 


Some time ago it was conjectured by J.L. Loday and later by C. Giffen (see [Gi]) that 
if a finite group G satisfies H;(G, Z) = 0 for i = 1, 2, 3, then G = {1}. The sporadic 
group M); is the first known counterexample to this conjecture. Indeed, combining 
the arguments given here together with easier computations at odd primes, Milgram 
proved [M]: 
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Theorem 5.25. H*(M23, Z) = 0 for0<i<5 


Note that M23 is somewhat unusual among the sporadic groups in that Out(M23) = 
Mult(M>3) = 1. We also have that He(M23; Z) = Z/2 is the first non-zero homology 
group. In particular, when we look at the usual inclusion M23 C $23 we can ask about 
the image of this first non-trivial class. This will be discussed in Chap. IX, where we 
will consider homotopy theoretic aspects of these calculations. 
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IX. 


The Plus Construction and Applications 


IX.0 Preliminaries 


Let G be a finite group. As we have seen, the classifying space BG has a very simple 
homotopy type as it is a K(G, 1). If G is perfect then Hı (G; Z) = 0; suppose that 
we attach cells to BG to obtain a new, but simply-connected complex BG* with the 
same homology as before. Or equivalently so that the homotopy fiber of BG —> BG* 
is acyclic, i.e. H'(F; Z) = 0 for all i > 0. The new complex will depend on G 
(as BG does) but the higher homotopy groups 2;(BG*) can be highly complicated 
invariants of G. 

In this chapter we will describe a construction as above, due to Quillen, and known 
as the plus construction. In general, given a group G with a perfect normal subgroup 
N we obtain a homotopy fibration X(N)— BG—> BG* with mı (X(N)) = N, X(N) 
acyclic. The main application of this is to afford a definition of the higher K-groups. 
For example, if G = GL(F,) and N = E, the subgroup generated by elementary 
matrices, then 7;(BG+) = K;(F,) i > 1 by definition. 


IX.1 Definitions 


We recall some notions from homotopy theory. 


Definition 1.1. 


a. A space X is acyclic provided H*(X; Z) = 0. 
b. A map f: Xı— X2 between path connected spaces is acyclic provided the ho- 
motopy fiber Fp of f is an acyclic space. 


We note the following: if f : Xı— X2 is acyclic, then fx: 2)(X1)—>7)(X2) is an 
epimorphism with kernel a perfect normal subgroup. 

We now provide a criterion for the acyclicity of a map. We follow the exposition 
given by Hausmann and Husemoller in [HH]. 
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Proposition 1.2. Let f : X; > X2 be a map of connected spaces. Then f is acyclic if 
and only if, for any coefficient system L on X2, the induced map f,: H.(X\; f*(L))—> 
H,(X2; L) is an isomorphism, where f*(L) denotes the induced local coefficient 
system on X\. 


Proof. Recall that a local coefficient system L on X2 is a module over 2,(X2) and 
H,(X2; L) = H,(C, (Xp) Bzr (Xa) L). Now consider the spectral sequence for the 


homotopy fibration F> X; 4x 2 with 
E? g = Hyn HF: i" f*L)) => Hpyg(Xi; f*L) - 


Now k* f*L is trivial on F, hence the spectral sequence only has one line if f is 
acyclic, and so the edge homomorphism 


H,(X1; f*L)— H,(X2; L) 


induced by f is an isomorphism. 

Conversely, assume f, induces a homology isomorphism with any coefficent 
system L. In particular consider the coefficients L = Z,(X2). In this case the 
isomorphism can be interpreted geometrically as follows. Take the free xı (X2) bundle 
=X and pull it back to X; using f, i.e. 


Then z, x’ are fibrations with fiber 2,(X2). Comparing their respective spectral 
sequences, we see that f induces an isomorphism at the E-level by hypothesis 


H,(X1; f*Zm (X2)) > Hp(X2; Za (X2)) 


and being filtration preserving, induces an isomorphism of the abutments 


H,(X3) 22> Hy (X2) . 


To prove acyclicity for f it suffices to prove it for f. From above we have that 
(F) = 0. Now assume inductively that Hi; (F) = 0, j < n. Consider the spectral 
sequence Ee = p(X; H,(F)) where F is the homotopy fiber of f. Look at 
Eb,» then, because the map fom the total space to the base space is a homology 
isomorphism, E , = 0 for r > n + 1. However it can only be hit by 


but Hn+1(X2) consists of permanent cocycles, so this is zero. We deduce that 
H,,(F) = 0 and so, inductively, we have proved that F is acyclic, so f is an acyclic 
map. O 
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IX.2 Classification and Construction of Acyclic Maps 


We begin this section by proving a proposition which allows us to compare acyclic 
maps. 


Proposition 2.1. Let fı: X—>X,, and fı: X— X2 be maps between CW complexes 
so that fı is acyclic. Then there exists a map h: Xı— X2 with h fı = fz if and only 
if ker(71(fi)) C ker(z\ (f2)) and h is unique up to homotopy. If fù is acyclic then h 
is acyclic, and h is a homotopy equivalence if and only if ker(7,(fi)) = ker(11 (f2)). 


Proof. Clearly, if h exists then 7 ( f2) = mı (h)-271 (fi) soker(z7) (f1)) C ker(a1(f2)). 
For the converse assume that fı is a cofibration and form the pushout diagram 


x A OX, 


|: | 
Xə ELN Xı Ux X2. 
Then 2; ($2): mı (X2)—>n (X Ux X2) = mı (X1) a(x) 1 (X2) and if 


ker(27(fi)) © ker(7 (f2)) 


it follows that 2;(¢@2) is an isomorphism. As @2 is also acyclic (which may be 
verified using (1.2)), we see that ¢2 must be a homotopy equivalence by Whitehead’s 
theorem. Now assume x is a homotopy inverse for @2 and let h = x - ġı; then 
h-fi=xbi-fi=x-d2f2 = fo. Clearly h is uniquely determined up to homotopy. 
If f2 is acyclic one can check that h must be acyclic. The rest is clear. O 


We are now ready to construct acyclic maps. 


Proposition 2.2. Let X be a path-connected space and N a perfect normal subgroup 
of 7 (X). Then there exists an acyclic map f: X—»>X* with ker(f) = N. If X has 
the homotopy type of a CW-complex then so does X*. 


Proof. We divide the argument into two steps. (I) First assume 7 (X) = N is perfect. 
Let T; be a wedge of circles indexed by a set of generators for N and p: T; >X 
a map so that 7; (p) is surjective. Now form the cofiber y: X— X* of p, i.e. attach 
a 2-cell for each circle. Clearly 2;(X*) = 1 and the homology exact sequence yields 
exactness for 


0— H,(X;Z) — H\(X*;Z) —0 q>3 
O—> Hy(X) —> a(x") > Mi) +> 0. 


Now using the Hurewicz theorem we have that m2(X*) = H2(X*). Hence we can 
take a wedge Tz of 2-spheres and a map 4: 7>—> X* so that the composition 
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H2(T,)—> H2(X*)—> Hi (T)) 


is an isomorphism. Next, let 7, X*— X* be acofibration; as before we have exact 
sequences 


0—H,(X*)— H, (Xt) —0 q>4,q=1 
O—> H3(X*)—> H (Xt) -> Hh) Hy (X*)—> H(X+)— 0. 


Let f be the composition X—>X*— X*+; we claim it is a homology isomor- 
phism. This is clear in dimensions q > 4, or q = 1. In dimension 2 we 
have that u»: H2(T2)—>H2(X*) is monic by the construction. It follows that 
H3(X*)— H3(X*) is an isomorphism and so is H3(X)— H3(X*). Now we have 
the following diagram with exact rows and columns: 


72 fe 


0 —> bT —> HA —> Xt) —>0 


s A(f)7 


H(X) 


0 
which is (vertically) split by €: Hı (Tı)—> H2(X*). Assume 


Hf) =0 > r-s(x) =0 
=> s(x) = p(w) 
=> 0 = fyS(x) = tixH (w) = v(w). 


As v is an equivalence we conclude that s(x) = w = 0 and, as s is injective, x = 0 
so H2( f) is injective. 

Now let z € H2(X*), z = r(y), tix(y) 4 0. Then .(y) = v(w) = the - p(w), 
and r(y — 4.(w)) = r(y) = z with ti, (x — ux(w)) = 0, i.e. y — (w) € im(s). 
Hence H2(f) is onto and we have shown that it is, in fact, an isomorphism. As 
X* is simply connected every local coefficient system on it is trivial. Hence H,(f) 
is an isomorphism for all coefficients and therefore f is acyclic with kerz\(f) = 
Tı (X ) = N. 

(I) Now let N C 2(X) be a proper, perfect, normal subgroup, and denoted by 
g: Š— X the covering corresponding to N. Using (I) we construct an acyclic map 
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fo: Š— Xo with Xo simply connected. We now change it up to homotopy into 
a cofibration and for the pushout diagram 


HL Wey G 


Once again, using (1.2), the fact that fo is an acyclic cofibration implies that f is also 
acyclic. Also, (XU Xo) = m1 (X) /7\(X) = 2 (X)/N as Xo is simply connected. 
Hence xı (f) is an epimorphism with kernel N, and the proof is complete. O 


The previous two results can be combined to prove the following classification 
theorem. 


Theorem 2.3. Let X be a path-connected space with the homotopy type of aC W com- 
plex. The correspondence which assigns to an acyclic map f: X—>Y the subgroup 
ker 11 (f) C 21 (X) induces a bijection 
nema classes of | ra of normal, perfect 
> 
acyclic maps on X subgroups of mı (X) 


The importance of the construction described here will be illustrated by examples 
in the following section. 


IX.3 Examples and Applications 
The Infinite Symmetric Group 


From work of Dyer and Lashof [DL], there is an identification Q(S°)o = (BC (5°)) 
where C(S°) denotes the monoid Lazo BL, using the inclusion Xa x Em > En4m 
to give the multiplication. There is a natural map 

BE ~o—> Q9) , 


which induces an isomorphism in homology. Now 7) ( Q(S°)) = Z/2 = 1(BX yo) f 
Ao. Hence, taking the plus construction with respect to the maximal, normal, perfect 
subgroup A. we deduce that 


BE, = Q(S)0, 
i.e. r(BE) = 5 (S°), the i'" stable homotopy group of the spheres. Now, if 
G > E is a perfect group, we have a natural map BG+—> BEŻ. In particular we 
n 

have for m; (BA+) > x;(BIŻ) that [H] 

1. B? is an isomorphism for 2 < i < (n — 1)/3 or for 2 < i < (n + 1)/2 and 
n= 2 mod (3). 

2. When we invert 3, 87 is an isomorphism for 2 < i < (n + 1)/2 except if i = 3 
and n = 6. 

3. ßř is an epimorphism with kernel isomorphic to Z/3 if n = 3i orn = 3i + 1. 
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The General Linear Group over a Finite Field 


Let F, denote the field with q elements and take G = GL(F,), N = E, the commu- 
tator subgroup. Then by definition 


ni(BG+) = Ki(Fq) , 


the higher K-groups of F,. Using the homology calculations we described for the 
general linear groups Quillen proved that, in fact, there is a homotopy equivalence 
BGL(F,)+ = Fø? where F¢? is described as the homotopy fiber of a map BU— BU. 

Precisely, let 7 denote the element in [BU, BU] which represents the correspond- 
ing Adams operation in K-theory. Then F@? is the homotopy fiber corresponding 
to the operation 1 — ¢?: BU— BU. From this Quillen [Q3] calculated the higher 
K-groups of F, as 


ZK(qi -1) n=2i-1, 
Kn = 
ee i m=i 
This leads to information about Q(S®°) and the stable homotopy groups of spheres as 
follows. Since the homotopy groups of BG L(F,)* are all finite a standard theorem in 
homotopy theory tells us that, up to homotopy type we have a product decomposition 


BGL(F,)* =~ [| BGLE@,)+ 


l prime 


where m(BGL(F p);") = Syl,(z;(BGL(F,)*). It turns out that various of these 
BGL(F oT are factors of Q(S®). In order to describe which ones we need a definition. 


Definition 3.1. Given an odd prime q we say that p is adopted to q if p = 1 mod (q) 
but p Æ 1 mod (q’). 


Note that p is adopted to only a finite number of primes since p adopted to q 
implies that p > q. For example 19 is not adopted to any prime but both 7 and 13 are 
adopted to 3, while 11 is only adopted to 5 and 23 is only adopted to 11. It is well 
known that given q there is some p which is adopted to q. 

We have 


Theorem 3.2. Let pı and pz be adapted to q, then the BGL(F p, ye i = 1,2, are 


homotopy equivalent, and each is a factor of Q(S®). That is to say Q(S®) = Va x 
BGL(F p, ie 


(The idea of the proof is to consider the injections 
GL, (F,)—> Spr BGL (Fp) 


where p is the inclusion as permutations of coordinates. From the determination in 
(VII.4) of H* (G Ln (E p); F,) we see that the cohomology calculation for the composi- 
tion (p - reg)* is determined by restricting to the maximal torus. A direct calculation 
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then shows that the map surjects through a range which increases with n. Conse- 
quently it is an isomorphism through that range and thus a homotopy equivalence 
through that range when restricted to the q piece. It follows on passing to limits that 
Q(S°), splits in the desired way.) 


Remark. This process does not work to obtain a splitting at 2. The relevant space 
here is BSO(F,)}, for p = 3 mod (8), and the proof of splitting is quite a bit more 
complex. 


The Binary Icosahedral Group 


Let G denote the binary icosahedral group. It is a group of order 120 which can be 
thought of as a double cover of »45. Classically it has been known to act freely on $? 
since it is a finite subgroup of the group SU(2) = S? which can also be thought of 
as the unit quaternions Sp(1) or Spin(3). Indeed, thinking of it as Spin(3) it double 
covers SO(3) and the conjugacy classes of finite subgroups of SO(3) are well known. 
In particular “5, the symmetry group of the icosahedron is a subgroup. Then the 
binary icosahedral group in Spin(3) is the inverse image of As under the double 
covering map. We have that Hı (45; Z) = 0 since As is simple. Also, we have that 
H2(As; Z) = Z/2 so it has a unique maximal central extension Z/2— As— As 
which is non-split. On the other hand it is not hard to show that the Sylow 2-subgoup 
of the binary icosahedral group is the quaternion group Qg, so the extension above 
describes G. In particular it follows that H2(G;Z) = Hı(G; Z) = 0. Now, by 
construction G acts freely on the unit sphere S°, since it is a subgroup. Consequently 
the quotient manifold S?/G = M? has Hı(M?; Z) = Hı(G; Z), H2(M?;Z) = 
H(G; Z) and H3(M3; Z) = Z since the action preserves orientation and the quotient 
is a compact oriented manifold. Thus M? is an example of a homology 3-sphere. It 
was originally discovered by Poincaré and is known as the Poincaré sphere. Taking 
acellular decomposition of M? and lifting to the universal cover $? we obtain a G-free 
cellular decomposition of $? which gives us an exact sequence 


Z—2+C3(S?)—>+ C2(S?) > C,(S?) + @o(S*)-Z , 


where the @;(S°) are finitely generated free Z(G) modules. When we paste copies 
of this exact sequence together using 03 : € we obtain a long exact resolution of 
. Z over Z(G). From this (since the map H3(S*)—> H3(M?) is just multiplication by 
deg(G) = 120), it follows that 


Z f=, 
H,(G;Z) = 4Z/(120) j =3 mod (4), 
e [0 otherwise. 


Now consider the classifying map M?2,BG and the induced map on plus construc- 
tions 
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L — M? — BG 


F —+ m+ — Bot 


As the maps between the plus constructions induce homology isomorphisms and G 
acts trivially on H,(S*; Z), we can apply the comparison theorem to conclude that 
x is a homology isomorphism. Since H;(G; Z) = 0, i = 1,2, we see that BG* is 
2-connected, hence F is simply connected and x is a homotopy equivalence. Clearly 
M+ ~ $? and it follows that 


2(BG*) = Fiber(j) = Fiz , 


where F120 is the homotopy fiber of the map of degree 120 from $° to itself. Thus we 
have an exact sequence 


x120 a 
D n; ( Fi) n (S) FS n(A n (Fino) = == . 


It follows that there is an exact sequence 
0— z; (S)/ (120 - ;(S*)) — ni (BGH) — ri- (S) 0—0 


for each i > 2, while mı(BGt) = 0. Here 7;(8?)i2 denotes the subgroup of 
mj (S?) consisting of elements whose order divides 120. This analysis is due to J.C. 
Hausmann [H]. In fact Hausmann has proved that if H is a perfect group with 
H2(H; Z) = 0 then z,,(BG*) for n > 5 is in one to one correspondence with the 
set of topological homology spheres with fundamental group H up to an appropriate 
notion of cobordism. 


Remark. From the work of P. Selick, [Sel], F.R. Cohen, J.C. Moore, and J.A. 
Neisendorfer, [CMN], I.M. James, [Jam], and FR. Cohen, [Coh], it follows that 
multiplication by the integer 120 on the 2, 3, and 5 torsion of x,(S°) is trivial. Thus 
the homotopy groups of BG* split into two copies of 2,(S*)\29 with a dimension 
shift. (We thank one of the referees for pointing this out to us.) 


The Mathieu Group M12 


We have the map from the amalgamated product W +4 W’, to M2 given in VIII.4.1, 
which, from VIII.4.2 induces isomorphisms in mod(2) homology. Taking plus con- 
structions gives us a map 


+ > Bt 
Bw. ,w’ Bm’ 


which is now a 2-local homotopy equivalence. On the other hand, from [FM], [M2], 
there is also a homomorphism W *y W’—G2(q) — which is injective on H and 
an isomorphism to Sy/2(G2(q)) if q = 3, 5 mod (8) — for any q Æ 0 mod (2), and 
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these homomorphisms fit together to give a homomorphism W *y W’—>G2(p°). 
For p = 3, 5 mod (8) this gives a map 


ep: Bis yw — Bonpo) : 
VII.7.6 shows that H* (B$ (po); F2) = Fz[d4, de, d7] and that 
er : Foldq, de, d1}—> H* (Mnn; F2) 


is an injection onto the same subalgebra in H*(Mj2; F2), (the subalgebra which 
restricts to the Dickson algebra in each of the three conjugacy classes of (Z/2)>’s). 
Consequently, when we pass to the homotopy fibration, the fiber at the prime 2 
is 14 dimensional with Poincaré series the numerator in the Poincaré series for 
H*(M)2; F2), 


ep 3 4+ + or +40 +420 442 4-98 Po 4 oe 4? ae 


It would be very interesting to have a good geometric realization of this fiber. In par- 
ticular, if it were the homotopy type of a closed parallelizable manifold of dimension 
14, this would be very useful. 


The Group Ji 


There is also a close connection between Bj. and Bg,. Here, if 


LJ = (Z/2)°: (Z/7 xr Z/3) 


with the action induced by regarding (Z/2)> as the additive subgroup of the field Fg, 
then LJ C E C G2 where E is the non-split extension 23 . L3(2) discussed in VII.7 
(see VII.7.6 in particular). 

If we could pass to plus constructions (with 7; (B) equal to Z/3), there would be 
a 2-equivalence 


. a $ 
zI: Bayxa > BN 


induced from the inclusion of the left hand subgroup as the normalizer of Syl2(J;ı) in 
Jı. Of course, since (Z/2)? xr Z/7 is not perfect there are difficulties with this step, 
but what we can do is to kill the fundamental group by adding a two dimensional 
cell to kill the element of order three. A direct check shows that the resulting space 
has H2(By/23x7-(z/7x72/3) Y e*; Z) = Z and this is the second homotopy group, so 
we can kill this Z by adding a single three cell and we have a space with homology 
unchanged at 2 and 7, but the Z/3 in dimension 1 is gone. 

The inclusion of (Z/2)? xr (Z/7 xr Z/3) into Gz induces a map of classifying 
spaces 

e3: Baya) xra/7x12/3) — Ba 

which injects H*(Bg,; F2) as the Dickson algebra in 


H* (B 2/23 xp (ax /3)* F2). 
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Since Bg, is three connected ey lifts uniquely to a map of the space above with a two 
and a three cell added. Similarly, since J; is simple and the multiplier is {1}, [Co], so 
Hı(Jı; Z) = 0 we can lift m; to the space with cells attached and this lifted map is 
an equivalence at the prime 2. Consequently, at 2 we can identify the two spaces and 
we have a map 


ejon}: (Bj, )2—> (Be, )2, 


and the fiber in this composition, at 2, and in cohomology looks like the fiber of ey 
which is just the fourteen dimensional closed compact manifold G2 / ((Z/2)?xr 
(Z/7 xr Z/3)). This manifold, from VIII.2, has cohomology ring H*(J\; F2)/ 
(d4, dg, d1) which is isomorphic to H*(G2; F2) as a module of the Steenrod algebra 
A(2). 

The lift of x; restricted to this fiber induces a surjection in cohomology which 
explains the numerator in the Poincaré series for H*(J;; F2) given in VIII.2.1. Also, 
John Harper has shown that any simply connected CW complex with the mod(2) 
cohomology of G2 as a module over (2) must, in fact be homotopic (at 2) to G2. 
Thus, B}, at 2, fibers over Bg, with fiber having the homotopy type of G2. This 
fibering is exotic, and we thank F. Cohen for describing it to us. 


The Mathieu Group M23 


The embedding M3 C S23 given by letting it act as permutations on the 23 cosets of 
Mn is quite explicit. In particular, we have the commutative diagram 


Mn > M3 


| | 


Sn > $3 


where the embedding given by the left hand vertical arrow is given in VIII.5. Since 
H* (Sn; F2) is determined by restriction to 2-elementaries, we can gain a great deal of 
information about the map on classifying spaces by restricting to the 2-elementaries 
E and F. Using the particular Sylow subgroup given in VIII.5.3 we find that E has 
four generators: 


(1, 17)(3, 18) (2, 15)(9, 12) (5, 19)(16, 20) (7, 10)(13, 14) 
(1, 18)(3, 17) (2, 12)(9, 15) (5, 20)(16, 19) (7, 13)(10, 14) 


together with 


(1, 2)(3, 9)(15, 17)(12, 18) (5, 10(7, 19)(13, 16)(14, 20) 
(1, 16)(17, 20(3, 5)(18, 19)(2, 13)(7, 12)(9, 10)(14, 15). 


These last two elements generate the intersection V2 of E and F, and E is clearly 
contained in (K 2? Z/2) 2 Z/2 where K C Sq is the Klein group. The group F is 
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generated by the last two elements together with two others, where the elements can 
now be written as follows. 


(1, 13)(2, 16) (6, 11)(8, 21) (3, 5)(9, 10) (14, 20)(15, 17) 


(1, 16)(2, 13) (6, 21)(8, 11) (14, 20)(15, 17) (7, 18)(12, 19) 
(1, 2)(13, 16) (3, 9)(5, 10) (14, 20)(15, 17) (7, 19) (12, 18) 
(1, 16)(2, 13) (3, 5)(9, 10) (14, 15)(17, 20) (18, 19)(7, 12) 


and we seethatF CKx KxKxKx K. 

From the results of VI.1, VI.2, we see that the symmetric sum Sd; @d3@®1@1@1 
in H*(K°; F2) is in the image of restriction from H* (S22; F2), and it is a direct calcu- 
lation to check that the image of this class under the map H* (K5; F2)—> H* (F; F3) 
described above is non-zero. Consequently, using the splitting of 3.2 and the follow- 
ing remark, we can project Bip, to V2 = coker(J), which, from our knowledge of the 
stable homotopy of spheres, we know is 5-connected with 6 (coker(J)) = Z/2, and 
it must be the case that the induced map 16(By,,)—>%6 (coker(J)) is an isomorphism. 


IX.4 The Kan-Thurston Theorem 


From the results outlined in the previous section we can deduce that there are certain 
interesting topological spaces which have the homology of a K(z, 1). Among them 
are 2° 0°, FW, and certain spaces of homeomorphisms we have not discussed. 
This very naturally leads to the question of whether or not this is true for a large class 
of spaces. 

This was settled in the affirmative by Kan and Thurston [KT]; in fact they proved 
that every path connected space has the homology of a K(x, 1). In this section we 
will outline a proof of their result (due to Maunder [Mau]), which can be stated more 
precisely as follows: 


Theorem 4.1. For every path-connected space X with basepoint there exists a space 
TX, and a map 

-GF 
which is natural with respect to X and has the following properties: 


1. the map tX induces an isomorphism on (singular) homology and cohomology 
H,(TX, A) = H,(X, A), H*(X, A) = H*(TX, A) 


for every local coefficient system A on X, 

2. x;(TX) is trivial for i # 1 and 7,tX is onto, 

3. the homotopy type of X is completely determined by the pair of groups Gx = 
m,TX, and Py = ker mtX (note Py C Gy perfect). In fact, we have that 
X > K(Gx, 1)*, where the plus construction is taken with respect to Py. 
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To prove this result, we will need (given any group G) to construct an acyclic 
group CG into which the original group embeds. To do this we will use ideas due to 
Baumslag, Dyer and Heller [BDH]. First we need 


Definition 4.2. A supergroup M of a group B is called a mitosis of B if there exist 
elements s, d in M such that 


I. M=(B,s,d) 
2. b? = bb’ for all b € B, and 
3. [b', b’] = 1 forall b, b’ € B. 


Definition 4.3. A group M is mitotic if it contains a mitosis of every one of its finitely 
generated subgroups. 


Our goal will be to show that every mitotic group is acyclic, and that every group 
embeds in a mitotic group. We introduce some notation. Let «x: B x B —> M be the 
homomorphism k(b’, b) = b’b’ and à: B —> B x B defined by A(b) = (b, 1). Then 
if 4: B — M is the injection, clearly 4 = kA. 


Lemma 4.4. Let ¢: A — B be a homomorphism, M a mitosis of B, and p: B > M 
the given injection. Let F be any field such that ¢,: H;(A, F) —> H;(B,F) is 0 for 
i=1,2,...,n—1. Then (ud),: Hj(A, F) > H;(M,F) is 0 fori = 1,2,...,n. 


Proof. Clearly we only need to verify the claim for i = n. By the Kunneth formula, 


H,(B x B,F)= }__ H;(B, F) @ H;(B,F) . 


i+j=n 


Now let 4’: A > A x A, A’(a) = (a, 1) and p’: A > A x A, p'(a) = (1, a). Then 
we have that uo = k( x ¢)d’, hence if a € H, (A, F), 


(uo) (a) = K($ Q 1). (a) 


We also have that caup = k(ġ x ġ)A4, where cy is conjugation by d. Using the fact 
that inner automorphisms are trivial in homology, we obtain 


(uO) (a) = k,(b,@ Q 1) + K (1 Q h,a). (b) 
Similarly, cuo = k(ġ x ġ)p' and hence 
(uG) (a) = kx(1 Q Q.a). (c) 
Combining (a), (b) and (c) yields (u@),a@ = 0, proving the lemma. O 
We now prove 


Theorem 4.5. Mitotic groups are acyclic. 
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Proof. Assume that G is mitotic. If K C G is a finitely generated subgroup, then 
K = Ko C Kı C K C +- C G, where each injection K; C Kj+; is a mitosis. 
Now note that given any mitosis B —> M, the induced map Hı (B, Z) > H; (M, Z) 
is zero. Hence we obtain, using (4.4), that H;(K, F) — H;(Kn, F) is zero for any 
field F, and i = 1,...,n — 1. From this we deduce that H;(K, F) + H;(G, F) is 
zero for all i > 0. Now G is the directed colimit of its finitely generated subgroups, 
and the colimit of their inclusion maps is the identity 1g. Homology commutes with 
directed colimits, from which we deduce that H;(G, F) = 0 for any field, i > 0 and 
hence G is acyclic. O 


We introduce the notion of algebraically closed groups. 


Definition 4.6. A group G is said to be algebraically closed if every finite set of 
equations 


Re Bish Bay Ks sete tea) = I PS) 3 Re 


in the variables x,,...,%Xm and constants g\,..., 8n E€ G which has a solution in 
some supergroup of G, already has a solution in G. 


Theorem 4.7. Algebraically closed groups are mitotic. 


Proof. Suppose that G is algebraically closed and denote A = (g1, ..., 8n) a finitely 
generated subgroup of G. Let D = G xG and let G = G x 1, H = A(G), K =1xG 
be the corresponding copies of G embedded in D. We construct the extensions 


E = (D, t; t™' (g, 1)t = (8, g), g € G) 
m(G) = (E, u; u™' (g, 1)u = (1, 8), 8 € G) . 
Then G embeds as Ĝ in m(G), and the finitely many equations 
gi (gig =1, ([gi.g71=1 
with i, j = 1,...,n have a solution x; = t,x2 = u in m(G). Thus they have 
a solution x; = d, x2 = s in G itself. As a consequence of this the group (A, d, s) is 


a mitosis of A in G, and so G is mitotic. O 


Using the fact that any infinite group embeds in an algebraically closed group of 
the same cardinality, we obtain 


Theorem 4.8. Every infinite group can be embedded in an acyclic group of the same 
cardinality. 


We have therefore proved that given any group G there exists a group CG 
containing G such that CG is acyclic. 
We will now give the proof of Theorem 4.1, following Maunder. 
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Proof. The first step is to prove the existence of TX satisfying (i) and (ii) when 
X = L, aconnected simplicial complex with ordered vertices. 

We proceed inductively: suppose that for each such L with at most N — 1 sim- 
plexes, t: TL — L has been constructed satisfying (i) and (ii) and that this construc- 
tion is natural for simplicial maps of L that are strictly order—preserving on each 
simplex. Assume also that, for each connected subcomplex M C L, TM = tM, 
and that zı (TM) — 2 (TL) is 1-1. Note that because every connected 1-dimensional 
complex is a K(x, 1), we may start the induction by taking ż to be the identity. 

Let K be obtained from L by attaching an n—simplex (n > 2) o to ðo C L. 
Then 7T(d0) C T(L) and if f: o — A” is the (unique) order—preserving simplicial 
homeomorphism to the standard n—simplex, the corresponding map Tf: T(d0) > 
T(dA”) is a homeomorphism, and 7(0A”) is a K(x, 1). Now let g: T(dA”) —> 
K(Cx, 1) be a map realizing the embedding m —> Cz, Cm acyclic. We take the 
mapping cylinder of the composition g7(f): T(d0) — K(Cz, 1), and attach it to 
T(L) along T(d0) C TL; this will be TK. To extend t to TK — K, we do it as usual 
on mapping cylinder coordinates (x, f) and by mapping K(C7, 1) to the barycenter 
6 ofo. 

The construction can be verified to be natural for simplicial maps that are strictly 
order—preserving on each simplex. Using the Mayer—Vietoris sequences for K, TK 
and the 5—lemma, it follows that t: TK —> K induces isomorphisms of homology 
and cohomology for any coefficient system. Now note that 


my (TK) = mı (TL) *, Cx 


and so the inclusions of TL, K(Cx, 1), T(dc) in TK induce monomorphisms of 
m,—hence TK (the universal cover) contains multiple copies of the acyclic universal 
covers of all three. Using a lifted Mayer—Viaetoris sequence, this implies TK is 
acyclic, hence that TK is aspherical. Also note that as 


m(K) = m (L) *7,(a0) m1 (0) , 


the map ft, : xı (TK) — 7(K) is onto. 

Using induction on N, one can construct TK for all finite (ordered) simplicial 
complexes K. This can be extended to infinite simplicial complexes by taking the 
direct limit over finite subcomplexes. 

Now if X is a path-connected space, let $X be its singular complex, |§ X| its 
geometric realization. Denote by |S X|” the second derived complex (considered as 
a A-set). Then we can take TX = 7(|SX|"). This will be a natural construction 
satisfying the desired properties, as a continuous map of X gives rise to a simplicial 
map of |§X|” that is strictly order—preserving on each simplex. Then tX is the map 


TX = TSX) > ISX" ~ |SX| > X. 
Part (iii) follows from (i) and (ii) and the results in §1. O 


Remark. One can in fact prove that if K is a finite connected simplicial complex, TK 
may be taken to be finite and of the same dimension as K (see [Mau)]). 


X. 


The Schur Subgroup of the Brauer Group 


X.0 Introduction 


In this final chapter we apply the techniques of group cohomology to the repre- 
sentation theory of finite groups. Given G a finite group we know that F(G) is 
semi-simple for any field of characteristic zero. Consequently, from the Wedderburn 
theorems there is a decomposition 


F(G) = È Mn, (Di) (0.1) 


where the D; run over central simple division algebras with center K; a finite cyclo- 
tomic extension of F. The question that we answer here is the determination of all the 
classes {D;} € B(F) which arise in this way, that is to say, which division algebras 
occur in the simple components of the group ring of a finite group. 

When G is a finite group all the centers, Z(D;), in the semi-simple expansion of 
F(G) are cyclotomic extensions of F, i. e., subfields of F(¢,,), and m divides the order 
of G. Indeed, if K = Q(¢jg)), then K(G) is a direct sum of matrix algebras over K. 
Conversely, if a sufficient number of roots of unity are not present, then K(G) cannot 
split in this fashion, since it is already not going to be true for the cyclic subgroups 
of G. For this reason, when studying the division algebras which occur in (0.1), it is 
sufficient to assume that the field F is cyclotomic. 

The division algebras which we discuss from here on are all assumed to be of 
finite dimension over their centers. The content of this chapter is unpublished work of 
Milgram in the mid 1970’s. The question of identifying the possible division algebras 
which arise in (0.1) was first raised by Fields and discussed in his joint paper with 
I. N. Herstein, [FH]. Later, M. Benard, [Ben], Benard and M. Schacher, [BeS], and 
especially G. Janusz, [J], and T. Yamada, [Y], did important work on the question. 

From our point of view the question becomes the determination of explicit maps 
of cohomology groups with twisted coefficients under restriction and change of 
coefficients. Hence we feel it is a suitable example with which to conclude this book. 
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X.1 The Brauer Groups of Complete Local Fields 
Valuations and Completions 


Definition 1.1. A non-archimedean valuation on a division algebra D is a map 
p: F—R, where R4 is the non-negative real numbers satisfying the following three 
conditions. 


(1) g(a) = 0 if and only ifa = 0. 
(2) ylab) = g(a)g(b). 
(3) g(a + b) < Max(y(a), y(b)). 


A non-archimedean valuation trivially satisfies the triangle inequality. The valu- 
ation is discrete if the value group {y(a) | a € F,a # 0} is an infinite cyclic group. 
We also assume there is some a € F with g(a) Æ 0 to avoid trivial cases. 


Example. The standard eramapiei is the padig valuation on the rationals. Let n/m = 
p*w with œ € Z and w = =, where both m’ and n’ are prime to p. Then gp(n/m) 
= p“. We will discuss examples of valuations on non-commutative division algebras 
later, 


Example. Let D be a Dedekind domain (an integral domain in which every ideal is 
uniquely a product of prime ideals), and P C D a prime ideal. Let Q(D) be the 
quotient field, and suppose that m/n € Q(D). Then, if (m) = [] PH, w =P pe 
we have 


(ini = | [FTA = 28 


where & is a product of powers of primes distinct from P. Then the P-adic valuation 
on Q(D) is given by yp(m/n) = e* for some 0 < e < 1. In the case where D/P is 
a finite field, e is usually taken to be 1/|D/P|. 


The valuation ø gives rise to a topology on D by defining a basis for the open 
neighborhoods of 0 as the inverse images N,(0) = g~!((0, €)), and a basic set of 
open neighborhoods of a are given as a + N,(0). Two valuations are equivalent if 
and only if they give rise to the same topology on D. Thus setting ¢p.4(n/m) = a” 
for 0 < a < 1 and a(n/m) as above, gives an equivalent valuation. 


Remark 1.2. Two valuations o and g’ are equivalent if and only if there is ane € Ry 
so that y’(d) = g(d)° for alld € D. See e. g., [P], p. 321. 


The valuation ring ©, C D is the subset of D consisting of all those a € D with 
g(a) < 1. That O, is, in fact, a subring follows from conditions (2) and (3) in the 
definition, the first showing that it is closed under products, and the second showing 
that it is closed under sums. There is a maximal ideal P, C Og defined as those 
a € D with g(a) < 1. Thus, in the case of øp, we have that Oy consists of those 
fractions in Q of the form p*w with w as above, a > 0 and P, consists of those 
fractions with œ > 0. In the case where D is a field, F, the quotient O,/P, = Fy is 
a field, called the residue class field of the pair (F, ¢). 
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Lemma 1.3. Let ọ be a valuation on the division algebra D. Let Oy be the valuation 
ring and P,, be the maximal ideal, then the quotient O,/P, is a division algebra. 


Proof. Ifa € O,—P, then g(a) = 1. Consequently, g(a!) = 1 anda™! € O= Py. 
Likewise, if a is a unit of O, then g(a) = | anda € O, — P,. Hence Py is a maximal 
ideal in ©, and the quotient is a division algebra. O 


Definition. Let p be a non-archimedean valuation on the division algebra D. Then 
the completion of D with respect to o, Dy, is the completion of D with respect to the 
topology associated to Q. 


Recall that the completion adds equivalence classes of Cauchy sequences to D, 
and a Cauchy sequence is a sequence of elements of D so that for every € > 0 there 
is an N(e) € N and g(a; — aj) < € fori, j > N(e). It is direct to check that Dy is 
again a division algebra and ¢ extends to to a discrete valuati »n on Dy. 


Remark 1.4. If a,,...,a;,... are a complete set of representatives for the cosets of 
P C Og, with a; = 0 representing the 0-coset, a2 = 1 representing the coset of 1, 
then every element in the completion can be represented by a unique power series 


s(a) = +: ayn’ 


where x € Py is any element which satisfies the condition g(x) > g(A) for all 
à € Py. Such a v is called a uniformizing parameter for Dy. 


Example. The ring Zp. For the valuation øp on Q we consider the completion 
restricted to the valuation ring Oy. Write u for an element with gp(u) = 1. These 
are, as we have seen in the proof of (1.3), exactly the units of ©. Then an element in 
the completion can be written as a formal power series 


Ce 
A = Yup 
i=0 
where 0 < ui < p. 


Definition. A discrete non-archimedean valuation on D is called finite if the quotient 
Op/Pp = Dg is finite. 


If K is a finite extension of Q and ¢ is any non-archimedean valuation on K 
induced from a prime ideal of the ring of integers Ox then the valuation is finite. 


Remark 1.5. 


1. Let p be an odd prime. Then Ô; = Z x Zt x (Z/(p — 1)), where the Z is 
generated by the elements p', i € Z, the copy of the additive completion Zt is 
identified with the units with leading term ap = 1, and the (p — 1)" roots of unity 
represent the units with leading terms Æ 1. 
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2. Let p = 2. Then Q$ = Z x Zt x Z/2 where the Z and Ê$ are as above, but Z/2 
consists of the elements +1. 

3. Let © be the ring of integers in a degree n extension, K of Q, and suppose P is 
a prime ideal of © lying over the prime (p) C Z, then 


=Z x (Zt)" x Z/p x Z/P" — 1). 


Here the copy of Z is generated by a uniformizing parameter, and the residue 
class field is F y. 


There are three key techniques used to verify (1.5.1)-(1.5.3). The first is Hensel’s 
lemma, which allows us to lift the roots of unity in the residue class field to roots 
of unity in Kp by successive approximation. The second is the exponential map 
exp: t'Op—>O% p defined by the power series 


co a” 
expla) =1+ J =a 
1 


which maps a suitable power of the the maximal ideal in the (additive) valuation ring 
into the (multiplicative) units in the valuation ring. The third is the logarithm map 
which maps the units of the form 1 + 2! Ôp into the (additive) valuation ring, 


b" 
logi-b)=) —. 
og(1 — b) A - 

For details see for example [CF] or [La2]. 


The Brauer Groups of Complete Fields with Finite Valuations 


If D c D' is an extension of D to a division algebra D’ with D’ finite dimensional 
over the center of D, then g extends uniquely to a function g’ on D’ satisfying (1.1.1) 
and (1.1.2). Let F be the center of D and K be the center of D’. Then F C K isa finite 
extension. Define m = rs where r? = dim, (D’) and s = dimp (K). Then the formula 
is 


g(a) = (Nx;r(y(a))) 


where Nx, is the norm map and g: D’—K is the reduced norm on D, 

Clearly g’ satisfies g'(ab) = g'(a)y’(b) and g’(a) = 0 if and only if a = 0. 
Moreover, for d € F we have y(d) = d", Nx/r(d) = d‘. Hence, y/(d) = g(d) by 
the uniqueness of m” roots in R+. The uniqueness of this extension is considerably 
more subtle. For details, see e. g., [P], pp. 305-330, especially p. 329. 

In general the extension above does not satisfy condition (1.1.3), and so, is not 
a valuation on D’. However, here is one case in which it does. 


Theorem 1.6. Let D be a central simple divison algebra with center a field F, com- 
plete with respect to a valuation py. Suppose, also that |F | is finite. Then the extension 
of ọ to D described above is a valuation on D. 
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(This is a special case of the lemma on page 329 of [P]. See also Proposition 1 on 
page 182 of [Se4].) 


Corollary 1.7. Let D satisfy the conditions of (1.6). Then 


1. Og/Po is a finite field, an extension of Fy of degree n where n? = dimg(D). 
2. There is a maximal field K = F({pr_\) C D where |O,(F)/P| = p’. 


Proof. Letap € Py be auniformizing parameter. Let zg be a uniformizing parameter 
for F. Then there is an e > 1 so that g(7p)* = g(a). Thus nyO, = npOy. But 
tO, = {O,(F)/(x)}", while we have an alternate calculation of |O,/(z},)| = 
|O,/(p)|* from the form of the power series expansion in (1.4). Hence we have 
|Op/P| = |Og(F)/P\"". 

The next step is to choose an element k € D so that the image of k in O,/P, 
is a multiplicative generator. Since k?’-! = 1 mod P, where s = rn2/e, we can 
use Hensel’s lemma to replace k by an element, K’ € D, for which (k’)?’"—! = 1. If 
we use this root of unity k’ we find that K = F(¢ps—-1) C D. Hence e > n, since 
dimp(K) = s < n. On the other hand F(zr,) is an extension of F of degree at least e, 
soe < n. It follows thate =n. O 


Corollary 1.8. Let D satisfy the conditions of (1.5), and K be the field of (1.7.2). 
Then Gal(K/F) = Z/n. Moreover, let g be the “Frobenius” generator of Gal(K/F), 
t > Ç”, then there is an element n € D with nkn™! = glk] for all k € K. Also 
g" = Tp Where (t, n) = 1 and np € F is a uniformizing parameter for F. t is well 
defined and depends only on D. 


Proof. For the most part this follows from the Noether-Skolem theorem. The rest 
follows from (1.7). O 


In particular t/n is a well defined invariant of D in Q/Z. By construction, it 
follows that every division algebra D over a complete field F with finite F, is cyclic, 
of the form 


A(K, g, 2’) , 


with K as above. Indeed, it is easily checked, using the Noether-Skolem theorem 
that t/n is independent of the explicit maximal subfield F(¢)»_;) = K C D which 
is selected. 

The following result is standard and summarizes the most important facts about 
simple algebras over a field F as above. 


Theorem 1.9. Let F be a finite extension of Qp. 


1. Analgebra of the form A(K, g, x‘), as above, is a division algebra precisely when 
t = u mod dimp (K) where u is a unit. 

2. If (t,n) = s > 1 then A(K, 9,2’) = M,(D) where D is the division algebra 
A(R’, g, t/s) and dimg(K’) = n/s. 

3. The Brauer group B(F) = Q/Z = lim H?(Z/n; F(fprn_1)°). 


292 X. The Schur Subgroup of the Brauer Group 
The following result is a special case of Proposition 7 on page 193 of [Se4]. 


Proposition 1.10. Let F be a finite extension of Q,, and suppose that K is a degree 
n extension of F. Then, in the identification of B(F) and B(K) with Q/Z in (1.9), the 
following diagram commutes 


BF) 23 BK) 


Q/Z —> Z/Z, 
where B(i) is the map of Brauer groups induced by ÀA > A &r K, 


Corollary 1.11. Suppose F is as in (1.10) and suppose K is ramified of degree n over 
F and has Gal(K/F) = Z/n with n prime to p. Suppose also that a primitive n" root 
of unity, {n is contained in F. Then the algebras A(K, T, ķi), 0 < i < n, are central 
simple F-algebras and generate the kernel of B(i): B(F)—> B(R). 


Proof. There is a short exact sequence in cohomology 
0— H?(Z/n; K*)> B(F)—> B(K)—>0 , 


and it suffices to check that the generators of H?(Z/n; K*) are the maps (e2 +> gi) 
for the resolution of Z(Z/n) given in (11.3.8). But 62: K°—>K® is 9 + 7(6)/0 where 
T generates Z/n, so all cocycles are the elments in F*. Likewise, the coboundary 
map is @ ++ N(@). So it suffices to observe that the ¢! are not in the image of the 
norm. To see this consider the induced norm on Ox/ Px. Since the extension is totally 
ramified, we have 


Or/Pr = OK/Px 


and the map induced by the norm is just x +> x”. (1.11) follows. O 


X.2 The Brauer Group and the Schur Subgroup 
for Finite Extensions of Q 


The Brauer Group of a Finite Extension of Q 


Let F be a finite extension of Q. Then Op, the ring of integers in F is the set of all 
elements in F which are roots of a non-trivial monic polynomial with integer entries. 
It is a Dedekind ring. Let P be a prime ideal of Oy. Then there is a unique prime 
ideal of Z, (p), so that Or NZ = (p), and P is said to lie over (p) or be an extension 
of (p). More generally, if we have Q C L C F, then OL N F is a unique prime ideal, 
Pu, in Oy and P is an extension of P, and lies over it. Likewise, given any prime 
ideal P, there is at least one prime ideal of Og lying over it. 
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Example 2.1. LetF = Q(¢,) and let ( p) be a prime of Z. This extension has dimension 
(n) where $(n) is the Euler @-function. Suppose that (p,n) = 1. Then there is 
a finite extension of the finite field F, which contains a primitive n root of unity. 
The smallest such field has order p” where r is the smallest positive integer so that 
p” = 1 mod (n). Then r divides @(n) and the number of distinct primes lying over 
(p) is (n)/r. These primes are obtained as follows. The Galois group Z/r of F pr 
over F, acts on the primitive n” roots of unity to break them into $(n)/r orbits, 
each of length r. Consider the polynomial p;(x) = [J] (x — 4;) where A; runs over 
the i” orbit. This polynomial has coefficients in F, and hence lifts to a polynomial 
pi(x) € Z[x]. Then the prime ideals have the form (p, p;(¢,)), for a fixed primitive 
n root fp. 

In particular, consider the primes over (2) in Og, ). Since Fg contains six primitive 
seventh roots of unity, they split into two orbits there {¢7, ee. i} and {¢?, g$ A i }, and 
the two polynomials are x? + x + 1, x3 + x? + 1, so the ideals are (2, ¢? + ¢7 + 1), 
(2, 67 +3? + 1). 


For each prime P C Op there is a valuation gy, the associated completion of F 
at the valuation, Fp, and the inclusion ip: F C Fp. This inclusion induces a map of 
Brauer groups B(F)—> B(F p) obtained on the one hand by tensoring A +> A @r Fp, 
and on the other via coefficient mappings of second cohomology groups. 

Also, for F as above there are k embeddings of F into C and r embeddings of F 
into R, where 2k + r = n, the dimension of F over Q. The Brauer group of C is 0, 
but the Brauer group of R is Z/2 with generator H, the quaternions. Consequently, 
the r real embeddings, e;, give r homomorphisms, e; x: B(UF)—~Z/2. 

Taken together we get a homomorphism 


E: BF)— | [Re |] B+) = [| Zz2e]]Qz. 
1 P 1 P 


(A priori, one would have expected that the image of E was in the direct product over 
all P, but, in fact, a major theorem here asserts that the image of a central simple 
F-division algebra is non-trivial at only a finite number of primes.) The main result 
here, and one of the main results of class field theory is that E is an injection with 
cokernel a single copy of Q/Z. Indeed, B(F) can be identified with the kernel of the 
sum homomorphism 


[[z2e][az—qz, [ar oe. 
1 P 


Example 2.2. In the case F = Q and D is the usual quaternion algebra 
QQ@, g8? =-1), 


where g acts on Q(i) as conjugation, then D has image 1/2 at the single real embed- 
ding, and image 1/2 in B(Q)). 
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For general fields the determination of the Brauer group is much more complex. 
There are a number of special circumstances in the case of finite extensions of Q 
which make things simpler. We now quote some of these properties. 


Theorem 2.3. Let F be a finite extension of Q or Q p, and suppose that A is a central 
simple F-algebra of dimension n? over F. Then there is a cyclic extension K of F of 
degree n, and, if T is a generator for Gal(K/F) = Z/n we have that A is the cyclic 
algebra A(K, T, T" = À) for some à € F°. 


On the other hand, by class field theory, every abelian extension of finite exten- 
sions of Q or Q, is cyclotomic. Thus, for the field K above, we have that 


K | Feyci = lim (FEn)) ’ 


and lim, H?(Gal(F(¢,)/F); F(¢,)*)—> H2(F) = B(F) must be surjective. In fact, this 
map is actually an isomorphism (see e. g., [Se4]). Thus, for these fields the Brauer 
group is given strictly in terms of cyclotomic extensions. 


The Schur Subgroup of the Brauer Group 


Let G be a finite group, then the group ring F(G) is semi-simple for any F of 
characteristic zero, or if char(F) is prime to the order of G. Hence we can write 


F(G) = | | Mn, (Di) 


where F is a subfield of finite index in the center Z(D;), and D; is a division algebra 
of finite dimension over the field Z(D;). Of course, when |F| < oo, the division 
algebra D; must be a finite field, and the group ring is a sum of matrix algebras over 
fields. However, when F has characteristic zero the structure of the resulting division 
algebras, D;, can be quite complex. 


Example 2.4. Consider the split extension Z/7 xr Z/9, where the action of Z/9 is 
given by g(t) = t?, t € Z/7, where g generates the Z/9. Then there is a cyclic algebra 
direct summand, 


A(Q(é21), g, 8° = t3) C QG) , 


where g{f21] = a!®. Thus, g[¢j,] = ¢J,, while g[¢3,] = ¢$,, so the center is F = 
QS, Vv —T). 
We now verify that this algebra has order 3 in the Brauer group of F. 


We work at the prime (7). There are two primes over (7) in the ring of integers, 
O(F), Pi = (/—7,¢ — 2) and Pa = (/—7, ¢? — 2), over (7), each ramified of 
degree 2 over (7) C Z and each with quotient isomorphic to F7. 

Moreover, in O(Q(¢21)) there is a unique prime over each of these P;, each 
ramified of degree 3. In particular, each quotient by each of the primes above is 
a copy of F}. 
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Choose one of these primes, say Pı = P, and complete at it. Then the completion 
of Q(¢2;) at the prime over FP is still ramified of degree 3, and is Galois over Fp with 
Galois group Z/3. Then (1.11) applies and the algebra is a division algebra at each 
prime, with invariants 1/3 and 2/3 respectively. 


Definition 2.5. Let F have characteristic zero. Then the subset of the Brauer group 
of F, B(F), which consists of division algebras which occur as Dj in the expansion, 
(0.1), with center F, as G runs over all finite groups, is called the Schur subgroup of 
B(F). It is denoted S(F). 


Remark 2.6. In particular, the terminology implies that S(F) is a subgroup of B(F). 
Indeed, if M,,;(D) is a summand of F(G;), Mm; (D2) is a summand of F(G2), then 
Mn;m; (Dı r D2) is a summand of F(G; x G2). Moreover, if we define G°? as G 
with the reversed multiplication g; - g2 = 8281, then G°? is a group, and, if M,(D) 
occurs as a summand of F(G) then M,(D)°? occurs as a summand of F(G??). But 
M,,(D)°? represents the inverse of {D} in the Brauer group of F. 


The Group Q/Z and its Aut Group 


The discussion above shows two things that we should take account of. First, it is 
sufficient to study the Schur subgroup in the case where F is a cyclotomic extension 
of Q, and second, we do not need to consider all finite extensions of Q, but only the 
cyclotomic ones. The universal cyclotomic extension is 


Qeyet aaa lim Qn) ’ 


and in this subsection, in preparation for this analysis, we determine the structure of 
G = Aut(Q/Z) = Gal (Qeya/Q). ; 

The Sylow p subgroup of Q/Z is the set of all fractions m/p' with denominator 
a power of p. It can also be described as the direct limit (Q/Z)p = lim (Z/ p”), so 
we have the sequence of inclusions 


Z/p C Z/P C Z/P C- C (Q/Z)p. 


There is only one subgroup isomorphic to Z/p”, the set of equivalence classes of 
rational fractions with denominator p", Z/p” = {m/p" | 0 <m < p" — 1}. Hence 
if a € Aut(Q/Z), then æ restricted to (Z/p”) is an isomorphism Z/ p” —>Z/ p". 


For m and n relatively prime we have à 


a c d 
— = — + — 
mn m n 


where a = cn + dm, it follows that Q/Z = ||(Q/Z)p, so Aut(Q/Z) = 
[] Aut((Q/Z)p), and 


Aut((Q/Z)p) = lim (Aut(Z/p")) . 
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Recall from (1.1.4) that 


Z/p— 1 x Z/p"! if pis odd, 
Z/2 x Z/2"~? otherwise. 


Aut(Z/p") 
Aut(Z/2") 


The generators of Aut(Z/2") are multiplication by —1 and by 5. For odd primes the 
generator of order p”~' is 1 + p while the generator of Z/(p — 1) is fairly hard to 
predict, but in the first few cases can be chosen as 


p 35 7 11 13 17 19 23 29°31 
generator 223 2 2 3 2 5 2 3. 


Consequently we have 


Proposition 2.7. Aut(Q/Z) = [Ip prime U Do, the infinite direct product of the units 
in the valuation ring Zp as p runs over all primes, where UZ, is Aut((Z/Z) p). 


Proof. The inclusion Z/p" C Z/p”*' defines a restriction map 
r: Aut(Z/p"*')— Aut(Z/p") 


where r(m) is multiplication by m again. In particular r is surjective with kernel 
Z/ p. Now, choose an infinite sequence of integers A = (a), a2, 43, +++ An +- » ) so that 
ai4ı = a; (mod p’) for all i, and for definiteness assume 0 < a; < p! so we may 
write ai} = a; + jp’, with 0 < j < p. Clearly such a sequence A defines an 
element in Aut((Q/Z)p) given explicitly as {m/p"—>-a,m/p"}, and conversely any 
element in Aut((Q/Z),) defines such a sequence. 

Note that we may also give such a sequence as a (formal) power series 


A= ai +agp+azp* +--+ ans;p"+-°+ 0 <a; < pforalli. 


Moreover, the condition that A denote an element in Aut((Q/Z)p) is precisely that 
a, Æ 0, and this identifies Aut((Q/Z),) with UZ p as desired. O 


X.3 The Explicit Generators of the Schur Subgroup 
Cyclotomic Algebras and the Brauer—Witt Theorem 


° 
Let G be a group together with a representation € = (Z/n, G, g), as in (1.1.5), of G 
as an extension of the form 


1—+Z/n—>+G— v— 1 


where gy: V—Aut(Z/n) = Aut(Q(¢,)) is an injection. Then there is a simple algebra, 
A(G, €), with center F = (Q(¢,))” associated to G and the extension data &, which 
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is constructed from the Q(¢,,) vector space with basis the elements of V by choosing 
a section ©: V—>G and introducing the relations 


viv! =~ vEevVv,rAEZ/n, 
wv (vw) = O(w) Ow) Oww) € Z/n forallv, win V. 
Similar algebras were discussed in (1.8), but the algebras above are distinguished by 


the fact that the factor set {O(v) | v € V} are all roots of unity. Such algebras are 
called cyclotomic algebras. 

A key result in the theory of finite groups, the Brauer—Witt theorem ([Y], pp. 
20-34), states that as the pairs (G, &) run over all extensions of the form above, then 
the classes of the algebras A(G, &) in their respective Brauer groups generate the 
Schur subgroups S(F). In order to put this into the context of cohomology we need 
the maximal cylcotomic extension of F and its Galois group. 


The Galois Group of the Maximal Cyclotomic Extension of F 


Let F C Q(é,) be a cyclotomic field and Gr = Gal(Qcy<)/F). This subgroup of 
Aut(Q/Z) is fundamental in what follows so we discuss it in some detail now. 
To begin consider the extension Q —> Q(¢,,). We have an exact sequence 


1—+Gal(Qe yet /Q(En)) —> Gal (Qeyc1/Q)—> Gal(QEn)/Q— 1 


and Gal(Q(¢,)/Q) = Aut(Z/n). Moreover, if we write n = 2” p? tee pis where the 
pj are odd, then from (1.1.4) 


Aut(Z/n) = (Z/2 x Z/2"~?) x BAE —1) x Z/pi™! 
1 


for r > 2, and the first term is missing otherwise. i 
From (2.7) Aut(Q/Z) = Il, UZ, where UZ, = Z/(p — 1) x Zp for p odd and 
is Z/2 x Z} for p = 2. In particular, 
Gam = [[Ż} x [] uz, 


pin (p.n)=1 


where the copy of Zt for pln is really the ideal p'i-'Z+ C Zt. From this we get 
the form of the general case since Q C F C Q(é,) for some n: Gal(Qeya/F) = 
Tlin.p-1 UZp x WCF) where WF) C J] pn UZp and 

Gr/GQen) = Gal(Z(En)/F) . 


Since every finite index subgroup of Zt is isomorphic to Zt we can write 


Gr= wx [| Z/p-)}x JT] 2}. (3.1) 


(p.n)=1 p prime 


298 X. The Schur Subgroup of the Brauer Group 


We now consider the groups G, for v a non-archimedean valuation on F C Q(¢,), 
where G, is defined as Gal(Qp cyci/Fy). 


Theorem 3.2. Let v be a non-archimedean valuation over p in F. Then 


G= Vaa [| 2E, 


q prime 


where G, is independent of the particular prime over p in F and V C Z/(p — 1) if 
p is odd while V = Z/2 or {1} for p = 2. 


Proof. That fact that G, is independent of the particular prime P over (p) used 
to define v is due to the fact that in a cyclotomic field all the primes over (p) are 
permuted transitively by Gal(F/Q) and the Galois groups are all abelian so conjugate 
subgroups are actually equal. 

We now determine G, beginning with G, = Gal(Qy,cyct/Qy). Write n = p/é 
with (6, p) = 1. Then, if p’ is the first power of p which is congruent to 1 mod (8) 
we have that Ôp(¢n) = Ôp (pi> &ps-1) and Gal(Ô p (n)/Ñp) = Aut(Z/p/) x Z/s. 
Moreover, the generator of the Z/s can be selected to act trivially on ¢,; and as 
¢ ++ €? on fps_;. In any case, passing to limits we obtain 


Gp 


lim Aut(Z/p’) x lim (Z/s) 
UZ, x I] Zt 
q prime 
ae Me a 
Z/(p — 1) x (23) x [[ 2: 


q#P 


and G, = Gal(Qp,cyct /F,) has finite index in G p. This completes the proof. O 


The Cohomological Reformulation of the Schur Subgroup 


We extend the definition of the limit cohomology group used in (1.8) to define the 
Brauer group to more general coefficients and arrive at the notion of continuous 
cohomology with general coefficients. 

The conditions for the definition of continuous cohomology are that we have 
a group G given as an inverse limit, G = lim (Gi), and coefficients, A, given as 
adirect limit A = lim (Ai) where the limits are taken over surjections p: Gi+1—> Gi, 
and and injections ij: Aj—> A j+1 so 


A= Ay, Ay CAC EC ApC 


The groups G and A must also satisfy the consistency condition that for each 
n, Gn acts on A, and pg(a) = g(i(a)) for all n, a € A, and g € Gp. 
Then Hž n (G; A) is defined as lim (H* (Gn; Ân). A simple argument shows that 


con 
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Heo (G; A) = lim, limm H*(Gn+m; An) where Gn+m acts on A, through the iterate 
projection of Gn+m onto Gy. 
We clearly have that if A, = Ba ® Cn, in = in,A ® in, for each n, then 


Hol; B ® C) = Faron Gs B) ® Hon G: C) ai 
Next suppose that we have a product G x H = lim G, x H,,. Then we have 


Lemma 3.3. H*,,,(G x H; A) = Hoon (G; H2,,(H; A)) if G acts trivially on A. 
Otherwise, there is a spectral sequence converging to H} n (G x H; A) with E-term 
Hion (G; Hont (H; A)). 


Proof. Assume that G = lim(G,), H = lim (Hm). Then we can choose as our 
— — 


resolution of G, x Hm the tensor product of a resolution of G, with a resolution 
of Hm. Filtering this by dimension in the complex for G,, gives the spectral sequence. 
Then, taking E -terms at each level gives H*(G,; H*(Hn4im; An)). In the case of 
trivial G-action E2 = E% at each level and the coefficient group need not be An, so 
we can pass to limits fixing G, but varying Hn+m and the coefficients. In general we 
can pass to limits separately over m and n. So we fix A, C A, pass to limits over m 
so that H*(Gn; AX CH; An)) = Hn (Gn Xx H; An). Then pass to limits over n to 
obtain our Ez term for the calculation of H®,,,(G x H; A). O 


Example. H*,,,(Gr; Q/Z) is given as the limit over all m so that F C Q(¢,,) of the 
cohomology groups H*(V,,(F); Z/m) where V,,(F) = Gr/Ga,,) and the limit is 
taken by noting that if m’ = mn then V,» (IF) surjects onto V,,(F) and Z/m —> Z/nm 
as a unique subgroup, so we have the composition l 


H* (Vm (E); Z/m) => H* (Vam (F); Z/m) => H* (Vam; Z/nm) . 


Using this definition we have the following cohomological reformulation of the 
Brauer—Witt theorem. 


Theorem 3.4. Let F be a cyclotomic field. Then the Schur subgroup S(F) of the 
Brauer group B(F) is the subgroup of H2 (Gr; Q?) = B(F) given as the image 
under the coefficient map 


Heont (Gr; Q/Z)—> Hioni (Gr; Oyar) - 


Proof. The algebra A(G, €) is completely specified by its cocycle W € C2(V; 
Q(Sn)*), where 


W(|v|wl) = O(w) Ow) Oww) 


and the action of V on Z/n is given by ø, but this is exactly the image in C?(V; Q(on)*) 


of the cocycle, @, corresponding to the extension Z/n->G— V in C2(V; Z/n). 
Thus we have shown that the group S(F) is determined as the subgroup spanned 
by the images of the compositions 


300 X. The Schur Subgroup of the Brauer Group 


H3(V; Z/n)—> H2(V; Qn)’ )— BE) . 

The last composition is obtained by identifying V with Gal(Q(¢,,)/F) and then taking 
the composition 

H?(Gal(Q(En)/F; Q(n)*)—> H? (Gr; QEn)*) > H? (Gr: Qeyct) = BOF) 
where 2: Gy— V is the induced map of Galois group and i: Q(f,) —> Qeycı is the 
inclusion of coefficients. (Again this is discussed in 1.8.) 

These maps from HRV; Z/n) to B(F) all factor through the comnosition 

H? (Gy; Z/n)— H? n (Gri Q/Z) — Hoon (Gr Qeyct) 

and the theorem follows. O 


Remark, Continuous cohomology can be treated in terms of continuous cochains 
and has been usefully looked at from this point of view. Further discussion can be 
found in [Se4]. 


Now, suppose that v is a valuation on F over the valuation p on Q. Let G, C 
Gr C Aut(Q/Z) be the Galois group of Qp,cyci over Fy. Then we have, as above, 
that the Schur subgroup of B(F,) is given as the image of the coefficient map 


Hoon (Gv: Q/Z) > Hoon (Gv; Qeyet)s (3.5) 
and consequently we have 


Corollary 3.6. Let res : B(F)—> B(F,) be the map of Brauer groups induced by 
tensoring with Fy, then the map on Schur subgroups is given by the commutative 
diagram 


Aeon (Gri Q/Z) “4 Aeon (Gri Qy) 


. * 
fy Fy 


Ae a (Gu Q/Z) —> H He toys Qs, cyct)- 
In particular, since [] rž: BŒ)—> |] B(F,) x LI B(Fæ.;) is injective, the deter- 
mination of S(F) breaks up into three steps: 
1. the evaluation of the groups H2,,,(Gr; Q/Z) and H2.,,,(Gy; Q/Z), 
2. the evaluation of the coefficient maps 
Heli Q/Z)— AGS on cý) » 
3. the evaluation of the restriction maps 
H?n (Gr; Q/Z)—> Hoon (Gv: Q/Z) , 
and the map at the infinite primes. 


We answer these questions in order in the next two sections. 
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X.4 The Groups H n (Gr;Q/Z) and Hx,,,(Gy;Q/Z) 


In this section we determine the cohomology groups with coefficients in Q/Z of the 
subgroups of Aut(Q/Z) associated to the cyclotomic fields F and Ê, discussed above. 
It turns out that they are isomorphic to untwisted cohomology groups with coefficients 
in the roots of unity contained in F or F,, and rather than taking cohomology of the 
entire Gr or G, with these coefficients we only need the torsion part. 


The Cohomology Groups H;,,,,(Gr;Q/Z) 


Let Gy be given in the notation of (3.1) where W” x T¢p.ay=1 Z/(p — 1) is the 


torsion subgroup, Gf’. Suppose, also that Z/m C Q/Z is the fixed set, (Q/Z). 
Then we have 


Theorem 4.1. H*,,,(Gr; Q/Z) = Hj, (GR; Z/m) where the action of Gy" is triv- 
ial on the coefficients Z/m. In particular we have 


Hoon: (GẸ'; Z/m) = H*(W""; Z/m) x Hin [| Z/P- 1); Z/m) . 
(p.n)=1 


Proof. We begin with some preliminary calculations for A = Z/ p’ and G C Aut(A). 
Lemma 4.2. Let A = Z/p' and suppose G C Aut(A). 


1. Suppose p is odd, then G = V x Z/p" where |V| divides p — | and 
a. If V =e, then H*(G;Z/p') = H°(G;Z/p') = (Z/p')®. 
b. IfV #ethen H*(G; Z/p') =0. 

2. Suppose that p is even. 
a. IfG =Z/2 x Z/2’ with the first Z/2 generated by 1 +> —1 then 


Z/2 generator 2'—' for j even, 


Hi(G;Z/2') = i 
Z/2 generator | for j odd. 


b. IfG =Z/2’ and the generator is not | <+> —1, then 
Hİ(G; Z/2 = 0, j> 0, H°(G; Z/2) = invg(Z/2') . 


Proof of (4.2). For p odd G is cyclic, so we use the resolution in (II.3.8) and the 
formulae there for calculating cohomology groups. The things to note are that 
Homyz/n)(Z(Z/n), A) = A and T, the generator of Z/n can be chosen so that 
it acts as multiplication by u + p’ where u # 0 mod (p). If u Æ 1 mod (p), (which 
is the case when |V| Æ 1), then T — 1 is multiplication by a unit, so the cohmology 
trivializes. m T — 1 is multiplication by p” but an easy calculation shows that 
ve ie = = p” w where w is a unit mod(p”) and the cohomology trivializes 
except in ieee a 0. 

As is usual here, the case p = 2 is slightly different. If G is cyclic we can use 
the resolution of (I1.3.8) again, but if not then it is most convenient to first calculate 
cohomology with respect to Z/2” and then the cohmology of the resulting complex 
with respect to Z/2. O 
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We now return to the proof of (4.1). Write 


Hm (Gr; Q/Z) = | | Hin (Gr: Q/Z)p) 
Pp 


as p runs over all the primes of Z. Fix p and consider the projection 
np: Gr—>Aut((Q/Z),) = UZ, . 


Ip is surjective and split except at the primes which divide n. More generally, it is 
also possible that zr, is not surjective but its image still lifts to a direct summand of 
Gr. In this case Gr = Ker(7p) ® Up where Up C UZ, and 


Heont(Grs (Q/Z) p) = Hion (Ker(tp); Hon (Up; (Q/Z)p)) - 


But (4.2) shows that H%,,,(Up; (Q/Z),) = 0 if the torsion subgroup of U, in non- 
empty. Hence, when 7, is surjective and split there is no contribution at that prime. 

Assume now that p divides n. Then W'” = Lı ® Z/d where Lı C Ker(zp), 
so Gk’ = L @ Z/d with L C ker(z,). As regards the Zt summands, only the Zt 
where q = p or q divides p — | can fail to be in the kernel of 2. Consequently, we 
can write 


Gr = Gr(q)® (zuezio I] | 


q\(p—-1) 


where Gp(q) lies in ker(z7,), and we have 


Hion (Gr; (Q/Z)p) = Hons (Ge(P); Hoone(Z/d ® Z} x [| 27; (Q/Z)p)). 
q\(p—1) 


The summand Zt C Aut((Q/Z) p) is the kernel of restriction to Z/ p C (Q/Z), and 
consequently, the coefficient cohomology groups can be obtained from the spectral 
sequence with E2-term 


Hin (Z/d x |] Zt; Hoon (23: (Q/D)p)) 
q\(p—-1) 
= Aeon (Z/d x I] Zs; Z/p') 
q\(p-1) 


where Z/p' is the subgroup of (Q/Z), fixed under the action of Zt. A second 
application of (4.2) shows that if Z/1 x Tai MET Zt acts non-trivially on Z/p’, then 
the cohomology groups above are identically zero provided that p is odd. On the 
other hand, the only way they will act trivially is if a primitive root ¢,; € F. We 
thus have that for p odd, the contribution of (Q/Z), is obtained as the untwisted 
cohomology groups 
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Heont (Ger; Heont (Mi q? ;:Z/p')) s 


On the other hand, since (q, p) = 1, we have that the second term is just Z/ pi in de- 
gree 0 and the calculation gives the untwisted cohomology groups H% n: (GK; Z/m), 
where Z/m is the cyclic group of odd roots of unity in F. 

Only the case p = 2 remains. Here Gr = Gg(2) x (z/2! x 23) where, if / > 0, 


the generator of Z/2! acts on (Q/Z)2 by x +> —x, while the generator of the righthand 
copy of Z} acts via multiplication by (—3)”' for an appropriate r > 0. Then 


Hoon (Gr; (Q/Z)2) = Hion (Ge(2); Hon (Z/2! x ÊF; (Q/Z)2)) 
= Hou (Ge (2); Hon(Z/2'; Z/2"**)). 


If 1 > 0 then Ht,,,(Z/2'; Z/2'*?) = Z/2 which, in turn, is isomorphic to 
H'(Z/2!'; Z/2) for all i > 0. If | = 0 then a primitive 2’*? root of unity is present 
in F. But in each case the group is Hž,„ (G ; Z/2*) where Z/2° is the cyclic group 
of even roots of unity in F. This completes the proof. O 


Remark 4.3. In the isomorphism above there is no difficulty except when the only 
even roots of unity in F are +1. In this case, while the groups are given correctly 
by the theorem, the cochains which represent them at the prime 2 come from the 
twisted cohomology of Z/2' with coefficients in Z/2'+?, and this must be recalled 
when making explicit calculations. (See also (4.6).) 


Remark. Note that W" C Gf” is given as a subgroup 
W C Z/2 x Z/(pi — 1) x -+ x Z/(p,p—1), 


and it is only at W’” that tricky things can happen in cohomology. It is convenient 
to choose a basis œ1, . . ., Œs for W so that the projection of a; onto Z/2 = {+1} is 
trivial for i > 2. Also, let 4, represent a generator for Z/(q — 1) when (q, 2n) = 1. 
Then the Kunneth theorem and (4.1) show that H? (Gr; Q/Z) has generators of the 
form 


plai) the Bockstein of (œ;), order g.c.d (order(@;), m), 
Baq) the Bockstein of (4,), order g.c.d (order(A,), m), 
lai) @ (Ag) i22, (4.4) 


(aj) @ (aj) i>j>2, 
(Ap) ® (Ag) pand gq prime to 2n. 


Additionally, if there is an element a; € Gi” which acts on (Q/Z)2 as x <> —x, then 
the further classes (a) Q (aj), (#1) ® (Ag), are also required. 


More precisely, the terms (*) @ (*) in (4.4) can be derived as follows. Let 


Pai x : Gr— Ge’ —Z/lail x Z/(q — 1) (4.B.1) 
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be the evident projection sending a; to the first generator, 4, to the second and all 
others to 0. Similarly for Pr. Agr ete. Then the ¢,., induce restriction maps 


res (di, àq): H*(Z/|a;| x Z/(q — 1); (Q/Z)°? —> H* (Gr; Q/Z) 


and (a@;) ® (Ag) is in the image of res (œi, Àq), etc. Again, the classes involving a, 
are slightly different. Here the map is 


H*(Z/\a\| x Z/(q — 1); Z/2’2)—> H* (Gg; Q/Z) 


where the generator of Z/|a,| acts as multiplication by —1 on Z/2’2*', and this map 
carries a class of H*(Z/|o| x Z/(q — 1); Z/2") onto (a1) ® (Ag). 


The Local Cohomology with Q/Z Coefficients 


To this point we have determined the cohomology for the global situation. It remains 
to determine the cohomology groups for the various completions of F. 


Theorem 4.5. Let v be a non-archimedean valuation over p in F. We have 


1. If pis odd then H2,,,(Gy; Q/Z) = Z/|V\. 
2. If p=2then V = Z/2 or V = {1}. When V = {1} we have He Gs Q/Z) = 
but if V = Z/2 then H 2 AGS Q/Z) = Z/2 ® Z/2. 


Proof. To begin consider the homomorphism x: G,— jim Aut(Z/ pi)>Z}. The 


subgroup Ker(z) is a split summand of G, with complementary summand Zt. 
Hence we have 


H?nt (Gv; (Q/Z) p) = Alon (Ker(r); Z/ p°) 


where Z/p’ is the subgroup of invariants under the action of the complementary copy 
of Z on (Q/Z)p. We can write Ker(x) = Z} x (V x [],4, Z}) and so we have 


q#P 
a spectral sequence with E2-term 


Be Abts Him Y x JI ĝt; Z/p)) 
q#P 


converging to H*,,,(G,; (Q/Z)p). But unless V = {1} and the zt all act trivially 
on Z/p’ the a factor trivializes to 0. When V = {1} and the action is trivial 
we obtain H, pe ; Z/ p”) where we can assume that the action is trivial. Passing to 


limits through the inverse system which gives rise to zt we see that 


Z/P i=Oorl, 
0 otherwise, 


Hi, (Zt; Z/P) = | 


when the action is trivial. 
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It remains to study the situation for (Q/Z), with q # p. We assume that p is odd, 
and we have that Z/(p* — 1) C F° is the subgroup of roots of unity of order prime 
to p in F. Then we need to determine jim (H*(V x Z x Z/r;Z/(p™ — 1)) where 
the limit is taken over r. Since the action of Z/r on Z/(p™ — 1) is non-trivial, this 
becomes 

Hoon (V x ZF; Z/(p — 1) = H*(V; Z/(p* — 1) 


~~ Z/(p’—1) *=0, 
~ |Z/\VI * > 0. 


Finally, we consider the case p = 2. We may assume that V = Z/2 since other- 
wise the calculation goes exactly as above and the result is zero. When we consider the 
coefficients (Q/Z), with q odd the calculation also goes as before, and, since 2° — 1 
is prime to 2, the result is again zero. It remains to determine H% „+ (Gv; (Q/Z)2). As 


before let 2: Gy— Aut((Q/Z)2), then Ker(zr) = Il; =~ Zt , and the image of zr is 
Z/2 x Zz. Thus 


H n(Gv; (Q/Z)) = Aion (Kerm); Hx, (Z/2 x Zi: (Q/Z)2)) 
= Hy,,,(Ker(a); H*(Z/2; Z/2’)) 


= H%,,(25;Z/2) ® H*(Z/2; 2/2) 


em 


— * (ar: Z/2) ® F2[e], 


En 


where e is one dimensional. Now we have already seen that 


Z/2 i=0,1, 
0 otherwise, 


Hon: (Zz 3 Z/2) = | 


so we have that H2(G,; (Q/Z)) = Z/2 ® Z/2 as asserted. (4.5) follows. O 


Remark 4.6. As was the case for (4.1), the explicit cocycle representatives for the two 
copies of (Z/2) in (4.5) are somewhat deceptive. The explicit representatives can be 
given as follows. First, since V = Z/2, if we take the resolution of Z/2 in (II.3.8), 
then (e,+4) € Hom(Z(Z/2), Q/Z) represents the first generator. For the second 
generator, there are two components needed, V and the copy of zt which acts trivially 
on (Q/Z)>. A (continuous) resolution of zt has two generators @ in dimension zero 
and é; in dimension one, with 0(@;) = (T — 1)éo. Here T is a (continuous) generator 
for a. Tensoring the two resolutions we obtain a representative for the second 


generator as 
Vins 1 
ei QE = J > 
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The Explicit Form of the Evaluation Maps at the Finite Valuations 


Let v be a finite odd prime and ¢ € G, be the Frobenius element. Suppose also that 
w generates the torsion subgroup V. Write 

= [ [ria x ([](t.g4¢) x (tor free)) 
in G, and similarly 


w = Ày if v lies over q 
= | | wie; otherwise. 


Let g be the generator g: 2 5 aly of H*(G,; Q/Z). Also, denote by |w] the order 
of the class w. Then we have 


Theorem 4.7. Suppose v lies over an odd prime q not dividing n, then 


1. Ba) >g, Bai) 0, BAg)—0 for q’ £q, 
2. (g) (Ag)—>0 unless q' or q" = q, and then 


Tvg lq — 1) | 
À A hs | a 
aneo |en 


0 q #4q 
3. (Aq') ® (a3) li Hv i(q—-!) 


a Sa | 8 - otherwise: 


Theorem 4.8. /f v lies over an odd prime p which divides n, then 
1. plai) => jæ; B voig, B(Ag)—>9, 


2. (ar) @ (as) > [4 REN Yi Vos + (YurHus — Yosbor) rato | g where pi 
is the residue class degree of F ,,. 
3. (ài) (Aj) + 0, 
Yv,r Tug |V| 
4 (ar) @ (Aj) > [eae | & 


It remains to describe the maps on the classes involving a, (a1) ® (aj), and 
(41) ® (Aq). 


Theorem 4,9. 


1. Let q be an odd prime prime to n. Assume $% acts on (Q/Z)2 as multiplication 
by (—1 + 2"). Then 


—1 
(a1) @ (iy) > w (2S). 
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2. Let p be an odd prime dividing n, and assume $? acts on (Q/Z)2 as multiplication 
by (—1 + v2”), then 


V 
(a1) Q (ai) Œ Yiv (=) g. 


(Here Z/2” is the invariant subgroup of (Q/Z)2 under the action of the torsion free 
part of G,. That is, it is determined by the projection Gyo Zz C U2.) 

At the prime 2 we need the non-ramified Frobenius. This is the class which acts 
as the identity on m/2! and acts as multiplication by 2° on m/n with n odd. 


Theorem 4.10. Let v by dyadic and write the non-ramified Frobenius at v as | | wa; x 
[l ogàq x (tor free), then 


(a1) ® (ai) > wi x (second factor), 
(a1) @ (Àq) > Wg X (second factor), 
B(a,) + (first generator), 


and the remaining terms map to 0. 


The map to the infinite primes will be given in (5.6). 
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At this point what remains is the determination of the two maps r} and i,: 
He (Gy; Q/Z)— H2,, (Gu; cc) 


The map Hyyn;(Gv;Q/Z)—> HZ (G vi QV eye)» 


From (4.5.1) we have H2 Gs Q/Z) = Z/|V| for v over an odd prime (p), and the 
group is Z/2 @® Z/2 if v lies over (2) with V Æ {1}. In the case v over (2) explicit 
generators are given in (4.6). We now determine the map 


H2,,, (Gv; Q/Z)— BF) = Q/Z 


given by the coefficient map i*: H?,,,(Gyi Q/Z) > H2 nt (Gv; Q$ cyc). The result is 

Theorem 5.1. 

1. i% is injective for all odd p. 

2. For p = 2 the first Z/2 injects only if the degree of Ê, over Ô; is odd, but the 
second Z/2 always injects. 

Proof. We start with the proof of (5.1.1). Consider the ramified extension F, = 


F,(¢,), and note that Gal(F,,/F,) = V. Assume that Z/(p’ — 1) is the subgroup of 


the roots of unity in Ê, having order prime to p, and let ¢,,_; = ¢ be a generator. 
We have 
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Lemma 5.2. The generator of H? (V; Ê») can be taken as (e3—>£). 


Proof of (5.2). V = Z/n is cyclic and Ê„/Î, is totally ramified so (5.2) is a direct 
application of (1.11). oO | 


Now (5.1.1) follows from the fact that inflation is an injection and the fact that 


(> a4) generates H?(G,; Q/Z). 
We now turn to the proof of (5.1.2). 


Lemma 5.3. The image of (e3— }) in B(F,) is 5 if and only if deg(F,) over Q is 
odd. 


Proof of (5.3). We first verify directly that for Ê, = Ô; the image of the first class is 
5 € B(Q)). Also, write U2 for Aut((Q/Z)2) = Z/2 x Zs Then, passing to H?’s we 
have 


res : H>(U2 x []Z+; Q/Z)— H*(G,; Q/Z) 
takes (e3—> +) to the same class for F,. But in the commutative diagram 


H?(Uz x [1 Zt; Q/Z) = H*(Gy;Q/Z) 


H?(U x Ț] Ê}; lim Qa(En)) > H(G; lim Q0) 


B(Q2) = B@,) 


the map in the bottom line is multiplication by deg(F y) over Q» according to (1.10). 
o 


It remains to consider the second class in (4.6). The situation is this, we have an 
embedding 


G, > U, x Z x [ 12} 
p#2 


corresponding to the inclusion Q, Cc Fy. Let g be the infinite generator of U2, 
(g: toe) and ¢ the (2-adic) Frobenius, the element which acts as x > x? on 
(Q/Z)2 and is the identity on the rest of (Q/Z). Then the embedding sends the 
generators of the piece (Z/2 x zt x Zt) onto Z/2 = (rt) producted with a finite 
index subgroup of (Zt )*. Such a subgroup has one of three forms: 
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2-29 4 A2r-2+5g, 2r-2+5+16 a unit, I, s > 1, 
WH+ABMtH g, W+!4+"-29 A aunit, L> 1,r > 3, 
2-23, Fh r> 2,3 = 0. 

However, in the second case it is convenient to rewrite the basis as 


(25+"g +12, gett 5) ; 


so that all three cases have the form 2/~2g +425, 2'+'¢. In particular Ê, is contained 
in Qo(Cor+1, n) where n = 125+! — | for some odd t, as a subfield of index 2!. 
But the odd roots of unity which are present in Ê, form a copy of the cyclic group 
Z/(2'’ — 1) so this extension is non-ramified except for the action of t which gives 
rise to ramification of degree two. 

We now break the process of determining the cohomology map into two steps. 
First we show that there is a corresponding non-zero class in a maximal totally 
ramified extension, and then, using the known behavior of the cohomology restriction 
map when the coefficients lie in a complete local field the result will follow. 

Consider the totally ramified extension corresponding to 


2t x [|Z Č Gy 
p#2 


where the generator of the 2t corresponds to 2"+!-?g, that is the extension Ê. of F, 
for which the Galois group of Qp. ycl OVET Ê, is the subgroup above. Clearly 


Fo = „im Q2Gorv, Corss+n_1) 


and Gal(Ê,„/Ê,) = Z/2~x zt where the generator t acts as y; <> ti | while it fixes 
f,as+n_,. h acts, ignoring a possible unit, as 


(3? z 
bite, a (Sains) 


We calculate as before, obtaining 

H?(Gal(F,,/F,); Z/2°*' x lim (Z/(2""" — 1) = Z/2@Z/2, 

n—> œ 
and the second generator is represented by the cochain 
c= ei ® e}— ae A 
Now consider the diagram 
H2(Gal(f,,/F,); Z/2 +) > H?(Gal(,,/F,); Fs) 
res res (5.4) 


H2(G,;Q/Z) > H*(G,; lim, Ĝ2(¢n)). 
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We claim first that res ({c}) is the class of the second cochain in (4.6). Indeed, 
a simple chain approximation shows that under the restriction 


(h* — 1) 
hai 12 i 


aint N A Da O. 
h-1 2m] TF’ 


Since g is multiplication by —3 it follows that r > 1, and we now show that the 
map ie when restricted to {c} is non-trivial. To see this, restrict to some extension 


= (br, tans) DF, 


with Galois group Z/2 x Z/2" where n > 1+ r. Let Ê” be the invariant subfield 
under z in Ê’, then Ê”, is the maximal unramified extension of Ê, in Ê’. 
A uniformizing parameter for Ê’ is ¢>-4:—1 = x, and one for Ê” i is (1+7) = 6n? 
for some unit 6 € Ê’. The inflation map 
Z/2" = H?(Z/2"; Ê! )— H? (Z/2 x Z/2"; Ê") 


is injective, taking the generator to 


ej 8 ef — 


and 


fe ® eh —+66n"| 
where 6 e Ê’, is another unit and 66? € Ê,. Thus the class of the cocycle above has 
order 2” in H?(Z/2 x Z/2"; F's). 
Lemma 5.5. For n > | +r we have that the norm map N* (1) € F,. 


Proof of (5.5). tN" (xt) = N” (t()) = N” (—tyrnir) = N” (Eyr41)N" (7). But, if 


-2—1 
git 3)? peep T 
Nh (x+) = = Sor+t = Cor ’ 


then N? (cara) = [Ñ" (fyr41)]2” | = 1, so N* (r) is invariant and so belongs to F,. 
o 


Now we can complete the proof of (5.1). Calculating explicitly, 
5[—(e), @ eh + N"(z1))] is (ef @ et — ty) ~ (ef @ eh +N" (1)) . 
But N” (7) = un” for u some unit in Ê’, and hence, from (5.5) we have 
N* (m) = (n08) w 
where w € F, is a unit, and hence the norm of something in Ê”, so we have the 
equivalence of cocycles, 
(e5 @ eh +N" (x) ~ 2" ei @ eh +0027} 


which is the element of order 2 in H? (Z/2 x Z/2"; F’*). This completes the proof of 
(5.1). o 
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The Invariants at the Infinite Real Primes 


Since F is a cyclotomic field it has a real valuation if and only if complex conjugation 
is an element of Gp. But this is the case if and only if t: x 4> —x € Gr. 
If t € Gr then (Q/Z)°? = Z/2 and H2,,,,(G2"; Z/2) is determined in (4.4). 
We now give the evaluation result for infinite real places. 


Theorem 5.6. Write 


= []Hooioi x [] (>) he 


Then, in the map r” : HAG; Z/2)—> H?(Z/2: Z/2) = B(R) we have 


1. r°(B(Aq)) #0 
r°(B(a;)) # 0 only if Hooi F 0 mod 2. 
2. rar) ® (*) = 
3. rai) @ (aj) = Hoito. j (e), 
yy ® (Aq) = I t00,i(€”), 
(ig) Q (Ag) = G . Ge). 


otherwise. In particular, the evaluation is the same at each infinite prime. 


Proof. We consider the composite 


Z/2—>Gy SZ /lai| x Z/(q—1), 
where i(T) = t, and we construct a chain approximation using the diagonal approx- 
imation e; +> }_ e j Q T/e;_; of (IV.3.6) and the easily derived chain approximation 
for the map of groups i: Z/2—+Z/2n sending T to a”. Using the resolutions of 
(11.3.8) we obtain that a chain approximation is 


€j > e7Zj 


a'— 1 
e+ —> €2i+1- 
a-1 


Combining these we get a chain approximation for $q,.,, * Í as 


fHoo,i 


a oS Lane Qi @ en 
ay 1 
JAHA -le 
q eg Q ev 
es (5.7) 


(o! Hoi -fji S ad 
(œi — 1)(Aq — 1) 


e— AG-MPe, Q eo + e; @e, 


+ e0 Q e2. 
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From this (5.6.1) and (5.6.3) follow directly. To get (5.6.2) note that a chain for 
(at) ® (Aq) is given by the formula 


1 — |1 
c= (4 ae!) — Gi et) . (5.8) 


Now note that in this case 2a; = e, and use (5.7) to show that (COTE M i)*(c) = 0. 
This completes the proof of (5.6) and forms a good model for the remaining 
calculations at the finite primes. O 


The Remaining Local Maps 


The techniques above work equally well at the finite places. Indeed there are only 
a few things to be careful about. The following lemma is the key to calculating the 
images of the mixed terms (A,, Ay’), (a, Ag) etc. at the v lying over odd primes. The 
notation is that established in (4.7) through (4.10). 


Lemma 5.9. Let F, be the completion of F at v and F, be its residue field which 
has order p`. Let y be the Frobenius map, W(Cn,) = oP for (n, p) = 1. Then, in 
H2(V x pe ZI; Z/p* — 1) the mixed class (Y) @ (v) maps to —g. 


Proof. We construct a specific cohomology between the two classes: 


1 1 1 
5 éed+ 7) = (dodam) (tes) ; 
(2 | IVI = 1) T Te p= 


(m 


From (5.9) theorems (4.7) and (4.8) follow easily but (4.9) is slightly more 
delicate. From (5.8) we have the expression for the required cocycle. We consider the 
composition 


6. Gr 2AA- (5.B.1) 


where the Z/2 represents the action of a; on (Q/Z)2. 
Assume that 


y — (uy1a)) X Ov.qdq 
v —> Ag 


and, in order for there to be anything interesting, clearly u,,ı must be odd. So we 
assume this also. Then the chain of (5.8) maps back to 


l q-1 
-(¢@ed—5) = (sed) . 


Now, ẹ acts on + by multiplying it by — 1 + 42” and we have 
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s(@d—s) = — (aee == ant >) +(s0g > 
À 1 
v 
(a Qei +5) + (<i ® dz) 


q-1 
+(sed-F5r) 
and (4.9.1) follows from (5.9). (4.9.2) follows similarly. 


The considerations leading to (4.10) are essentially the same. Here the important 


W is the generator of the ZX C Z} x Ê$ which is the kernel of the projection 
z: Gy— Uh, since the second generator of H?(G,; Q/Z) is 


l 
(«i ee) A 


G 


ahi a 


ba 


ve 


>p 
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